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ABSTRACT
We introduce the time reversed absorbing conditions (TRAC)
in time reversal methods. These new boundary conditions
enable one to“recreate the past”without knowing the source
that has emitted the signals that are back-propagated. This
new method does not rely on any a priori knowledge of the
physical properties of the inclusion. We prove an energy es-
timate for the resulting non-standard boundary value prob-
lem. Numerical tests are presented in two dimensions for the
wave and the Helmholtz equation. In particular the TRAC
method is applied to the differentiation between a single in-
clusion and a two close inclusion case. This technique is
fairly insensitive with respect to noise in the data.

1. INTRODUCTION
Since the seminal paper by Fink et al. [13], time reversal is
a subject of active research. The main idea is to take ad-
vantage of the reversibility of wave propagation phenomena
such as it occurs in acoustics, elasticity or electromagnetism
in a non dissipative unknown medium to back-propagate
signals to the sources that emitted them. The initial ex-
periment, see [13], was to refocus very precisely a recorded
signal after passing through a barrier consisting of randomly
distributed metal rods. The remarkable feature of this ex-
periment is the concrete possibility to focus precisely a signal
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after it has crossed random barriers and even without know-
ing its location. There have been numerous applications of
this physical principle, see [12] and references therein. First
mathematical analyses can be found in [5] and [8].

An interesting possibility is to“recreate the past”in a medium
from time-reversed boundary measurements. As shown ex-
perimentally in [11], it is necessary to know the source that
emitted the signals to overcome the diffraction limit. The
same difficulty was pointed out in [14] when numerically
studying the initial instants of an earthquake by sending
back long period time-reversed seismograms.

In this paper, we introduce a new method that enables to
“recreate the past” without knowing the source which has
emitted the signals that will be back-propagated. This is
made possible by introducing time reversed absorbing con-
ditions (TRAC) at the expense of removing a small region
enclosing the scatterer. This technique will have at least
two applications in inverse problems: the reduction of size
of the computational domain and the determination of the
location and volume of an unknown inclusion from boundary
measurements.

The outline of the paper is as follows. We first introduce
the principle of the TRAC method in the time dependent
domain. We then prove a related energy estimate. After-
ward we introduce the principle of the TRAC method in
the time harmonic domain. We finally apply the TRAC
method to the differentiation between a single inclusion and
two close inclusions in the partial aperture case. Hard, soft
and penetrable inclusions are treated in the same way.

2. TIME REVERSED
ABSORBING CONDITIONS

We consider an incident wave uI impinging on an inclusion
D characterized by physical properties different from the
surrounding medium which is assumed to be homogeneous,
c = c0 in R

3 \ D. The total field uT can be decomposed
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into the incident and scattered fields, so uT := uI + uS. We
consider the problem in three dimensions and assume that
the total field satisfies the linear wave equation

∂2uT

∂t2
− c2∆uT = 0 in (0, Tf ) × R

3 (1)

together with zero initial conditions. The scattered field uS

satisfies a radiation condition at infinity. Let ΓR be a surface
that defines a bounded domain Ω and encloses the inclusion
D (see Figure 1). We assume that the incident wave uI is
generated by a point source such that after a time Tf the
total field uT is negligible in the bounded domain Ω. The
total field uT is recorded on ΓR on the time interval [0, Tf ].
Let uT

R := uT (Tf − t, ~x) denote the total time reversed field
that satisfies the physical equation (1). Similar definitions
will be used for the incident and scattered fields.

Our aim is to reconstruct the time reversed field uT
R from the

measurements on ΓR. For this purpose, we derive a bound-
ary value problem (BVP), the solution of which is uT

R. We
know neither the physical properties nor the exact location
of the inclusion D. The only things we know are the phys-
ical properties of the surrounding medium. Therefore, we
introduce B a subdomain enclosing the inclusion D. Then
we have to determine a specific boundary condition for uT

R

on the boundary ∂B so that the solution to this problem
coincides with uT

R in the restricted domain Ω \ B.

