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ABSTRACT
We study a routing problem in wireless sensor networks
where sensors are duty-cycled. When sensors alternate be-
tween on and off modes, delay encountered in packet delivery
due to loss in connectivity can become a critical problem,
and how to achieve delay-optimality is non-trivial. For in-
stance, when sensors’ sleep schedules are uncoordinated, it is
not immediately clear whether a sensor with data to trans-
mit should wait for a particular neighbor (who may be on
a short route) to become available/active before transmis-
sion, or simply transmit to an available/active neighbor to
avoid waiting. To obtain some insight into this problem, in
this paper we formulate the above problem as an optimal
stochastic routing problem, where the randomness in the
system comes from random duty cycling, as well as the un-
certainty in packet transmission due to channel variations.
Similar framework has been used in prior work which results
in optimal routing algorithms that are sample-path depen-
dent, also referred to as opportunistic in some cases. We
show such algorithms are no longer optimal when duty cy-
cling is introduced. We first develop and analyze an optimal
centralized stochastic routing algorithm for randomly duty-
cycled wireless sensor network, and then simplify the algo-
rithm when local sleep/wake states of neighbors are avail-
able. We further develop a distributed algorithm utilizing
local sleep/wake states of neighbors which performs better
than some existing distributed algorithms such as ExOR.

Categories and Subject Descriptors
C.2.1 [Computer-Communication Networks]: Network
Architecture and Design—Wireless communication; C.2.2
[Computer-Communication Networks]: Network Pro-
tocols—Routing protocols; G.1.6 [Mathematics of Com-
puting]: Optimization; G.3 [Mathematics of Comput-
ing]: Probability and Statistics—Markov Processes,Stochastic
processes
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1. INTRODUCTION
For the past decade or so, wireless sensor networks have

been extensively studied for a variety of applications, many
of which require remote and autonomous operations of the
sensors that are battery powered and not easily renewable.
As a result, energy conservation and efficiency has long been
a critical research issue. Of different energy conservation
approaches, low duty-cycling, the act of periodic turning off
the sensors not in active use, has been considered as one
of the most effective. Its main drawback is the temporary
unavailability of sensors which can adversely affect both the
coverage and connectivity of the network.

In this study, we are interested in designing good routing
algorithms (measured by low delay) for wireless sensor net-
works in the presence of very low duty cycles. In particular,
we will consider a class of random sleep schedules where sen-
sors go to sleep independent of each other and for a random
duration given by a certain probability distribution. In such
a scenario, when a node does not have future information on
other nodes’ sleep schedules but only which of its neighbors
are currently available, its routing decision (the selection of a
neighbor to relay a packet) must properly balance the imme-
diate availability of a node against the future performance
of the corresponding route.

Low duty-cycling creates significant uncertainty in the
availability and connectivity of the network. Prior work in
routing has primarily focused on the uncertainty caused by
mobility and time-varying channel quality 1. The goal of
the present paper is to take both sources of uncertainty into
account in designing the routing algorithm.

Generally speaking, to deal with uncertainty, one could
either choose to perform routing in a deterministic way by
selecting a route independent of the sleep state or the suc-
cess/failure state of the network (an open-loop approach)2,
or try to utilize information available to the nodes in mak-
ing a closed-loop routing decision. Traditionally, most rout-
ing algorithms fall under the former category, see for in-
stance [3, 5, 6, 9–12, 14]. More recently, there have been a
number of stochastic routing (also referred to as opportunis-
tic routing) algorithms proposed in the literature [2,8,13] to
address the uncertainty in transmission. The key idea un-

1We will not consider mobility as a factor in this paper by
assuming a quasi-static sensor network.
2Note that this does not mean that a deterministic routing
cannot take into account average statistics, e.g., the average
quality of a link; many routing protocols indeed do so.



derlying this class of approaches is to make routing decisions
after having observed the outcome of an earlier transmission,
i.e., after knowing which down stream nodes have or have
not successfully received the transmission, thereby making
a closed-loop decision. Given different realizations of these
transmission events, the actual route taken by a packet can
be different, thus the term event-based routing or sample-
path dependent routing [8], or opportunistic routing [2]. It
was shown in [8] that there exists an optimal Markov rout-
ing policy in the form of an index policy in a wireless net-
work, while a conceptually very similar, sub-optimal but
more practical routing algorithm called ExOR was proposed
in [2]. This type of routing algorithms has a clear advantage
over traditional deterministic routing in that it takes into
account state information available to the nodes.

