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Abstract—The output distance function is a key concept in
economics. However, its empirical estimation is less than
satisfactory because it often violates properties dictated by
economic theory. In this paper we introduce the Neural Distance
Function (NDF) which constitutes a global approximation to any
arbitrary production technology with multiple outputs given by a
Neural Network (NN) specification and imposes all theoretical
properties implied by production theory such as monotonicity,
curvature, homogeneity for all economically admissible values of
outputs and inputs. The model possesses all of the properties
thought as desirable in production theory in a way not matched
by its competing specification. Fitted to data sets originating in
US data for all commercial banks between 1989-2000, the NDF is
capable of explaining a very high proportion of the variance of
output while keeping the number of parameters to a minimum
and satisfying all the theoretical properties dictated by
production theory.

Keywords: Output distance function, neural networks, RTS,
TFP

L INTRODUCTION

In the last decades complexity is becoming increasingly
useful as a tool of the physical, biological and social sciences.
In this context, modern economic analysis has not remained
indifferent to the power of such models to describe complex
structures and behaviours. In fact, the theoretical and analytical
tools of complexity analysis are regarded as a promising way
towards overcoming the problems associated with the
traditional approaches to the understanding of economic reality
while taking advantage of the available computational
techniques. In this context, we propose a new approach to the
output distance function which is a key concept in productivity
analysis assisting economists in the estimation of a firm’s
production efficiency.

Output distance functions provide a functional
characterization of the production technology with respect to
output sets. In addition, they provide measures of technical
efficiency and thus they constitute an indispensable tool for
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conducting productivity analysis for specific industries and
firms. Many functional forms in the production context have
been proposed for their approximation but perhaps the most
important in current use are the Cobb-Douglas specification
introduced by Cobb and Douglas [1], and the translog flexible
functional form introduced by Christensen et al. [2]. Both of
theses models, that are intuitively appealing and
computationally straightforward, have been extensively
estimated and have, in addition, been used to test various
restrictions of production theory. However, they both have
certain drawbacks. For instance, the Cobb-Douglas
specification is often less than satisfactory because it attempts
to explain the complex variation in data with a quite simple
mathematical function despite the fact the real-world data are
much more complicated. As a result its explanatory power is
low.

Furthermore, and even more importantly, a second problem
is common in the empirical estimation of the Cobb—Douglas,
the translog specification and of other flexible functional
forms, namely the violation of properties dictated by economic
theory, such as monotonicity, curvature, and homogeneity
conditions. Some researchers have developed numerical [3]
and Bayesian techniques [4] for imposing curvature conditions
that tend to provide encouraging results. However, in
production theory it is absolutely necessary to have estimated
functional forms that satisfy globally the curvature conditions
dictated by economic theory. This has been “one of the most
vexing problems applied economists have encountered in
estimating flexible functional forms” [5] and still remains “one
of the most difficult challenges faced by empirical economists”

[6].

In this paper, we propose and estimate a new model which
is of comparable generality but which has considerable
advantages. The nonparametric feature of Artificial Neural
Networks (ANN) makes them quite flexible and attractive in
production theory where the theoretical relationship is not
known a priory [7]. However, production functions are
inappropriate with technologies producing multiple outputs. In



such cases, we have to use distance functions. Our model,
which we call the Neural Distance Function (NDF), gives an
arbitrary approximation to any production process; it satisfies
the properties dictated by production theory globally and not
only over the set of inputs and outputs where inferences are
drawn; it is flexible with respect to time as an indicator of
technical progress; it allows for arbitrary returns to scale; it is
simple to estimate; it avoids the need for non linear estimation;
it uses fewer parameters than other flexible functional forms; it
provides a better approximation when tested over a very large
number of data sets than other specifications; it has a functional
form which is consistent with known production theory data.
Although some of these desirable properties are also possessed
by one or other of the known specifications, neither possesses
all of them simultaneously. In this sense, it is superior to them.