In order to derive this boundary condition, we note that uI

satisfies (1) with c = c0 the sound speed of the surrounding
medium in R

3, i.e. without any inclusion D, so that the
scattered wave uS also satisfies (1) but only in R

3 \D, with
a Sommerfeld radiation condition at infinity with homoge-
neous initial conditions.

We look for a condition satisfied by uS on ∂B. Absorbing
boundary conditions (ABC) e.g. [6] construct accurate ap-
proximations to a perfectly absorbing boundary condition.
We denote by ABC an absorbing boundary condition, that
we choose to be the Bayliss-Turkel first order boundary con-
dition. We take for B a ball of radius ρ denoted Bρ. Then
we can reasonably assume that

ABC(uS) :=
∂uS

∂t
+ c

∂uS

∂r
+ c

uS

ρ
= 0 on ∂Bρ (2)

where r is the radial coordinate with the origin at the center
of the ball Bρ. Our main ingredient is to “time reverse” this
relation: using uS

R(t, ·) = uS(Tf − t, ·), we get

−∂

∂t
(uS

R) + c
∂

∂r
(uS

R) + c
uS

R

ρ
= 0 .

Note that on ∂Bρ, ∂ /∂r = −∂ /∂n where n is the outward
normal to the restricted domain Ω \ Bρ. Multiplying by
−1, we get the time reversed absorbing boundary condition
TRAC:

TRAC(uS
R) :=

∂

∂t
(uS

R(t, ·)) + c
∂

∂n
(uS

R(t, ·)) − c
uS

R(t, ·)
ρ

= 0 .
(3)

Since uT
R = uI

R + uS
R, we have TRAC(uT

R − uI
R) = 0 or

equivalently TRAC(uT
R) = TRAC(uI

R). The time reversed

Ω

D

Bρ

O

ΓR

Figure 1: Geometry

problem analogous to (1) reads:
8
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:

∂2uT
R

∂t2
− c2∆uT

R = 0 in (0, Tf ) × Ω \ Bρ

TRAC(uT
R) = TRAC(uI

R) on ∂Bρ

uT
R(t, ~x) = uT (Tf − t, ~x) on ΓR

zero initial conditions.

(4)

The TRAC is not only not the standard BT 1 ABC but also
has an “anti absorbing” term (−cuT

R/ρ). A natural concern
arises about the well-posedness of BVP (4). Although we
have not developed a general theory, we prove in section 3
an energy estimate for this problem in a special geometry.
Moreover, in many computations we have never encountered
stability problems.

The TRAC method is also reliable if we work on the scat-
tered field only and we are able to recreate the past of the
scattered field. Indeed, the scattered field is the inclusion’s
response to the incident wave that impinged it. The time
reversed problem for the scattered field reads:

8

>

>

>

>

<

>

>

>

>

:

∂2uS
R

∂t2
− c2∆uS

R = 0 in (0, Tf ) × Ω \ Bρ

TRAC(uS
R) = 0 on ∂Bρ

uS
R(t, ~x) = uS(Tf − t, ~x) on ΓR

zero initial conditions.

(5)

In what follows we present some numerical experiments.
They all have been performed in two dimensions. In that
case, the time-reversed absorbing condition becomes (see [3]):

TRAC(uS
R) :=

∂

∂t
(uS

R(t, ·)) + c
∂

∂n
(uS

R(t, ·)) − c
uS

R(t, ·)
2ρ

= 0 .
(6)

As a first test case, we consider an inclusion that is a soft
disk and Bρ is a disk of variable radius. Results are depicted
on Figure 2, where we have three lines and several columns.
Each line corresponds to a numerical time-reversed exper-
iment and each column corresponds to a snapshot of the
solution at a given time. The left column corresponds to
the initial time for the time-reversed problem, equivalent to
t = Tf for the forward problem. The right column is the
solution at the final time of the reversed simulation which



Figure 2: Time reversed solutions snapshots for a soft inclusion D: perfect time reversed (TR) solution on
the upper line, TR solution for Bρ enclosing D in the middle line and TR solution for Bρ not enclosing D on
the bottom line (final solution is not zero). The incident signal comes from top-right.

corresponds to the initial time t = 0 for the forward prob-
lem. In the top line, we display the perfect time reversed
solution which is the reverse of the forward problem in the
whole domain Ω. For the inverse problem, the data is not
known. It is shown for reference only.

