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ABSTRACT

The epistemic inverse problem is treated via Bayesian in-
ference in this paper. In particular, the conditions for re-
cursive computation of the required posterior inference are
recalled. The emphasis is on appropriate structure in the
observation model and choice by the Bayesian designer of a
prior matched to that structure. Bayesian conjugate infer-
ence for the exponential family (EF) of observation models
is recalled. This inspires progress with design of recursive al-
gorithms for the time-variant (Bayesian filtering) case, using
the variational Bayes (VB) approximation. A rich class of
augmented observation models is defined, for which the pos-
terior inference is closed under a local VB approximation,
a principle known as VB-conjugacy. The key mathematical
object is the VB-observation model, arising from application
of VB in each data step. We force this to be an EF mem-
ber. The theory is specialized to finite mixtures of heteroge-
nous components, requiring recursive evaluation of one suffi-
cient statistic per component, with the posterior component
weights (i.e. filtering distribution) evaluated in a principled
way. Further specialization to signal-independent system
modelling is also considered. An extended case study in de-
coding and synchronization for the phase-uncertain digital
receiver is presented as a key application of VB-conjugate
recursive inference.

1. THE EPISTEMIC INVERSE PROBLEM

At its most fundamental, the inverse problem concerns the
inference of an unknown object of interest, 0, based on re-
lated observations, x. In the Bayesian framework, we never
model unknowns themselves, but, rather, model our beliefs
about propositions formulated in terms of the unknowns. As
Bayesian modellers or designers, we must specify the prob-
ability triple, (2,4, Pr[]), induced by couple, (z,60). We
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will make the usual, but reasonably flexible, assumptions [7]
that A is a o-algebra of Borel sets on 2 C R™, and that Pr[]
is a known mapping from A to [0,1]. In this case, we can
posit a known probability density function, f(z,6), on Q.
Since the implied Pr[-] is a quantfier of the observer’s belief,
i.e. epistemic (subjective) probability [2,5,22], we refer to
the elicitation of f(z,0) as Bayesian probability modelling.
We recognize no restriction to aleatory probabilities derived
from frequency-based experience of random (z, 0).

The epistemic inverse problem refers to inference of 6 given
x, i.e. computation of f(0|x). Direct application of proba-
bility calculus provides the solution

__[f0)
fO0lz) = T f(z,0)d6

In standard settings of the inverse problem [11], the ob-
server’s belief structure is not expressed via the joint pdf,
f(x,0), but via an observation model, f(z|f), and a prior
model, f(0), for 6. In this sense, 0 is the parameter of the
observation model, and the task is one of parametric infer-
ence. Then, by Bayes’ rule,

f(0lx) o f(]60)£(6), (1)

with, once again, the constant of proportionality being given
by K(z)™', where K(z) = f(z) = [ f(z|0)f(0)do. It is
because of the factorization in (1) that the epistemic inverse
problem is referred to as Bayesian parametric inference.

In many engineering contexts, x is observed as the output of
a system with unknown parameters, 0, driven by input, .
Once again, we eschew any notion of modelling the system
directly, in favour of modelling our belief about the system
output, x, with 6 the parameter of the epistemic model, now
also involving wu:

f('r,evu) = f(a:|9,u)f(9, u)

Here, u is called a hidden variable or field. Another inter-
pretation follows by noting

£(016) = [ fal6.w f(w)du. 2
In this context, u can be interpreted as the auziliary or state

variable in an augmented model for x; i.e. the modelling of
our belief about z, via 0, is facilitated by knowledge of u,



as is naturally the case in system modelling, and in appli-
cations such as computed tomography [11]. (2) is an un-
countably infinite mixture model with mixing density f(u).
An important special case arises when u is discrete, with
possible states, {u;}. Using the Radon-Nykodym theorem,
f(u) = 2, Prlu = u;]0(u — uy), where §(-) is the Dirac 4-
function. Inserting into (2) and using the sifting property of

o():
f(x|0) =ZPT[U=Uj}f($\97Uj)a (3)

where, in general, f(z|0,u;) = f;(z|0;), where 8 = U;0;,
and we believe that x is conditionally independent of 6\ ;
(the complement of 6; in 6), given u = u;. Here, f;(x|6;)
are the components of the countable (possibly finite) mixture
model (3). This case is of overwhelming importance in engi-
neering applications. Examples include (i) phoneme-based
modelling of speech using hidden Markov chains (typically
called hidden markov modelling (HMM) [16]),where u is the
phoneme sequence; (ii) texture-based modelling of images
using hidden Markov random fields [17], where u is the spa-
tial map of texture classes; (iii) tomographic reconstruction
of digital imagery [11], where u is the grey-scale volumetric
image to be reconstructed; and (iv) modelling of digital re-
ceiver data [8], where u is the digital sequence injected at
the transmitter (Sections 2.3 and 4, to follow).

Returning to the system context, with u as input, each of the
following tasks can be formulated as a particular epistemic
inverse problem.

Blind deconvolution: the observation model describing our
belief about the system (i.e. about u-z interactions)
has parametric uncertainty, and the aim is to infer wu:

f(u|m)cx/9f(ac,9,u)d9.