In this paper we will adopt the event-based/opportunistic
routing idea and extend it to the case of low duty cycles.
In particular, we will follow closely the stochastic decision
framework developed in [8]. The model used in this paper
is thus an extension to [8] in that it captures the random-
ness of topology caused by duty-cycling in addition to the
randomness in channel conditions. The objective is to seek
an optimal routing policy in such networks with respect to
performance metrics such as transmission cost and delay. In
subsequent sections we will formally define this optimization
problem. Various policies are then explored and character-
ized for optimality. The main contributions of this paper
are as follows.

1. As a benchmark we develop and analyze a centralized
optimal stochastic algorithm for randomly duty-cycled
wireless sensor network.

2. We develop a centralized stochastic routing algorithm
with reduced state space which performs near-optimal
when local sleep/wake states of neighbors are available.

3. We further develop a distributed algorithm utilizing
local sleep/wake states of neighbors which performs
better than some existing distributed algorithms such
as ExOR, etc.

The rest of this paper is organized as follows. Section 2
provides the description of the network model. Based on the
specified model, we consider the centralized stochastic rout-
ing problem with the information of duty-cycles of nodes in
the network in Section 4. In Section 5, we present a central-
ized stochastic routing algorithm and in Section 6 we develop
a distributed algorithm to compute a policy that resembles
the near-optimal centralized algorithm. The performance of
these algorithms is evaluated in Section 7. We conclude the
paper in Section 8.

2. DESCRIPTION OF THE MODEL AND
PROBLEM FORMULATION

We consider a static wireless ad-hoc or sensor network
where nodes are randomly duty-cycled independently from
one another. At a high level, our central problem is to find
a good (in terms of delay or certain cost measure) route
from a source node to a destination node. In a non-duty
cycled static network, a typical method is to associate a
measure/cost with each link in the network and perform
shortest path routing. For instance, if such a cost is unit,
then one ends up with a minimum hop-count route; if such

a cost indicates the expected number of transmissions over a
link (by using a predefined transmission success probability),
then the resulting route has the least number of expected
transmissions.

In our scenario, these nodes are not always available due to
duty-cycling, and not available all at the same time. Since
a node can potentially obtain the information on whether
each of its neighbors is available when a packet needs to be
transmitted, a routing decision (i.e., the selection of the next
hop relay node) must be made as to whether one should se-
lect the least-cost node among all wake nodes, or to wait for
a particular node to wake up who has the least-cost among
all nodes (wake and asleep), or some variations of these. In
this context, it is not immediately clear what principles a
good routing algorithm should employ.

To address this problem, we will start by considering a
centralized system, where at each instance of time (we as-
sume discrete time) some central agent has the full knowl-
edge of which subset of nodes have already received the mes-
sage, and which subset of nodes are currently awake. The
central agent cannot foresee future sleep state of the nodes,
but knows the current state. The routing decision at each
time step then reduces to the question of among this set
of nodes that have already received the message, which one
should be selected as the relay node to retransmit the mes-
sage, and whether we should simply do nothing, wait for
one time step and reconsider the decision at the next time.
This is the routing decision problem we seek to address in
this paper. For this centralized version of the problem we
will derive the structural properties of the optimal routing
policy and construct an algorithm that computes such a pol-
icy. To reduce the computational complexity we will further
propose a sub-optimal routing algorithm and is considerably
simpler. We then consider a distributed implementation of
this sub-optimal algorithm, whereby each node only has ac-
cess to local information: who among its neighbors have
received the message, and who among its neighbors are cur-
rently awake or asleep. A node then must decide, based
on such local information whether it should serve as a relay
for the message it receives. Such a distributed implementa-
tion is accomplished via packet exchange and certain local
information update procedure.