In the middle line, we display the solution of the reversed
problem (4) with a ball Bρ which encloses the inclusion. As
expected, the sequence of snapshots is the restriction to the
domain Ω \ Bρ of the top line. This exemplifies one appli-
cation of the TRAC method: if we know that the ball Bρ

encloses the inclusion we are able to reconstruct the signal
in a region that is closer to the inclusion than the line of
receivers ΓR. This allows the reduction of the size of the
computational domain. In this respect, the method is re-
lated to the redatuming method, see [7]. In the bottom line,
we show the solution of the reversed problem (4) with a ball
Bρ smaller than the soft disk. In contrast to the previous
case, the sequence of snapshots differs from the top line.

For the inverse problem of locating the scatterer, we only
know that at the final time the solution should be zero. In
the middle line, this criterion is satisfied and we can thus
infer that the inclusion D is included in the ball Bρ. On the
other hand, when the final solution in the bottom line is not
zero it shows that D is not included in the ball Bρ. This
observation leads to introduce an easy to compute criterion
which is independent of the size of the domain:

JF T (Bρ) :=
‖uS

R(Tf , ·)‖L∞(Ω\Bρ)

supt∈[0,Tf ] ‖uI(t, ·)‖L∞(Ω)

. (7)

Inverse problems are frequently ill-posed. Hence, a crucial
question is the sensitivity of the method with respect to
noise in the data. Therefore, we shall add Gaussian noise
by replacing the recorded data uS on ΓR by

uS
Noise := (1 + Coeff × randn) uS , (8)

Table 1: Results of the criterion JF T (Bρ) (7) for dif-
ferent levels of noise on the recorded data.

Noise level D ⊂ Bρ D 6⊂ Bρ

0% 1.40% 51.94%
10% 3.22% 51.51%
20% 7.18% 52.00%
30% 11.97% 54.69%
50% 14.49% 58.55%

where randn satisfies a centered reduced normal law and
Coeff is the level of noise. The results of the final time
criterion (7) are presented in Table 1. The level of noise is
between 0% and 50%. We can discriminate between the case
where the ball contains or does not contain the inclusion D
up to 50% noise. Thus, the method TRAC appears to be
relatively insensitive to noise on the recorded data.

3. ENERGY ESTIMATE
A natural concern arises about the well-posedness of BVP (4).
Hence we propose an energy estimate in a particular geom-
etry to prove the well-posedness of the TRAC method.

Proposition 3.1. – Let the trial subdomain Bρ be a ball
of radius ρ, and denote by r the radial coordinate with the
origin at the center of Bρ. Let g be a real-valued function
on ∂Bρ and u satisfy the following equations (see Figure 1):

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

∂2u

∂t2
− c2∆u = 0 in Ω \ Bρ

u = 0 on ΓR

∂u

∂t
+ c (

∂u

∂n
− u

ρ
) = g on ∂Bρ

u = u0 and
∂u

∂t
= u1 at t = 0 .

(9)



If Ω is a ball of radius R concentric to Bρ, we have the fol-
lowing energy estimate written for the BVP (9) in spherical
coordinates (r, θ, φ):

1

2

d

dt

»

ZZZ

r2 sin φ (
∂u

∂t
)2 + c2 sin φ(

∂(ru)

∂r
)2

+c2 sin φ(
∂u

∂φ
)2 +

c2

sin φ
(
∂u

∂θ
)2

–

+

ZZ

r=ρ

cρ2 sin φ(
∂u

∂t
)2

=

ZZ

r=ρ

cρ2 sin φ
∂u

∂t
g .

(10)

Remark 1. – The energy estimate (10) is not the stan-
dard energy estimate because of the term (∂(ru)/∂r)2. We
get this term by using an equivalent formulation of the Lapla-
cian in spherical coordinates, as explicited in the proof. This
energy estimate proves the well-posedness of the TRAC method
but is not physically interpretable.