This is synonymous with Bayesian filtering [22] in the
time-variant case of u (Section 3).

Non-blind deconvolution: the observation model is known.

Then
fulz) oc f(z,u).

Blind equalization: the aim is to quantify beliefs about
the system, parameterized by 6, when driven by un-
known input, u. Then

f(9|x)o</f(ﬂc,9,u)du.

Non-blind equalization: the input is known. Then

fO|lz,u) x f(z,0u).

1.1 Hidden Label Field

Consider the case where u is a finite-state scalar variable,
with ordered states (alphabet), u = [u1, ..., un]|’, with prior
probabilities, p = [p1,...,pn]’, respectively. In this case, it
is convenient to posit a label or pointer variable, | € Es,
where E,s is the elementary basis in RM, such that v = l'u.
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It follows that | ~ Mu;(1,p) = U'p a priori, a multinomial
variable. Hence:

f(@|0,u) = f($|97l)=H[fj(ml9j)]l-j (4)
f(xl0,p) = ijfj(wl%)» ()

a finite mizture model (FMM) [19] of M (signal-dependent)
components, f(z|0,l =e;) = f;(x]0;), where 0; C 6.

2. RECURSIVE BAYESIAN INFERENCE
VIA CONJUGACY

Given a sequence of observations, x, = [z1,...,%,]’, our
aim in signal processing [22] is to design a computationally
tractable recursive algorithm for processing x,,,

sn = g(zn,0(Xn), Sn—1) (6)

for some time-invariant, finite-dimensional mapping, g(-),
where o(+) is a finite memory of x,. In classical signal pro-
cessing, s, provides an estimate of the quantity of inter-
est, 6. In contrast, Bayesian signal processing is concerned
with the computation of the epistemic probability function,
f(0]x%x) (Section 1), and so s, must be a sufficient statistic,
as follows:

f(01xn) = f(Olsn).

A sufficient condition is that the observation model, f(x|9),
belong to the ezponential family (EF) of distributions [9], so
that  and 6 have separate kernels:

f(@|0) = a(0)b(z) exp [(c(6), h(x))] - (7)

(-,-) denotes a scalar function, linear in the first argument.
If, in this case, the prior is designed as

f(0ls0) o< a(0)™ exp [{c(6), vo)], (8)

with so = {vo,}, and with finite normalizing constant,
K (s0), then, by Bayes’ rule:

fO0lz, 50) = f (0](vo + h(x),v0 +1) = f (B]s1).-

Thus, the conjugate distribution is functionally invariant un-
der Bayesian inference, i.e. it is the learning invariant for
the observation model (7). Given exchangeable [5] (i.e. con-
ditionally independent, identically distributed (ciid)) data,
Xn, the sufficient statistics, s, = {vn,vn}, are updated in a
simple additive recursive way:

Up = Un—1+ h(zn),
Vp = VUp—1+1,

} n=1,23,... 9)

Computationally, Bayesian inference requires maintenance
of a counter, v, and a finite-length array, v, accumulating
time-invariant mapping, h(-), of each observation. Two im-
portant applications are in estimation and prediction.

2.1 Bayesian Estimation
The minimum-risk estimate of g() requires that a loss func-

tion be defined on the product-space of g(#) and 6 [1]. Non-
linear moments are common projections of f(0|x,):

—

900),, = Es(open) [900)] = / 9(0) £ (0], ).



Note that the estimate is a function only of the sufficient
statistics, sn, in the conjugate learning context above. A
characteristic, then, of Bayesian estimation is that recursion
always happens at the level of s, (9), and not, generally,

—

at the level of g(#),. In contrast, classical estimators are
typically recursive at the level of the estimator itself.

2.2 Bayesian Conjugate Prediction

The prior predictor of z in the conjugate learning context is
K(S1)

K(so)’

f(z|so) = /gf(m|0)f(9\so)d0 = b(x)

following immediately from (7), (8), and the definition of
the normalizing constant, K (-). Of particular interest is the
posterior predictor:

K (vn + h(nt1),vn + 1)
K(sn) ’

f(xn‘f’l‘sn) = b(fljn+1)

Once again, x,, is recursively and finitely encoded via s,, but
Tn+1 enters the distribution via the normalizing constant,
K(-). In many cases, the highly nonlinear or open form of
K (-) renders the posterior predictor intractable, in the sense
that its moments are not available analytically.

2.3 Example: Bayesian Binary Learning

The canonical example of learning via binary observations
can be treated insightfully using Bayesian inference. We con-
sider two cases: (i) a binary memoryless (i.e. ciid) source,
u, is observed directly; and (ii) it is observed via outputs,
z, from a binary, memoryless, noisy channel. From Sec-
tion 1.1, the multinomial (Bernoulli in this case) label is
I € Es = {ei,e2}, and the symbol alphabet is u = [1,0]
(i.e. M = 2), giving uw = l'u. Hence, f(I|p) = Mu(1,p),
where p = (p1,p2)’, and Prlu = 1] = p1, with, of course,
Prlu = 0] = p2 = 1 — p1. Note that Mu;(1,p) is an
EF member (7). Its conjugate prior is readily shown to
be p ~ Dir(vp), the Dirichlet distribution [2,9,22] (special-
ized as the beta distribution in this Bernoulli case). Hence,
Dirichlet is the learning invariant under ciid multinomial ob-
servations, [;:

flplun) = f(plln) = Dir(vn),
Un = VUp—1+ ln

The sufficient statistics, vy, simply count the number of re-
alizations of each bit, conforming with intuition. It is the
mapping from v, to a quantifier of belief, Dir(-), that marks
this treatment out as a Bayesian one.