Contrary to widely used local approximations like the
translog [2], the generalized Leontief [8] or the symmetric
McFadden form [5] the proposed flexible production function
is a global approximation to the unknown function. The Fourier
flexible form [9]-[10] is also a global approximation but it
requires an excessive number of parameters. The NDF that we
propose provides a better approximation using fewer
parameters [11]. Moreover, we extend the analysis to the case
of technologies with many outputs and introduce the method of
limited information maximum likelihood (LIML) in this
context to solve the econometric problems associated with the
estimation of such distance functions. All relevant measures
such as scale economies, total factor productivity may be
computed routinely.

Our methodology of estimating the synaptic weights of the
neural network specification is not based on the selection of a
training data set. Instead, it is formulated as a four-step
algorithm which employs the SUR technique for estimating the
coefficients of a system of linear equations and an iterative
optimization algorithm for the nonlinear parameters of the
NDF. This choice, regarding the estimation method, was made
having in mind the characteristics of the data sets which
economists usually work with and in particular their size. In
most practical applications the distance function has to be
estimated from a rather small data set (usually annual/quarterly
data for a period of some years) rendering the selection of a
training data an unaffordable luxury. In addition, in the context
of approximating a distance function, the neural network
specification does not aim at providing forecasting or pattern
recognition capabilities as it is usually the case in engineering
applications. Instead, the nonlinear nature of the neural network
specification is used in order to obtain a sufficiently flexible
functional form which is capable of approximating an existing
distance function while enabling the ex ante imposition of the
properties dictated by economic theory. It must be noted that
using the NDF for forecasting purposes, when a sufficiently
large data set is available, is an issue for further research but it
lies outside the scope of the present paper.

An application investigating the model’s fitting illustrates
our technique. Fitted to a very large number of data sets
originating in all US commercial banks in the 1989-2000 time
span, the NDF is capable of explaining a very high proportion
of the variance of output while keeping the number of
parameters to a minimum and satisfying all the theoretical

properties dictated by production theory. Thus, the NDF which
imposes all theoretical properties globally, for all economically
admissible values of outputs and inputs provides a very good
approximation by using considerably fewer parameters over a
very large data set. It should be noted that, so far, no empirical
study has imposed all these properties on parametric distance
functions [4]. Also, very few studies report the degree to which
the estimated functions satisfy these conditions [12]. We
believe that the results of this study suggest that the NDF is the
appropriate vehicle for testing, expanding and improving
conventional production theory.

The first section of the paper introduces the neural output
distance function; in the second section the theoretical
properties of the NDF, namely monotonicity, curvature and
homogeneity, are examined. The third section presents a
procedure for the econometric estimation of the NDF. Finally
the fourth section summarizes and concludes the paper.

II.  OuTPUT DISTANCE FUNCTIONS WITH NEURAL
NETWORKS

Artificial Neural Networks (ANN), instead of fitting the
data with a pre-specified model, let the data set itself serve as
evidence to support the model’s approximation of the
underlying production technology [7]. In general, ANNs have
found numerous applications in financial modelling [13]-[20].
However, with the exception of very few papers [21]-[22] no
systematic research on economic modelling using ANN has
been done.

Neural networks are “data-driven, self-adaptive nonlinear
methods that do not require specific assumptions about the
underlying model” [7]. In mathematical terms, ANNs are
collections of transfer functions that relate an output variable
to certain input variables X'=[X|,...,X,]. In the case of a

single hidden layer, the input variables are combined linearly to
form m intermediate variables Z ,...,Z, where

Z,=X'B, (k=1,..m) 1)
where S, €R" are parameter vectors. The intermediate
variables are combined nonlinearly to produce Y :

Y=2 adZ,) @
k=1

where ¢ is an activation function, the «, ’s are parameters and
m is the number of intermediate nodes [23].

By combining simple units with multiple intermediate
nodes, the neural network can approximate any smooth
nonlinearity [24]. As demonstrated in Hornik et al. [25]-[26],
ANNSs have the ability to approximate arbitrarily well a large
class of functions while keeping the number of free parameters
to a minimum.