Proof.
The Laplacian in spherical coordinates has the following ex-
pression:

∆ =
1

r2

∂

∂r
(r2 ∂

∂r
) +

1

r2 sin2 φ

∂2

∂θ2
+

1

r2 sin φ

∂

∂φ
(sin φ

∂

∂φ
) .

(11)
The energy estimate is based on an equivalent formulation
of the Laplacian in spherical coordinates:

∆ =
1

r

∂2

∂r2
(r ·) +

1

r2 sin2 φ

∂2

∂θ2
+

1

r2 sin φ

∂

∂φ
(sin φ

∂

∂φ
) .

We multiply (9) by ∂u/∂t and integrate by parts (recall the
volume element is r2 sin φ dr dθ dφ). We detail the compu-
tation for the term arising from the radial derivative since
it is the only non classical one. We have:

−
ZZZ

c2

r

∂2

∂r2
(r u)

∂u

∂t
r2 sin φdr dθ dφ

=

ZZZ

c2 ∂(r u)

∂r

∂2(r u)

∂r∂t
sin φ dr dθ dφ

−
»

ZZ

c2 ∂(r u)

∂t

∂(r u)

∂r
sin φ dθ dφ

–r=R

r=ρ

.

Thanks to the homogeneous Dirichlet condition on ΓR, the
normal derivative on ΓR vanishes. Thus we focus on the
boundary term at r = ρ:

ZZ

r=ρ

c2 ∂(r u)

∂t

∂(r u)

∂r
sin φdθ dφ

=

ZZ

r=ρ

cρ
∂(r u)

∂t
c (

∂u

∂r
+

u

ρ
) sin φdθ dφ .

Since at r = ρ, ∂/∂r = −∂/∂n we have using (9):
ZZ

r=ρ

cρ
∂(r u)

∂t
c (

∂u

∂r
+

u

ρ
) sin φdθ dφ

=

ZZ

r=ρ

cρ
∂(r u)

∂t

„

∂u

∂t
− g

«

sin φ dθ dφ

=

ZZ

r=ρ

cρ2(
∂u

∂t
)2 sin φ dθ dφ −

ZZ

r=ρ

cρ2 ∂u

∂t
g sin φdθ dφ .

By rewriting the second member in the other side of the
equation, we find the energy estimate (10). �

A similar result can also be found in [4] with an absorbing
boundary condition on the external border.

4. THE TRAC METHOD
IN THE HARMONIC CASE

We consider the time-harmonic counterpart of the prob-
lem (1) and we denote by ω the dual variable of t for the
Fourier transform in time. The unknown total field ûT is
decomposed into the sum of an incident field ûI and a scat-
tered field ûS. The Helmholtz problem is:

−ω2ûT − c2∆ûT = 0 (12)

with the scattered field ûS satisfying a Sommerfeld condition
at infinity. As in the time-dependent case, we introduce a
surface ΓR that defines a bounded domain Ω (see Figure 1).

Let v̂ be a field that satisfies the harmonic equation (12). We
denote by v̂R the corresponding harmonic time-reversed field
that still satisfies the same equation. Let v(t, ~x) be a time
dependent real valued function, solution to the wave equa-
tion, and vR(t, ~x) := v(−t; ~x) its associated time-reversed
function. Since we consider the harmonic case, there is no
notion of time t. Thus the Fourier transform in time of the
above definition becomes:

v̂R(ω, ~x) =

Z

v(−t, ~x)e−iωtdt

=

Z

v(t, ~x)eiωtdt

=

Z

v(t, ~x)e−iωtdt

= v̂(ω, ~x) .