Next, consider case (ii) in the last paragraph. u are now
hidden states, observed via binary channel outputs, . The
inference of u, via x, constitutes an epistemic inverse prob-
lem, as discussed in Section 1. We define the label of the
output as m, with the same symbol alphabet, u, as that of
the input, so that x = m/’u. For a single observation, the
joint model is

f(l,m,p) F(m|) f(llp) f(p)

= Mun(1, ) Mu(1,p)Diry(vo), (10)

where € is the M x M transition probability matrix of the
M-ary channel (binary in this case). Marginalizing over the
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hidden variable, I, and noting that Mu., (1, el) = m'el:
F(plm) oc 01V Diry (1) + 0t Diry (11?),  (11)

Bw)
7 B(vo)

where al?) = m’e

, with €; the jth column of €, and

yfj) =1y +ej.

Here, we have used the fact that Dir = Beta, the beta
distribution in the M = 2 (binary) case, and is normal-
ized via B(-), the beta-function. Finally, marginalizing over
the unknown source probability, p, the predictor is f(m) =

o'V +a{? | and dividing this into (11), we obtain
F(plm) = wiVDiry (") + wi Diry (), (12)

where wgﬂ = agj)/f(m). This binary mixture model in-
volves two statistics, namely the (normalized) component
weights, ng). In general, given a sequence of n ciid input
bits, u1,...,un, the number of components in the mixture,
f(p|xn) = f(plm,), is n + 1, requiring evaluation of n + 1
statistics. Hence, x,, is not finitely encoded as n — oo, and
the Bayesian inference procedure is non-recursive (6). Tech-
nically, the loss of recursiveness is due to the fact that the
(marginal) observation model, f(m|p) = piMum(l,€1) +
paMum (1, €2) is-like all finite mixture models—mnot an EF
member. Owing to the exchangeability of the input sym-
bols [5], ui, i.e. they are ciid, the number of components
increases linearly with n in this case. More generally, for
non-exchangeable data, the number of components grows
exponentially, as M™.

For completeness, the decoding or filtering distribution, f(I|m)
is found by marginalizing over p in (10):
B(I/o —+ l)

fim)=m EZW.

After n samples, this marginalization is with respect to f(p|xx),

and becomes intractable, as noted above.

2.4 Conjugate Inference for Augmented
Models

It may be possible to express a non-EF observation model,
f(z]0), via an augmented model with auxiliary variable, u,
such that the latter is an EF member. Recalling (2), then

f(0lz) / S (@0, u) f () f(0u)du. (13)

We are free to design the conditional prior, f(0|u), and do
so as

(0 ulso)

f(w)K (u)’

where f(6,u|so) is the conjugate distribution for f(z|6,u),
and K (u) is the required normalizing term. Inserting into
(13), the following recursive Bayesian inference procedure is
achieved:

f(Olu) =

f(0|xn)o</ﬁf(0,u\sn)du, (14)

where s, is the finite encoding of x,, into sufficient statis-
tics for augmented parameters, {0, u}, and conjugate learn-
ing has been achieved (9). Hence, 6 is inferred at any
time via the projection above. An important example is



Bayesian learning with Student-t (St) data. While not an
EF member, St can be recognized as a scale mixture of nor-
mals [2]. The conjugate prior for normal learning is the
normal-inverse-gamma (AN%G) distribution [22]. Hence, re-
cursive inference is achieved for St using NViG as the learning
invariant, with projection via (14) at any time, n.

3. RECURSIVE STRUCTURES VIA THE

VARIATIONAL BAYES APPROXIMATION

In cases where the number of state variables (hidden field)
increases as n—such as in a system context with time-variant
input u = u, (Section 1)—the posterior inference will typi-
cally be intractable, in the sense that integrals required for
important inferences such Bayesian filtering,

f(ui‘xn) X f(u’FL'xn)dun\i

U\

(where Up\; is the complement of u; in u,), and system iden-
tification (14), cannot, in most cases, be expressed in closed
form as n — oo, even in the case of an EF augmented model
(Section 2.4). The restrictive conditions for tractability in
Bayesian filtering are given in [4]. In an on-line interpreta-
tion of the same problem, an integration over each new wu,, is
required after each data update, x,, disrupting the additive
recursive structure (9) in many cases. This is immediately
evident for finite-state u,, such as the digital learning exam-
ple in Section 2.3, where the (marginal) observation model
is a finite mixture model (FMM) (5). The augmented model
in binary learning is f(mll, p) = f(m|l) = Mun(1,€l) € EF,
but we found, nevertheless, that x,, could not be finitely en-
coded in the posterior inference of p as n — oo (12). For
FMDMs, in general, the statistic accumulated for each possi-
ble state trajectory is, from (9):

v (1) :voJrihli(mi). (15)

In the case where this is distinguishable under re-orderings
of x,, M™ distinct statistics must be maintained, via this
number of components in f(f|x,). In the case where (15)
is indistinguishable under data re-orderings (exchangeable),
n+M-—1
there are < M—1
a polynomial increase with n, as was the case for binary
learning above.