A. The Production Technology
Let x e RII denote an input vector corresponding to N

factors of production, and Y € R‘i the output vector when

J outputs are produced. The production technology can be
described by the production set i.e. the set of feasible input —
output vectors defined as

P:{(Y,x):x can produce Y}.

The output sets of such a production technology are defined
as the sets of output vectors which can be produced for a given

input vector: L(x)= {Y:(Y,x) € P} . The concept of output

distance function is introduced in order to measure the distance
of a production process from the production frontier. More
specifically, an output distance function can be defined as

A(x,Y)=min {,u Y/ue L(x)} . The distance function will
take a value of unity if Y is located at the production frontier for
the specific input vector x. Generally: A(x,Y)<1 because of

the presence of inefficiency. In other words, inefficiency leads
to a discrepancy between the actual output and the production
frontier. We adopt a setup consistent with revenue
maximization so that production technology can be described

by a distance function of the form A(x,Y ) =1-—¢& where the
Y s are endogenous and the x s are predetermined and & is a
stochastic term representing inefficiency (with £ € N (O, 02) ).

The estimation of distance functions has attracted
increasing attention in the literature. This is due to the fact that
distance functions can be used to model multi-input multi-
output production technologies without aggregating outputs. As
is well known, an output distance function describes the degree
to which a firm can expand its output vector, given an input
vector. Econometric estimation of distance functions is,
generally, a complicated issue; see for example the excellent
discussion in [27]. The typical problem is that we have J >1
endogenous variables (the Y ’s) but only one equation which is
the output distance function. One commonly used technique for
estimating distance functions has been data envelopment
analysis (DEA). A very serious drawback of this approach is
rooted in the fact that DEA does not allow for measurement
errors [4]. One can attempt to overcome this problem by
specifying a functional form for the production surface. Fére et
al. [28] specify a translog output distance function and estimate
its parameters. This approach estimates a frontier where all
deviations from the frontier are due to inefficiency, which leads
to biased estimates of the shape and position of the frontier.
The stochastic frontier analysis (SFA) approach can also be
used for distance function estimation [29]. To deal with the
problem of estimation various unsatisfactory approaches have
been proposed in the literature.

Parametric distance functions have allowed numerous
researchers to measure the distance that each firm has below
the production technology [30] —[35]. In theory, one can use
GMM by taking prices of inputs and outputs and the inputs
themselves as instruments. However, prices are not available in
many cases of interest.

Suppose we write the distance function in log terms as
follows: D(ln x,InY ) = e, where e is an error term. The idea is

to express any Y (say Y, ) as a function of the others and
obtain: InY, = f(ln x,InY,...,In Yj,l) . One can estimate this

equation by various techniques (e.g. Ordinary Least Squares
(OLS)) but the endogeneity issue is not taken into account. In
order to account for endogeneity, we must consider the reduced

form:InY_, :g(lnx), where InY |, :[lnYl,...,ln YJ_I]’, and g

is a vector function g:RY - R’™. The reduced form

expresses all other outputs as functions of the inputs alone. In
econometric terms, we have a system of equations as follows:

InY, = f(Inx,In%,...,InY,  )+e, (3a)

InY :g(lnx)+e,J (3b)

’
where e_; :[el,...,ej_lj, and e:[e_J,eJJ represents a J -
dimensional random vector. The f function can be specified

as a translog. Of course, whether or not such approximations
can work in any specific application, is an empirical matter.
More difficult is the specification of the vector function g. In
many instances, g can be assumed to be a linear function. But
this is quite arbitrary and it is not expected to approximate the
technology with any reasonable accuracy.

At any rate, if the system of equations in (3) is estimated
using the SUR, then the resulting estimates are known as
LIML. The crucial part is, however, to specify the g and f
functions using a flexible functional form.