This identity shows that phase conjugation is the extension
of the Fourier transform of the time-reversal process in the
case of the Helmholtz equation. This relation is the ba-
sis of phase conjugation in synthetic aperture radar (SAR),
see [10]. Like in the time dependent case, the time-reversed
total field ûT

R satisfies the time reversed problem in the re-
duced domain Ω \ Bρ:

8

>

<

>

:

−ω2ûT
R − c2∆ûT

R = 0 in Ω \ Bρ

TRAC(ûT
R) = TRAC(ûI) on ∂Bρ

ûT
R = ûT on ΓR

(13)

where the boundary condition TRAC becomes:

TRAC(ûS
R) := iωûS

R + c
∂ûS

R

∂n
− cûS

R

ρ
. (14)

Here again the time-reversed absorbing condition TRAC is
not the BT 1 absorbing boundary condition, because of an
“anti absorbing” lower order term.

We present numerical tests in the time-harmonic case. An il-
lustration is proposed in Figure 3 in the case of a soft square
shaped inclusion D. The picture is composed as follow: On
the top left figure we plot the modulus of the total field |uT |
which coincides with the modulus of its conjugate field |ūT |.
On the right, we display the field obtained by the phase con-
jugation method by solving the classical phase conjugation



Figure 3: Phase conjugation for a soft square shaped
inclusion of length 2 λ. From left to right, from top
to bottom : perfect, phase conjugation, TRAC with
a ball enclosing the inclusion, TRAC with a ball
inside the inclusion.

problem (15):

(

−ω2ûT
R − c2∆ûT

R = 0 in Ω

ûT
R = ûT on ΓR .

(15)

We see that there is a large difference between the total
field and the field reconstructed by the phase conjugation
method. The two bottom figures illustrate the TRAC method.
On the left figure, the ball encloses the square and the com-
puted field is the restriction of the total field. On the right
figure, the ball is inside the square and the computed field
is very different from the total field.

In practice, we don’t know the total field and we have to in-
troduce a way to measure whether the artificial ball encloses
the inclusion or not. In contrast to the time dependent case,
we cannot use the criterion defined in (7) since in the har-
monic case, there is no time and thus no final time. For this
purpose, we introduce a new criterion derived from the use
of absorbing boundary conditions. Indeed, the basis of the
method is that the phase conjugated scattered field satis-
fies (14) at any point outside the inclusion. In equation (13)
this relation is used on the boundary of the artificial ball
Bρ. Since uT is computed numerically and uI is given data,
they are easily available at any point in Ω \ Bρ and equa-
tion (14) can be computed at any point in Ω \ Bρ. Thus,
following the principle of the TRAC method, we introduce
a new boundary ΓJABC

, concentric to the artificial ball Bρ,
to design a new criterion:

JABC(Bρ, ΓJABC
) :=

‚

‚

‚

TRAC(ûT
R − ûI)

‚

‚

‚

L∞(ΓJABC
)

‚

‚

‚

TRAC(ûI)
‚

‚

‚

L∞(ΓJABC
)

, (16)

The results of the criterion are 6.34% when Bρ encloses D
versus 69.18% if not. Note that we do not have 0% in the
case D ⊂ Bρ because of the approximate absorbing bound-
ary condition. Nevertheless we are able to discriminate the
two cases.

Figure 4: (a) Configuration for two distinct close
inclusions D1 and D2. (b) Configuration for a single
inclusion D1 ∪ D2 ∪ D3.

5. ONE SINGLE INCLUSION
VS TWO CLOSE INCLUSIONS

The aim of this part is to investigate the ability of the TRAC
method to discriminate between a single inclusion and two
distinct close inclusions. This test is inspired by a more real-
istic setting. First we now use a source-receiver array (SRA)
with partial aperture and discrete transducers, whereas in
the previous case, the SRA has a full aperture and even
continuous transducers. Then our intent is to detect one or
two iron or plastic mines in a background medium made of
sand. The physical equation we use is a scalar wave equation
derived from the Maxwell equations, as proposed in [1]:

ε
∂2u

∂t2
− div

„

1

µ
∇u

«

= 0 , (17)

with the electric permittivity ε and the magnetic perme-
ability µ of the medium, the speed c satisfying c2 = (εµ)−1.
Both of these parameters can be expressed with an absolute
value multiplied by a relative value