) statistics/components, implying

In all such cases, an approximation is required to bound the
computations associated with the epistemic inverse prob-
lem. The golden standard exploits the invariance (sifting
property) of 4(-), and the strong law of large numbers, by
stochastically sampling from the space of trajectories, uy,
using various strategies collectively referred to as particle
filtering [6,22]. While convergence criteria can be satisfied
for the particle filter, the approach is often computationally
expensive.

Deterministic approximation of the posterior distribution
is an important alternative. A naive certainty equivalence
(CE) approach imposes the projection f(u,) — §(un — un),
for some deterministic choice, u,. Inserting into (2):

f(@nl0) = f(@n|ba; , tn). (16)
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If (i) Un By, = 0 is finite-dimensional, and (ii) the augmented
model (Section 2.4), f(zn|0u,,un), is an EF member Vu,,,
then the additive recursive structure in (9) is restored for
each (of the finite number of choices of) 6., . For example,
the FMM (5) with EF components, f;(zn|0;), satisfies these
conditions. Adopting a CE approximation, %, € u, such
that the estimated pointer is l; € En (ice. Uy = l/’,:u (Sec-
tion 1.1)), then the recursive Bayesian inference algorithm
under this CE approximation is

Vjim = VUjn— +5Ah$n7
3, G101 i(Tn) } j=1,....M, (17)

Vp = Unp—1+ln,

where .. is the Kronecker §-function. Only the sufficient
statistics of the actively inferred component, u,, are up-
dated at each step, with v, now an array of M counters,
one of whose elements is incremented at each step. For sim-
plicity, we have made the assumption here that %, € u, the
state-space of the hidden field, u. This assumption is sat-
isfied, for example, when #, = argmax, f(un|xs), or the
median, and where f(un|x,) is computed via the approxi-
mate inference (17) at n — 1. In contrast, the Quasi-Bayes
(@B) approximation [19,22] assigns @n = Ef(u,|x,) [Un], In
which case @, ¢ u in general. QB will be treated as a spe-
cial case of the the variational Bayes approximation, which
follows.

3.1 The Variational Bayes Approximation
Formally, the projection, u, — %, is a mean-field approzi-
mation [13]. A more principled design of the mean-field ap-
proximation involves approximating f(6,un|xn) variation-
ally within a constrained space, F., of approximating dis-
tributions. If (i) the space of independent distributions,
F0|x») f (un|xn), is chosen as F., and (ii) Kullback-Leibler
divergence (KLD) from members of F. to the exact dis-
tribution, f(-), is chosen as the objective function, then
the variational minimizer, f(8]x,)f(un|%,), is known as the
variational Bayes (VB) approximation [22]. Under non-
restrictive regularity conditions on f(-), the VB-approxim-
ation, f (+), satisfies the following implicit equations:

In f(6]x,) o E (i) [F (0, Un, xn)],
In f(un|xn) o< Efigpx,y [F (0, tin, %0)]. (18)

The iterative solution of (18) implements a gradient de-
scent algorithm, guaranteeing convergence only to a local
minimum. In practice, initialization issues (sensitivity to
initial values) are rarely encountered. The systematic and
tractable solution of the VB approximation via the iterative
VB (i.e. IVB) algorithm is known as the VB method, and is
elaborated for offline and online inference of time-invariant
parameters, 0, in [22], and for the Bayesian filtering problem
(inference of u,) in [23]. In the machine learning literature,
it is common to characterize the VB approximation, f ()
(where it is known as the naive mean-field approximation
due to the independence constraint on F. in (i) above), as
that element of F. providing the greatest lower bound on
the (intractable) negative free energy of f(-). Note that the
VB-marginals in (18) are normalizable without requiring ac-
cess to the (typically intractable) normalizing constant of
f(0,un|xy), hence the use of f(8,un,x,)—and not the pos-
terior, f(0,un|xn)—in the integrand.



The VB approximation is a local approximation, and there-
fore no convergence criterion can be posited in the filtering
context above! (18), where the approximation must be ap-
plied at each time, n. However, the computational cost of
VB is typically far less than that for particle filtering, with
the prospect of out-performing the latter in computationally
constrained environments [23].