The neural reduced form function, for each output, is given

by

m/
InY; () =ag; + D ayd;(nx-fy)+inx-0,+5,0 (4
k=1

where Y;(x) is the reduced form function of output i, m; is

the number of intermediate nodes and t is a time index.
Thus, the neural output distance function, in general, can
be written as:

nD=a, +Y a,¢,(nx-f,)+nY -y+nx-E+5,t (5
k=1

where &, ,a, €R, B, eR",y e R’ are parameters, m, is
the number of intermediate nodes for output J and 7 is a time
index. In general, for vectors @ and b , a-b denotes the inner
product. Equation (5) represents our specification for the
distance function and equations (4) are simply reduced forms.

For the output distance function it would be possible to
adopt a more general specification of the form:



my

InD=aq,, +Zak,¢,(lnx-ﬂk, +InY,-6,,)+
k=1

InY-y+Inx-&+5,¢

(6)

However, the drawback of this approach is that the output
distance function must satisfy certain theoretical properties
which are plausible when 6, =0 but not otherwise, for

general activation functions. These properties are detailed in
the next section.

The next step is to convert equation (5) into an estimable
model and this can be accomplished by exploiting the property
indicating that output distance functions are homogenous of
degree one in outputs. It can easily be checked that that
imposing this constraint is equivalent to normalising the output
distance function by one of the outputs. See [27]. Thus, an
alternative form of (5), imposing homogeneity of degree one in
inputs, is

J

ny Y
-InY,(x)=aq,, +Zak,¢(lnx-ﬂk,)+ln[—Jj-}/_‘, +

= Y, (7
Inx-&+0,-t+u

where u=—-InD is a non-negative term such that 0<D<I,
—o<InD <0 that captures the effects of inefficiency. If we
follow the stochastic frontier approach proposed by Aigner et
al. [36] and Meeusen and van der Broeck [37] we should add a
symmetric error term e to capture the effects of white noise.
Then, the neural output distance function for empirical
estimation takes the form:

-InY,(x)=aq,, +zak/¢(lnx'ﬂld)+ln(%\}’7J +
k=1

J

®)

Inx-&+0, t+u+e

which is the expression of a typical stochastic frontier model.
In the following sections, we show how this model can be
used in order to estimate its parameters in such a way that the
estimated functions satisfy the monotonicity, curvature and
homogeneity properties dictated by production theory.

III.  MONOTONICITY, CURVATURE AND HOMOGENEITY
CONDITIONS

A. Theoretical Properties and Restrictions

Output distance functions are typically non-decreasing,
convex and homogenous of degree one in outputs, and non-
increasing and quasi-convex in inputs. Typically, the
homogeneity condition can be easily imposed. The
monotonicity and curvature constraints are difficult to impose
using traditional econometric approaches and are usually
imposed at each data point. More precisely, the problem is
converted to a non-linear programming problem which is very
difficult and complex using conventional econometric method

even for sampling techniques which are said to present some
advantages when compared to non-sampling techniques [38].

The NDF can thus provide a global approximation to any
true production system, whether derived from production
theory or not. However, there is a limited number of parameters
in (5) and on most data sets that are unlikely to be all well
determined. It is, thus, important to use some straightforward
procedure for eliminating unnecessary parameters which are
not consistent with production theory, without consequences
for the properties of the model. In the NDF this can be done by
placing whatever restrictions on parameters are thought to be
empirically or theoretically plausible. It will be possible to
impose these restrictions on a single equation basis. These
restrictions will ensure the NDF satisfies globally the following
monotonicity (i.e. non-increasing in x and non-decreasing in Y),
curvature (i.e. quasi-convex in x and convex in Y) and
homogeneity (i.e. homogeneous in Y) properties implied by
production theory for all economically admissible values of x
and Y.

1) Monotonicity in outputs
Output distance functions are non-decreasing in outputs.
This implies

7,20, j=1..,J )
given that
OlnD(x) oD L £>0
oy, oY, D' D
and
olnD
oY, V-

2) Homogeneity in outputs
Output distance functions are homogenous of degree one
in outputs. From Euler’s theorem this implies

Zyj =1 (10)

J=1

As it has been mentioned above (see Section II), imposing
this constraint is equivalent to normalising the output distance
function by one of the outputs which leads to equation (7).
Moreover, given that ;>0 this clearly implies that

J-1
7, e[O,l],j:I,...,J—l , so that z;fj <1.