ε = ε0εr

µ = µ0µr ,

where ε0 and µ0 are the electromagnetic constants of the
vacuum. As for the background and the mines, we consider
parameters chosen as follows

sand iron mine plastic mine
εr 3 1 1.5
µr 1 10, 000 1

Globally the iron mine acts like a “hard” inclusion, with a
velocity ratio close to zero, whereas the plastic mines are
penetrable inclusions with a ratio velocity of

√
2, so close to

1. In this paper, we only present the results for the plastic
mines. Similar results about iron mines are listed in [2].

As depicted in Figure 4, we denote by D1 and D2 the two
close inclusions and by D1 ∪ D2 ∪ D3 the single inclusion
consisting of D1 and D2 connected by D3. Inclusions D1

and D2 are balls of radius λ, where λ is the wavelength.
Moreover the connection D3 has a thickness of λ and a length
d which can be 3λ/2 or λ/2. A more detailed description of
the configuration can be found in [2].

As expected, in the partial aperture case we cannot use the
final time criterion JF T (7). Due to the use of an artificial



Figure 5: Imaging function (18) for distant plastic
mines, d = 3λ/2.

boundary condition on the external boundary not equipped
with receivers, the signal vanishes at the final time whether
or not Bρ encloses D. We introduce a new criterion inspired
from reverse time migration techniques, see [9]. It consists in
cross-correlating the incident field uI with the time reversed
scattered field uS

R. In classical applications of earth imaging,
the following integral is computed as a function of ~x ∈ Ω

f(~x) :=

Z t=Tf

t=0

vS
R(Tf − t, ~x) × uI(t, ~x) dt . (18)

The function f images the discontinuities of the propagation
speed c(~x), see [9]. The new cross-correlation criterion reads:

JCC(Bρ) :=

‚

‚

‚

R t=Tf

t=0
uS

R(Tf − t, .) × uI(t, .) dt
‚

‚

‚

L∞(Ω\Bρ)
‚

‚

‚

R t=Tf

t=0
|uI(t, .)|2 dt

‚

‚

‚

L∞(Ω)

,

(19)
where uS

R is the solution to problem:
8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

ε
∂2uS

R

∂t2
− div

„

1

µ
∇uS

R

«

= 0 in (0, Tf ) × Ω \ Bρ

TRAC(uS
R) = 0 on ∂Bρ

uS
R(t, ~x) = uS(Tf − t, ~x) on ΓR

ABC(uS
R) = 0 on ∂Ω \ ΓR

zero initial conditions.
(20)

When trial domain Bρ encloses inclusion D, there is no dis-
continuity to be imaged in Ω\Bρ and the criterion JCC(Bρ)
should be small. At the opposite, when part of inclusion
D is outside Bρ, we note that the function f images this
part, so that JCC should be significantly larger. In order
to get comparable figures, for a trial domain Bρ instead of
JCC(Bρ) defined in (19), we introduce a relative criterion,
in the same spirit as the signal-to-noise ratio (SNR),

Jrel
CC(Bρ) :=

JCC(∅)
JCC(Bρ)

, (21)

where JCC(∅) is the cross-correlation criterion computed in
absence of any trial domain Bρ, similarly to the classical
approach in time reversal techniques. Note that in this
case, criterion JCC(∅) should be large. Consequently, when
Jrel

CC(Bρ) is close to one, we infer that the domain Bρ does

Figure 6: Imaging function (18) for close plastic
mines, d = λ/2.

not enclose the inclusion. In the opposite case, we can rea-
sonably assume that when Jrel

CC(Bρ) is large, trial domain
Bρ encloses inclusion D.

On Figure 5, we plot the values of the function f defined
in equation (18) for d = 3λ/2. The first row corresponds to
two distinct inclusions whereas the second row deals with a
single inclusion. The right column corresponds to the clas-
sical case where Bρ = ∅. In the left column, we use a trial
domain Bρ made of two connected components. When there
is no trial domain, the cross-correlation function f images
decently the illuminated edges of the inclusions. Pictures on
the left column illustrate the principle of the TRAC method.
As expected, when trial domain Bρ encloses the inclusions
(top left picture), there is nearly no image. Otherwise, the
illuminated edge of the part of the inclusion which is not
embedded in Bρ is correctly imaged (bottom left picture).
Thus we are able to distinguish between one inclusion and
two close ones.