3.2 VB-Conjugacy and Recursive VB

Inference

An important role for the VB approximation is in restoring
recursive computations in the epistemic inverse problem for
non-EF models, f(z|f,u). Consider the recursive applica-
tion of Bayes’ rule (sometimes called the ‘data step’ [23])
at time n in the Bayesian filtering context. For clarity of
presentation, we will assume an independent (static) hidden
field, u,, but the principles developed below can be applied
more widely:

F(0,unlxn) oc f(znl0,un) f(O1xn-1)f(un).  (19)

Applying VB (18) as a local approximation after this nth
data step, the VB-marginal of 0 is

F(O1xn) o< f(@nlxn-1,0)f(0]xn-1)- (20)

Here, we define the VB-observation model [22,23] as
In f(@nlXn-1,0) 0 Ef(y, x,) 10 f(@n 6, un)], (21)
which is implicitly defined via the VB-filtering distribution:
In f(unlXn) o< Efgpx, ) [ f ()0, un)] f(un). (22)

If (21) is a member of the dynamic exponential family (DEF)
[9,22], then it has a conjugate distribution. In this case,
we can design our prior conjugate to the VB-observation
model (8), i.e. f(O|x0) = f(0) = f(6]s0). The VB-marginal
of 0 therefore maintains the same functional form Vn; i.e.
f(0|xy) = f(f]sn) in (20), with recursive computation of the
the sufficient statistics restored:

Unp = Un-1-+ h(fljn, U(X”))
Vn—1+ 1. (23)

Note that the hidden field (input) is inferred statically, Vn,
via the VB-filtering distribution, f(un|xn) = f(un|sn) (22),
which is therefore not required to have conjugate proper-
ties. The extension of these results to the case of a dynamic
(dependent) hidden field, u,, is presented in [22].

Un

The following special cases of the VB approximation provide
further simplifications:

RVB: Restricted VB. If the marginal of wu, is fixed at
f(un|x,) in F. (Section 3.1), then the KLD may be
minimized variationally in 6 alone. The VB-observat-
ion model in (21) becomes

In f(xn|xn_1, 0) x EF (un xn) [In f(zn]0,un)].

This is an explicit assignment. Hence, the iterative
VB (IVB) solution is obviated. If the true marginal,
f = f(un|xn), is available, then the approximation is

LConvergence results are available for the time-invariant
case [18].
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known as the Quasi-Bayes approximation (Section 3),
though, originally, this name was reserved for the fur-
ther restriction, f = §(un —un), where w, = E[uy], the
posterior mean. In the latter case, f(xn\xn_l,H) =
f(zn|0,un), by the sifting property of the Dirac 6-
function.

FCVB: Functionally Constrained VB. If the projection,
Fun|xn) — 8(un — Up), is performed in each IVB cy-
cle, for some certainty equivalent (mode, mean, etc),
0, drawn from f(un|x,) (22), then the VB-observation
model is again f(x,|0, 4y ), but now defined implicitly,
and therefore requiring IVB cycles until convergence.
FCVB specializes to the (Bayesian) EM algorithm in
the case where @, is chosen as the mode [8,22].

These VB variants ease the computational load of the VB
approximation at each step, since they eliminate IVB cy-
cles (RVB), and/or the need to evaluate moments of an in-
tractable VB-marginal, f(un|x,) (FCVB). The cost is an
increase in the KLD associated with the variational opti-
mizer in these constrained cases.

The functional invariance of the VB-filtering procedure, and
the recursive nature of the resulting algorithm (23), is called
VB-conjugacy [22]. The significance of the procedure springs
from the fact that these recursions can be achieved for a far
wider class of filtering problems than those satisfying the
conditions [4] for recursiveness in exact Bayesian filtering,
as we now show. Again, we will confine the presentation to
the static filtering case (19), but the theory can be extended
to wider classes of dynamic hidden fields, u,.

DEFINITION 1
An observation model belongs to the separable-in-parameters
exponential family (SIPEF) if

F(x]01,02) = a1(61)*2"?b(x) exp [(c1(61) 0 c2(62), h(z))] ,

(24)
where o denotes the Hadamard (element-wise) product.

Comment: An EF observation model (7) is a special case
of a SIPEF model, under the assignments

91 = 9; a2(92) = 1; 02(92) =1. (25)

THEOREM 1. A sufficient condition for VB-conjugacy is
that the augmented observation model have the form:

M
F(@alt,wn) = [T 1f@al0 )]V (26)
j=1
with (i) fj(xn|0,un) € SIPEF, j=1,..., M, and (%) l(u,) €
Ens, the elementary basis in RM; ie. the hidden field, wun,
classifies x,, into one of a finite number of SIPEF classes.
The following reqularity condition must hold:

[ TLt@u) do, = @™ ©) (wn ),

n j=1
Yw € Awm-—1, (27)

where Apr—1 is the (M — 1)-dimensional probability simplez.

(SEPARABLE-IN-PARAMETERS EF (SIPEF)).



PrOOF. Using (24) in (26), with ; = 6 and 62 = un,
then

In f(x,]0,un) = Z {az2,5(un)lj(un) Ina ;(0) + - -
+lj(un)((c1,5(0) 0 c2,5(un)) s hj(n)) + -+
+1(un) Inbj(zn)} -

Substituting into (21):
Fanlxnr.0) o [T {Fieabenr.0)} 7" (28)

where

Fi(@n|Xn1,0) = ay; ()Flezd nliun)=es]p (0 .