J=1

3) Convexity in outputs
Output distance functions are convex in outputs. Thus, the
output distance function will be convex in Y over the non-
negative orthant if and only if the Hessian matrix H is positive
semidefinite [39]. In another formulation, the output distance
function will be convex in Y if and only if all the principal
minors of H are non-negative, i.e. positive or zero [40]. Given



that the typical element of H is zero (since
Sllnf =7,;,Jj=1..,J) all the principal minors of H are equal
nr.
J

to zero. Consequently, H is positive semidefinite and the output
distance function is globally convex in outputs.

4) Monotonicity in inputs
Output distance functions are non-increasing in inputs.
This implies

zaklﬁkug”.;(lnx'ﬂu)"'ffgoa i=l..,n (11)
=1

given that
OmD_0D x
dlmx, ox, D' D
and
olnD
=>a,pB.,0(nx-B)+&,i=1,..,n
alnx’. ; kJIBAtJ¢J( IBAJ) é:i

5) Quasi-convexity in inputs

Output distance functions are quasi convex in inputs. For
the output distance function to be quasi — convex in inputs
over the non-negative orthant it is necessary that the diagonal
terms of the H are non-negative [40]. The necessary condition
is typically used to impose quasi convexity in empirical work
[4].

This implies that

{(ﬂnD}
2 Olnx,
‘“2): 0% .Q—alnD-ﬂzzo, i=1,.n (12a)
Ox, 0X, x, Olnx, x
where
olnD &
= a, o' (Inx- g )+,
dinx, ; wBwey(Inx-B,)+¢
and
InD ¥ y
oln xiz = ;ak]ﬂki.lzqo.] (Inx-B,).
Thus,
o’D < "
ox? :[[zaklﬁkiJz(pJ(lnx'ﬂld)]_
xi k=1
D (12b).

[Z a, Bu,e,(nx-B,)+&1]1—

2
X

. D . T
Consequently, given that — 20 quasi convexity in inputs
xi

implies that:

62Y.l < 2 1
= z ay B o/ (Inx-5,,) -
ox; k=1

i

[ B (I x- ,)+ 5120 (13)

It can easily be checked that for the following values of the
parameters the monotonicity, curvature and homogeneity
conditions (7) — (11) are satisfied for any economically

admissible value of inputs and outputs: y, 20, i]/}. =1,
j=1

<0, a, <0, B,20,(j=1..,J, i=1,.n)x=1 given that

Y ,20 and ¢'(z)2>0. This implies ¢"(z) < 0. Consequently,

the NDF satisfies globally all theoretical properties (7) — (11)

dictated by production theory. Note that x>1 implies

normalization of inputs in order to yield Inx-f,,>0 and,

therefore, ¢''(z) <0 which is necessary for imposing curvature

conditions.

It must be emphasized that using these restrictions to
impose the theoretical properties dictated by production theory
does not destroy the flexibility of the NDF since it satisfies all
the theoretical properties implied by production theory for any
economically admissible value of the inputs and outputs. In
fact, this is common practise for globally flexible functional
specifications such as the symmetric McFadden form.

B. Returns to Scale

The neural production function does not place a priori
restrictions on the behavior of returns to scale (RTS) like other
functional forms. It is known that if RTS <1 (>1) the
production technology is characterized by decreasing
(increasing) returns to scale. If RTS=1 we have constant
returns to scale.

It is also know that typically the RTS are equal to the sum
of the output elasticities of the various inputs. Let denote the
elasticity of output with respect to factor x, :

g_an(x)' x; 0lnY;(x)
' OX;

. Y,(x) olnx

(14)

where x € RY denotes the input vector corresponding to N
factors of production.