Figure 6 represents the same configuration but for a smaller
d equals to λ/2. When there is no trial domain (right col-
umn), the imaging function f is not able to distinguish two
inclusions (top right) from one inclusion (bottom right), due
to the proximity of the inclusions. On the contrary when
trial domain Bρ encloses the inclusions (top left), the func-
tion f is significantly smaller than in the case where Bρ

leaves part of the inclusion (part of D3) on the outside (bot-
tom left picture). Note that due to the proximity of the
inclusions, we have used trial domains made of two ellipses.

Table 2 presents the results of the relative cross-correlation
criterion for plastic mines when the two distinct inclusions
are close (d = λ/2) and distant (d = 3λ/2). The two left
columns describe the trial ball configuration and the level
of noise. The two middle columns represent the values of
the relative cross-correlation criterion (21) in the case of
two distant inclusions, and the two right colums, the values
of the criterion in the case of two close inclusions. Each
configuration of trial ball was treated for several levels of
noise. The first trial domain Bρ (four first lines after the
header) is an ellipse that encloses all the inclusion(s). The
results of the criterion are significantly large to assert that
we correctly enclose the inclusion(s). On the contrary, the
four middle lines are considering a trial domain Bρ that



Table 2: Relative cross-correlation criterion Jrel
CC values to distinguish between one single inclusion and two

distinct inclusions. Results for plastic distant inclusions (d = 3λ/2) and plastic close inclusions (d = λ/2), and
for different levels of noise.

d = 3λ/2 d = λ/2
Trial Domain Noise level 2 inclusions 1 inclusion 2 inclusions 1 inclusion

D ⊂ Bellipse

0% 4.68 7.00 8.13 9.49
10% 4.68 7.04 8.22 9.49
20% 4.66 7.00 8.43 9.56
30% 4.77 7.33 8.33 9.57

D2 ! B

0% 0.94 0.88 0.92 0.91
10% 0.95 0.88 0.92 0.91
20% 0.93 0.88 0.92 0.92
30% 0.94 0.89 0.91 0.92

D3 ! B

0% 4.88 0.92 3.36 1.55
10% 4.89 0.92 3.33 1.54
20% 4.91 0.93 3.32 1.55
30% 4.54 0.92 3.34 1.56

only encloses D1. So the function f images D2 and, when
it exists, D3. In this configuration, we have results of the
criterion close to 1, as expected because we are wrong in the
detection of all the inclusions. Finally, the four bottom lines
are presenting the results of the criterion in the case of a two
connected components trial ball. For distant inclusions, we
can discriminate easily between a single inclusion and two
distinct inclusions, thanks to large values of Jrel

CC in the third
column and values close to 1 in the fourth column. On the
other hand, the two right columns (d = λ/2) indicate that
it is more difficult but still possible to distinguish between
one inclusion and two close inclusions.

6. CONCLUSION
We have introduced the time reversed absorbing conditions
(TRAC). They enable to “recreate the past” without know-
ing the source which has emitted the signals that are back-
propagated. This is made possible at the expense of remov-
ing a small region enclosing the scatterer. Applications to
inverse problems are presented:

1. the reduction of size of the computational domain by
redefining the reference surface on which the receivers
appear to be located;

2. the determination of the location of an unknown in-
clusion from boundary measurements.

We stress the fact that in contrast to many methods in in-
verse problems, the TRAC method does not rely on any
a priori knowledge of the physical properties of the inclu-
sion. Hard, soft and penetrable inclusions are treated in
the same way. In [3], the feasibility of the method is shown
for both time-dependent and harmonic equations (acoustics
and electromagnetism) and in [2], the method is applied in
partial aperture case for a more realistic case. Moreover,
the method is shown to be very robust with respect to noisy
data.
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