-exp [(c1,5(0) o E [e2, (un) [l(un) = €5], hj(zn))] -

(29)

Here, Efaz,;(un)[l(un) = €5] = Efu, 1, 1un)=e,) (02,3 (un)],
and wn = Ef(, |, [l(un)] € A{u,h since Ef(,,, |,y [li (un)] =
Pr(l(un) = €j]|xx,]. Now, since f;(zn|Xn—1,0) in (29) has the
same functional form in xz, as fj(zn|0,us) (26), and given
the regularity condition stated in the Theorem, therefore
0 enters the normalizing constant of (28) only via a™'(6).
Hence, the normalized VB-observation model is

fnln=1,0) = a(@)axn-1) U {F@alxar,0}7"

(30)
The conjugate prior is designed as follows:

F(Ols0) o a(®)™ TT a13(6)* exp[(e15(6), vio)] . (31)

Multiplying (31) by (30), and noting (29), it follows that the
posterior distribution of 6 is invariant, Vn, being

M
f(Blsn) o a(6)™ H a1,5(0)" exp [{c1,;(0),vin)],  (32)

where the sufficient statistics, s, = {vn,Vn,kn}, are up-
dated recursively, as follows:
Vjn = Ujn-1+winE[ca;(un)ll(un) = ;] 0 hj(zn),
Vin = Vjn—1+wjnE[az;(un)ll(un) = €;],
J=1,..., M, (33)
and
Kn = Kn—1 + 1.
O

From (33), the data, x,, are finitely and recursively encoded
via M statistics, vjn, one for identification of the parame-
ters of each class of z,, and these are weighted by the ‘soft
classifications’, w;j,. Meanwhile, v, acts as an array of ‘soft
counters’, while k, is a (hard) counter of the number of
data, n, offset by hyperparameter, k9. It is interesting to
note the presence of this extra counter, compared to stan-
dard conjugate learning (9). It is required as n is uncoded
by vn (33).
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The main additivity of the VB approximation is to provide a
principled assignment of the class probabilities, wj,», via the
VB-filtering distribution, f(un|x,). The latter is evaluated
iteratively via (22). Hence, one set of sufficient statistic
updates (33) is required for each IVB cycle.

The VB-observation model (30) is not an EF member (7),
and yet it possesses a conjugate prior (31). This recalls the
sufficiency of the EF assumption for conjugacy. Its relax-
ation via (30) is very general. While the necessity of the
structure (26) for VB-conjugacy has not been proved, it ap-
pears to include all multiple model and mixture model cases
for which VB-conjugacy can be secured. One important such
case follows in Section 3.4.

3.3 The Signal-Independent System (SIS)

Assumption
Let us return to the system interpretation of the state-space
model (Section 1), with u, the input to a system, and

f(@nl0,un) = f(@n|Ou,, un)

modelling our belief about the output, x,, given the input.
The stochastic system model is, in general, parameterized
by unknown, input-dependent parameter 6,,,. For example,
in the M-ary channel case (Section 2.3), 0;, = 6, = €l,.
In many engineering contexts, however, our belief about the
system is independent of the input, in which case 0, = 6,
and

F@nl0u,,un) = fo(zal0, un), (34)

where fo(+), is a fixed parametric function (typically we sup-
press the subscript in our notation). Let us adopt this as-
sumption in Theorem 1. Then M = 1in (26), and f(zn|6, un)
€ SIPEF. In this case, regularity condition (27) always holds,
with a(f) = 1. (32) then specializes to

f(Olsn) o< a1(6)"" exp [(c1(0),vn)] , (35)

with the sufficient statistics now updated recursively, as fol-
lows:

Vp =

vn—1 + E[c2(un)] o h(zn),
Vn—1 + E[az2(un)]. (36)

Vn =

Once again, E [] is evaluated via f(u,|x,) (22), in each IVB
cycle. Only statistics, v, (along with the ‘soft counter’, v,),
need to be maintained under the SIS assumption, in order to
learn the parameters, 0, of the single learning mode. The re-
cursive scheme (35) and (36) confirms that the SIPEF obser-
vation model (24) is an extension of the EF class of models
(7), for which Bayesian conjugate learning remains feasible
(see the Comment after Definition 1).

3.4 VB-Conjugate Inference for Finite
Mixture Models (FMMs)

The certainty equivalence (CE) approach was given in Sec-
tion 3 as an example of a mean field approximation for recur-
sive learning with FMMs, assuming the mixture components
are EF members. The relaxation of CE via the VB approxi-
mation is now outlined. It follows directly from Theorem 1,
by recognizing that a FMM with EF components is a special
case of (26).



COROLLARY 1  (OF THEOREM 1). VB-conjugate inferen-
ce is feasible for a FMM with EF components.

ProOOF. The augmented observation model in the FMM
case with EF components is

f(@nl0,un) = H [fi(@al0))'5m . (37)

Hence, f(zn|0,un) = f(zn]0,1n), and the input to the sys-
tem is effectively digital (Section 1.1):

l(un) =ln € En.