Given that the determinist part of equation (7) is equivalent
to the following expression:

lnYJ(x)——l{aoJ > g gnx-f)+InY -y, +lnx-E+8, .z}
7

J k=1



J-1

where y, =1- Z 7, » the RTS index, which depends on inputs,
j=1

is equal to

OlnY, (x)
RTS =
,Z‘ Olnx,

m,

Z a, Brsd; (Inx-B,)+

k=1

_}/L i 27/ (Zzakjﬂkg¢ (Inx- ﬂ;,)"‘ (15)

Hﬁ) + é:i

i=

C. Total Factor Productivity

In economics, growth in total-factor productivity (T.F.P.)
represents output growth not accounted for by the growth in
inputs [41] and presumably changes over time. It is typically
used as a proxy for technical change.

By definition, Total Factor Productivity (TFP) measure is
given by

olnY,(x)

TFP = (16)
ot
Thus, the TFP index is given by the relation
TFP_—L{Z;//S +5} (17)
Yy

1IV. ECONOMETRIC ESTIMATION

We will outline below a procedure which imposes all the
restrictions implied by the theoretical properties for the NDF,
globally.

The activation function has the following form

1
w(z)—m, zeR (18)

Other activation functions include the Gaussian kernel and
the threshold logical unit as used in Hopfield networks [42].

Finally, the specification of the translog flexible functional
form imposing homogeneity restrictions typically used for
constructing output distance functions can be written as [4]

L1 Y
~InY, (x)=a,, + Y a, 1n[—”J
J=1 Y./

+0.5 ZZaﬂ h{ j [

j=1 1=1

|

X~ |:<

+Zb Inx, +0. 5221; In(x

i=l p=1

Jin(x, )

J-l Y.
+ g; 1n(xi)ln(—’j+u+e (19)
Y,

i=1 j=1

In Section V, a comparison will be made between the fitting
obtained with the translong and the NDF specifications.

A. Model Building

Estimation of the NDF is based on the system of equations
(3). The system is highly nonlinear in the parameters. The
procedure is as follows:

J
3

Step I: Let [)’eRf]J, a,eR_, (k=1..m,),
7;€[0,1], j=1..,J -1 and £ €R" be draws from a uniform
distribution in their respective domains.

Step 2 Then, estimate ¢, (j=L..,J)a,;
(j=L..J=L k=L..m;), (6,), (j=1..J-1), &,
(j=1,..,J) by means of the system

ny,(x)=a, +;akj¢j(1nx[ B)+Inx, -0, +51+e,,,

e =1 (20)

~InY,(x)= aOJ+ZaU¢J(lnx ﬂu)+ln( jyj

+Inx-§+6,-t+e,, 21)
where x, denotes the vector of inputs of date 7, y, the output

— ’ ;
levels of date ¢, e =[e,,e,,...e,,]' is a vector random

variable, independent and identically distributed (i.i.d.) as
N(0,%Z), X is a covariance matrix. System (20) and (21) is

linear in the parameters Q,; (j=1..J), a,
(jzla"'a']_l; kzla"'am_,')a ej (j:L...,J_l),a/.
(j=1,.,J) and can be estimated using standard, iterative



Seemingly Unrelated Regressions (SUR). This is feasible even
for extremely large systems.

Step 3: Compute the determinant of the covariance matrix
det=” =detZ(B). Repeat for i=1,..,] and select the values

B.a,,7,& thatyield the minimum value of detX®.

Step 4: For B, & s Vs £ that yield the minimum value

of detZ"” re-estimate the system and keep the estimated values

for parameters Q,; (j=L...,J), a,

(j=lowd =L k=loom), 6, (j=lL.,J-1), &,
(j=luJ).

B.  Model Selection

Although it has been demonstrated that ANNs can
approximate any nonlinear function with arbitrary accuracy, no
accepted guideline exists in choosing the appropriate model for
empirical applications. Consequently, the number of nodes m

could be selected using the generalized R*, R® goodness-of-
fit criterion [43].

As is well known, R? is a statistical measure of how well
the estimated line approximates the real data point and a value
equal to 1 indicates perfect fit to the data. In this framework,

R* is a modification of R?> for systems of equations.
According to this criterion one should select the number of

nodes that maximizes R*. When R” reaches a maximum one
should stop adding explanatory terms.