2.1 Assumptions

• We will focus on the routing of a single message origi-
nated from somewhere in the network and has a single
destination node.

• We consider a discrete time system, where in each time
step (or time slot) a node is active/awake with a time-
invariant probability, independent of other time slots
and other nodes. For simplicity in our derivation we
will assume that this active probability is the same for
all node, though they need not be. The complement of
active probability is also called the sleep probability.

• Any node that has successfully received the message
will remain awake. This assumption is adopted for
simplicity in presentation in our analysis.

• The lossy wireless medium is modeled by a pair-wise
time-invariant transmission success probability qij be-
tween two nodes i and j. If this probability is nonzero,



then node j is called a“neighbor”of node j. This prob-
ability does not have to be symmetric.

• A transmission and its ACK from successful receivers
occur within a single time slot.

2.2 Notations
A summary list of notations used in Model (M) in this

paper is as follows.
N is the number of nodes in the network.
Ω = {1, · · · , N} is the set of all nodes. So, |Ω| = N .
I is a nonexistent node which represents the idle action.
qij is the transmission success probability from node i to

node j, given that both nodes are awake.
p is the active probability for all nodes.
(W,A) refers to a state of the system, where W ⊆ Ω

and A ∈ {0, 1}N . W is defined as the set of nodes that
have received the message. A is defined as the sequence of
sleep(0)/active(1) status of all nodes. In particular, node i is
awake if it has received a message as stated in assumptions:
Given A = {a1, a2, · · · , aN}, ai = 1 for all i ∈ W .

F (W ) denotes a feasible set of all possible sleep/active
states A induced by W so that A is consistent with W .
More specifically, given W , there are a total of 2N−|W | sets
of A’s in F (W ) where ai = 1 for all i ∈ W and ai ∈ {0, 1}
for all i ∈ Ω − W .

F (W |W ′, A′) for W ⊂ W ′, A′ ∈ F (W ′) denotes a sub-
set of sleep/active states A ∈ F (W ), such that that A is
identical to A′ except that ai ∈ {0, 1} for all i ∈ W ′ − W .

F (W |W ′, A′) for W ⊃ W ′, A′ ∈ F (W ′) denotes a subset
of sleep/active states A ∈ F (W ), such that that A is iden-
tical to A′ except that ai = 1 for all i ∈ W − W ′. We see
that there is only one such A in this set.

T : 2Ω → 2N is defined as a mapping from W to a vector
T (W ) = {w1, w2, · · · , wN}, W ⊆ Ω where each element
wi = 1 if node i has received the message, and 0 otherwise.

P i(W ′, A′|W,A) indicates the probability of state (W ′, A′)
reached from state (W,A) by choosing i for transmission, i ∈
W . Let T (W ) = {w1, w2, · · · , wN} and A = {a1, a2, · · · , aN} ∈
F (W ). Also, T (W ′) = {w′

1, w
′
2, · · · , w′

N} and
A′ = {a′

1, a
′
2, · · · , a′

N} ∈ F (W ′). If a node i is chosen for
transmission, the transition probability is given by

P
i(W ′

, A
′|W, A)

=

0
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A · pIa′−Iw′ (1 − p)N−Ia′ , for ∀i ∈ W,

where Iw′ is the number of 1’s in T (W ′), and Ia′ is the
number of 1’s in A′. If the idle node I is chosen,

P
I(W ′

, A
′|W, A) =



pI
a′−I

w′ (1 − p)N−I
a′ , if W ′ = W

0, otherwise.

R : 2Ω → R is the reward functions. Specially, we denote
Ri = R({i}).

π is a Markov policy such that π depends only on the
current state (W,A). We write π(W,A) = i to indicate
that policy π transmits at node i when in state (W,A), i ∈
W . We write π(W,A) = I to indicate policy π choose the

idle/wait action. We write π(W,A) = r to indicate policy π

retires and receives reward R(W ) = r when in state (W,A).
V π(W,A) is the expected reward when starting in state

(W,A) under policy π.