We may interpret [(u,) as a deterministic quantizer between
the input, u,, and the system, and our epistemic modelling
is then between [,, and z,. Since each component is an EF
member and, therefore, a SIPEF component (see the com-
ment after Definition 1), (37) satisfies the conditions for VB-
conjugacy given in Theorem 1, but again requiring the reg-
ularity condition (27) to be active. Then, adopting the con-
jugate prior (31), the sufficient statistics, sn = {vn, Vn, kn},
are updated recursively, as follows:

Vin = Uin-1twinhi(@a), j=1,...,M,
VUn = VUp—1-+ Wn,
Kn = Kn-1+1, (38)

where w,, = Ef_(lnlxn)[l"] € An—1, as before. [

Once again, statistics, v;n, are accumulated in parallel for
the parameters of each component of (37), along with an ac-
cumulator of the soft classifications, v, and a data counter,
kn. In this FMM context, we typically model at the level
of the pointer, [,,, as stated above. Its multinomial filtering
distribution,

Fn]xn) = Mu(w,),
is updated ‘statically’ in each IVB cycle, via (22).

Recursive algorithm (38) allows for distinct parameteriza-
tion in each component, f;(z»|0) = f;j(zn|0;), in which case
the SIS assumption (34) does not hold. If we now impose
the SIS restriction in the FMM, then we revert to (36), with,
in this case, a2(un) = az2(ln) and c2(un) = c2(ln), since the
effective input is the digital sequence, I,,, as explained above.

4. CASE STUDY: BAYESIAN INFERENCE
IN THE DIGITAL RECEIVER

We consider the task of communicating a bitstream—involv-
ing unspecified coding—across a noisy channel via appropri-
ate modulation onto a (quadrature) carrier, e’**, where  is
the angular frequency in rads/sec (8,12, 15]. The bitstream
is partitioned into K binary words, ug = (u1,...,ux), each
of length log, (M), so that ux is an M-ary digital sequence.
This must be mapped to an analogue signal via modulation
of the parameters of the carrier. In quadrature amplitude
modulation (QAM), each state of uy is bijectively mapped
to an appropriately-designed set of M points in the Argand
plane, known as the QAM constellation, S. We will order
these into a vector of complex numbers, a = [a1, ... ,aM]'.
The modulator maps each of these states to an analogue
signal by keying a shift of amplitude and phase into the
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quadrature carrier, via the magnitude and phase of the asso-
ciated point in the Argand plane: a; — a;je’*wr(t), where
wr(t) is a windowing function, typically of length, T, equal
to the signalling period of the M-ary codewords, ui. At the
receiver, the concatenated signals are (uniformly) sampled,
period Ts = T/N. Denoting the digital frequency of the
sampled carrier by w = QT (rads/sample), an appropriate
Wold representation of the data block associated with the
kth transmitted symbol, k = 1,..., K, is therefore

Trs = (lpa) SWETEDNH0 L o =i .. N.  (39)

Tg,; is the ith element of the kth length-N data vector, xx,
concatenated into the complete length-N K data vector, x.
In (39), we have made the following simplifying assumptions
for the purpose of this presentation: (i) e; ‘' CN(0,7), the
additive white complex Gaussian channel noise assumption,
with variance (power) r, assumed known; and (ii) uncer-
tainty in the carrier parameters is confined to its phase, 6.
The task of the decoder in the receiver is to infer the pointer
sequence, 1, of the transmitted sequence (the decoding task),
accounting for uncertainty in the carrier phase (the phase
synchronization task). The epistemic inference problem is
therefore to compute the decoding distribution, f(1|x), and
the synchronization distribution, f(6]x).

The joint parametric model is

£, 1,60r,p) = T f(aell, 0)F (L Ip) £ (6),
k=1

where we have made the simplifying assumption (whose re-
laxation we discuss in Section 5) of independent ux, with
invariant state probabilities, p = (p1,...,pm)’. Hence:

f(lk|p) = Mu(1, p) = lp.

The (augmented) observation model is, from (39):
F(anlin, 0) = CN (grlrae’, r1x), (40)

where g, = [/WATHR=DN) " @IWENT - the kth synchro-
nized carrier block. Iy denotes the N x N identity ma-
trix, and we will suppress conditioning on constants in the
notation in the sequel. It follows that the (marginal) ob-
servation model, f(x|0), is a finite mixture of M Gaussian
components, of the type in (37). Furthermore, it satisfies the
signal-independent system (SIS) assumption of Section 3.3.
We will treat the decoding problem recursively as a Bayesian
filtering problem, attempting to construct f(lx|xx), where

xp = [2h,...,7%]) -

4.1 The Receiver VB-Observation Model
From (40), the observation model for the kth data block may
be expressed as

In f(zk|lk, 0) x %% {xfgkl;aejg}f%l;(aoa)gfgkf%xfmk.

(41)

Inserting into (21), the VB-observation model is easily found
to be

F(axl0) = N(grwhae’ r1y), (42)

exhibiting the implicit dependence on moments of the VB-
marginal of lx, via we = Ef, ., [lx]. Multiplying (41) by



f(x) = lgp yields the augmented observation model, and
using this in (21), we obtain

f(lk|xk) o lywy = Mu(wg), (43)

where
1 -
Wk X exp {; [2%{kagkeJ9a} — gfgk (ao a)] } op, (44)

normali~zed such that wr € Ap—1. This depends implic-
itly on f(0|xr)—yet to be determined—via circular moment,
eil.