V. EMPIRICAL APPLICATION

In this section, the NDF will be used to fit a large real data
set. The data are taken from the commercial bank and bank
holding company database managed by the Federal Reserve
Bank of Chicago over the 1989-2000 time span. It is based on
the Report of Condition and Income (Call Report) for all U.S.
commercial banks that report to the Federal Reserve banks and
the FDIC. The output variables are: (1) instalment loans (to
individuals for personal/household expenses), (2) real estate
loans, (3) business loans, (4) federal funds sold and securities
purchased under agreements to resell, and (5) other assets
(assets that cannot be properly included in any other asset items
in the balance sheet). The input variables are: (1) labor, (2)
capital, (3) purchased funds, (4) interest-bearing deposits in
total transaction accounts and (5) interest-bearing deposits in
total non-transaction accounts. The data set is available to any
researcher for purposes of replication upon request.

The estimation procedure described earlier was used to

J
./(n+1)+zm,-1

estimate the parameters [a,0,7,&] € R = However, a

choice has to be made regarding the number of nodes of the
ANN. For reasons of convenience, we use the same number of
nodes for each equation. In case this assumption is dropped, the

procedure to be outlined remains unchanged. The R® value as
a function of the number of nodes had a maximum value equal
to m=1 nodes (Fig. 1). Also, the determinant of the

covariance matrix, detZ!”) =detX(f) had a minimum value

for nodes (Fig. 2). Consequently, we set the number of nodes
equal to m, =1 nodes (i=1,...,J ). In Table 1, the estimated

coefficients for the NDF are shown along with their t-values (in
parentheses).

Next, the RTS are calculated and are found to follow a
Gaussian-like distribution around unity (Fig. 3). This results
implies, roughly speaking, constant returns to scale, and can be
characterized as expected because as a result of the
optimization principle firms will generally exhibit constant
returns to scale.

In Table 2, the estimates of the translog output distance
function are presented. It can be inferred that the NDF is
capable of explaining a very high proportion of the variance of
output while using fewer parameters and satisfying all the
theoretical properties dictated by production theory compared
to the translog popular specification. Next, we compare over
1000 datasets the fitting of the two specifications, namely the
NDF and the translog specification which is typically used for
estimating the output distance function. In Figs. 4, 5, 6, 7 the

values of R* and R” are depicted for these datasets.

Moreover, we checked the fitting of the NDF to data which
were generated by the translog output distance function for
1000 datasets (see Figs. 8-9). Apparently, when fitted to a large
number of data sets originating in US data for all commercial
banks in the 1989-2000 time span, the NDF was found capable
of explaining a very high proportion of the variance of output
while keeping the number of parameters to a minimum and
satisfying all the theoretical properties dictated by production
theory in contrast to the translog specification. Also, when
fitted to a large number of data sets generated by the translog
specification, the NDF was found to capture a very high
proportion of the variance of the data output. Consequently, the
NDF is capable of capturing almost perfectly the translog
specification while satisfying all the properties dictated by
production theory globally and keeping the number of
estimated parameters to a minimum. In this sense, it is superior
to the most widely used competing specification.

VI. SUMMARY AND CONCLUSIONS

In this paper we have introduced a new output distance
function, the Neural Distance Function (NDF), which
constitutes a global approximation to any arbitrary production
technology with many outputs given by a neural network
specification. Relevant procedures have been developed and
suggestions on implementation have been proposed. Thus,
empirical implementation relied on standard techniques. All
relevant measures such as returns to scale and total factor
productivity have been computed routinely. The model is
shown to possess all of the properties thought as desirable in
conventional production theory, and to do so in a way not
matched by any single competing specification. Fitted to a very
large number of data sets originating in US data for all
commercial banks in the 1989-2000 time span, the NDF is
capable of explaining a very high proportion of the variance of
output while keeping the number of parameters to a minimum
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production theory. The empirical estimation of the competing
functional forms was less than satisfactory compared to the 7 09214
NDF. We believe that the NDF with its generality,
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