2.3 Problem Formulation

Problem 1. We consider the centralized routing problem
where a central controller, who knows the current set of
nodes with the message and the set that are awake, chooses
among three actions at each time instant: (1) select a node
among nodes that have the message for the next transmis-
sion; (2) wait for the next time step; and (3) terminate the
routing process. The transmission from a node i, i ∈ Ω,
costs ci > 0 and is the local broadcast to its active neigh-
bors. The idle action is denoted by I and ci = α ≥ 0,
indicating a penalty on idle waiting. This transmission is
successfully received by a neighbor j with a time-invariant
probability pij given node j is active during that time slot.
Each transmission event is assumed to be independent of
another. The objective is to choose the best action at each
time step so as to maximize the total expected reward less
cost:

E{R(Sf ) −

τ−1
X

t=1

ci(t)},

where τ is the stopping time when the transmission process
is terminated, Sf is the state at τ , and i(t) is the node
(including idle action) chosen by the policy at time t.

3. PRELIMINARIES
When nodes are always awake (i.e., p = 1), which is a

special case of Problem 1, the authors of [8] showed that an
optimal Markov policy for this problem is both a priority
policy and an index policy. The first few definitions below
are reproduced from [8] for this paper to be self-contained.
We then present an example to illustrate these concepts are
not able to capture the extra dynamics caused by node sleep-
ing. This motivates us to generalize the notion of priority
policies and index policies.

Definition 1. [8] A Markov policy π is a priority policy
if there is a strict priority ordering of the nodes s.t. ∀i ∈ Ω
we have π(S ∪ {i}) = π({i}) = i or ri, ∀S ⊆ Ωi, where Ωi is
the set of nodes of priority lower than i.

Definition 2. [8] A function f : 2Ω → R is an index
function on Ω if f satisfies

f(S) = max
i∈S

f({i}), ∀S ⊆ Ω.

Definition 3. [8] A priority policy π is called an index
policy if V π(·) is an index function on Ω.

In the following, we use a simple example to show that
an optimal policy may not be found in the class of priority
policies for Problem 1.

Example 1. We consider a system depicted in Figure 1,
where Ω = {1, 2, 3, 4, 5} and p = 0.1. Assume that Ri = 0
except node 5 which has a reward R5 > 0. For simplicity
we also assume that ci = 1 for i ∈ Ω ∪ {I}. An active
node i is denoted by ia and a sleeping node i by is. Since
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Figure 1: System for an Example 1.

nodes in W are assumed to be awake, we are only concerned
with those in Ω − W , i.e., A ∈ F (W ). Let W = {1, 2, 4}
as shown in the Figure 1. Let π∗ to be an optimal Markov
policy. We have π∗(W, {3a, 5a}) = 4, π∗(W, {3a, 5s}) = 1,
π∗(W, {3s, 5a}) = 4, and π∗(W, {3s, 5s}) = I using stochas-
tic dynamic programming; the details of the calculation can
be found in [7]. Let us focus on A = {3a, 5s}. In this case,
node 1 is the highest priority node among nodes 1, 2, and
4. Now, suppose W = {1, 2}. For the sleep/wake states in
F (W |{1, 2, 4}, {3a, 5s}), we obtain π∗(W, {3a, 4a, 5s}) = 2
and π∗(W, {3a, 4s, 5s}) = 1 by a similar calculation. When
node 4 is asleep, node 1 is the highest priority node as ex-
pected. On the other hand, when node 4 is active, node 2 is
the highest priority node among node 1 and node 2. In other
words, node 1 is not always the highest priority node among
nodes 1, 2, and 4; instead, nodes’ priorities may change with
the sleep state.