Since (40) is a SIPEF member (Theorem 1), the VB-obser-
vation model is certainly an EF member. Comparing (41)
with (7), the conjugate prior is now designed as

F(0]xk—1) x exp [%{mﬁle]‘e}} . (45)

This is the von Mises distribution [10, 15], with support on
the unit circle, assuming 6 is the principal value of the carrier
phase. A key parametric model in directional statistics [10],
it was derived in [15] as the conjugate prior for learning with
phase-uncertain data. This is the first time that it has been
derived as a VB-vonjugate prior. Its normalizing constant
is 2w lo(kk—1), the modified Bessel function of the first kind,
order 0. Multiplying (45) by (42), the designed recursive
block update of sufficient statistics is revealed:

2
Kk = Kk—1 + ;xggkwfga, (46)

This single-statistic update is in agreement with the gen-
eral recursive structure derived for a FMM under the SIS
constraint (36).

e The update is in respect of the DTFT, zi g, of the
data block for the kth symbol, evaluated at the known
carrier frequency, w (39). It is evaluated efficiently via
the Goertzl algorithm [15].

e The assumption of a signal-independent channel leads
to conflation of the sufficient statistics into a single
scalar accumulator, ki, as noted in Section 3.3. The
posterior weights, wy, (i.e. the filtering/decoding dis-
tribution (43) are deduced in a principled way, rather
than using informal classification concepts.

e The requirement for w to be evaluated before the data
recursion can be performed in (46) obviates a recursive
evaluation of xj within each block.

e The circular moment of f(6|xx) required in evaluation
of f(lx|zk) (44) is available tractably as
oo (k) oy
I()(Iik)

e The computational overhead of iterating the IVB algo-
rithm for each block, xy, is sustainable, as convergence
occurs after very few cycles in practice. The net cost is
far less than full evaluation of f(0|xx), which requires
maintenance of M statistics (Section 3). Experimen-
tal evidence [23] also suggests that a particle filter so-
lution has a far higher computational requirement in
order to achieve the same accuracy as the VB solution
outlined here.
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S. DISCUSSION

The state-of-the-art in the iterative (turbo) receiver is to
synchronize via ‘soft decisions’ regarding the transmitted
symbols (soft-decision-directed (SDD) synchronization). It
has been shown to be an application of the EM algorithm [8].
Its relaxation via VB yields a symmetric algorithm, since
‘soft information’ about phase—i.e. f(0|x))—is available at
each step in order to decode the transmitted symbols (via
f(lx|xx)). This can be referred to as soft-synchronization-
directed (SSD) decoding [14]. The discovery, here, of the von
Mises distribution as the VB-learning invariant for phase
synchronization is important for several reasons. Our main
emphasis has been on its role in assuring a recursive compu-
tational structure. Another advantage is that it provides a
key degree-of-freedom for the Bayesian designer, being the
hyperparameter of the prior, k. Since a structured prior for
phase has not been used in the literature, the default [12]
has been to use a uniform prior, equivalent to the von Mises
prior, with k9 = 0. The QAM decoding problem in the
phase-uncertain channel is susceptible to gross errors due to
rotational invariance effects, and many practical proposals
for countering this problem have been advanced. The use of
a non-uniform von Mises prior overcomes this problem ele-
gantly [3]. From (46), ko may be interpreted as the DTFT
of externally-available or fictitious data.

In other recent work [3], the assumption of known channel
noise, via 7, has been relaxed, improving the performance
of the receiver when compared to extant solutions which
condition on a certainty equivalent. Once again, a recursive
structure is achieved, but at the cost of evaluating expensive
hypergeometric functions in each IVB cycle. Further work
is required to implement a full VB-based synchronization
for other possible modulator uncertainties, such as timing
offset in the symbol transitions, and drift in the oscillator
frequency.

The Viterbi algorithm is the standard computational tech-
nology for point estimation of hidden Markov chains. The
work reported in this paper differs fundamentally in moti-
vation in that it is a Bayesian strategy, solving the epis-
temic inverse problem by computing posterior state proba-
bilities. Nevertheless, the FCVB technique (Section 3.2) can
also be used to design an iterative procedure for evaluation
of a posterior certainty equivalent, Gy, with performance-
computation trade-offs that compare well with Viterbi [21].

6. CONCLUSION

The VB approximation has an important role to play in
restoring tractability in the epistemic inverse problem. In
this paper, it has been shown that elegant recursive compu-
tational procedures result from application of VB as a local
approximation at each time step.The class of augmented ob-
servation models for which this is possible was defined, and
shown to be a potentially rich class. A core principle was to
identify the VB-observation model and design the prior to
be conjugate to it. While the theory, and the reported case
study in digital communication, assumed a static (ciid) in-
put/state variable, the same principle readily applies under a
Markov assumption, as reported in [22] for the discrete case
and [23] for the continuous case. Being a local approxima-
tion, the main concern relates to asymptotic performance of
the algorithm, as compared to stochastic techniques such as



particle filters. Nonetheless, the VB approach offers attrac-
tive trade-offs in computationally constrained environments
such as mobile and embedded platforms. Efforts to quantify
these trade-offs are ongoing. Another area of active investi-
gation is the design of parameter transformations to reduce
the KLD associated with the approximation [20].
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