As can be seen from the above example, removing a node
like 4 from the set W = {1, 2, 4} has a significant impact on
the resulting optimal policy, even though it is not the highest
priority node given A = {3a, 5s}. This is because node 4 is
the highest priority node in W given other sleep/wake states
such as {3a, 5a} and {3s, 5a}. To summarize, given W , if a
node i is the highest priority node in W for some feasible
sleep/wake state, then the priority ordering in W − {i} are
not always preserved under other sleep/wake states. Thus if
we remove node i we need to recalculate the priority ordering
of nodes in W − {i}. By contrast, in the case when p =
1, this priority ordering is preserved no matter which node
we remove from the set W . This is the primary difference
between Problem 1 and that considered in [8] both from a
conceptual and a computational point of view.

Motivated by the above example, it is necessary to gener-
alize the preceding definitions in the context of our problem.

Definition 4. Consider a Markov policy π such that π(W,Ai) =
ni ∈ W ∪ {I},∀i ∈ {1, · · · , m} for W ⊆ Ω and ∀Ai ∈ F (W )

where m = 2N−|W |. This policy is called a Generalized(G)-
priority policy if the following condition holds: Define NW =
Sm

i=1 ni − {I} and for ∀S ⊆ W − NW , we have

π(W,Ai) = π(S ∪ NW , A) = ni,

∀A ∈ F (S ∪ NW |W, Ai),∀i ∈ {1, · · · , m}.

Here the condition on A is simply to ensure that the sleep
state A is consistent with state Ai (it is identical to Ai except
for nodes in W − S −NW what are unspecified). What this
definition says is that a policy is a G-priority policy if there
exists a set NW of priority nodes within W whose priorities
are strictly higher than the rest regardless of the sleep state,

but whose priority ordering among themselves can only be
determined for a specific sleep state. This set consists of
nodes that would have been selected in at least one sleep
state.

Definition 5. A function f : 2Ω×2N → R is an Generalized(G)-
index function on 2Ω if f satisfies

f(W, A) = max
W̃⊆W,Ã∈F (W̃ |W,A)

f(W̃ , Ã),∀W ⊆ Ω, ∀A ∈ F (W ).

Definition 6. A priority policy π is called an Generalized(G)-
index policy if V π(·) is an G-index function on Ω.

Note there are two special case interpretations of Problem
1 depending on what we use as costs. If the idle cost is zero,
then there is no loss of optimality to always wait till all
nodes are awake (a positive probability event) to make a
decision. Given that we only consider the problem in this
particular sleep state (all awake), the problem reduces to
the one studied in [8]. If all costs are the same, the problem
can be regarded as finding a policy which minimizes delay.

4. ANALYSIS OF PROBLEM 1
In this section, we analyze Problem 1 and derive struc-

tural properties of an optimal policy π∗. Specifically, we
show that there exists an optimal G-index policy for Prob-
lem 1 in Theorem 1. The idea behind its proof is to show
that an optimal Markov policy with certain properties is a
G-priority policy, which is in turn a G-index policy by prov-
ing that the expected reward function is a G-index function.
This method follows closely the framework developed in [8]
although there are technical differences due to the introduc-
tion of sleep states. Throughout the paper most proofs are
omitted due to space limit; they can be found in [7].

Lemma 1 below is essentially the same as given in [8],
but adapted to our notation. It shows the properties of
an optimal Markov policy that if all supersets that can be
reached from a state have optimal expected reward values
and the actions at the state for all sleep states are optimal,
then the expected reward value at the state is optimal.

Lemma 1 Let π∗ be an optimal Markov policy for Problem
1. Suppose we are given W1 and A1 ∈ F (W1), and let π be
a Markov policy with the following properties:

V
π(W,A) = V

π∗

(W,A), ∀W ⊃ W1,∀A ∈ F (W ),

π(W1, A1) = π
∗(W1, A1), ∀A1 ∈ F (W1).

Then

V
π(W1, A1) = V

π∗

(W1, A1).

The next lemma shows the monotonicity of an optimal
Markov policy.

Lemma 2 In Problem 1, let π∗ be an optimal Markov pol-
icy. Let W1, W2 ⊆ Ω and W2 ⊆ W1. Then, for A1 ∈ F (W1),

V π∗

(W2, A2) ≤ V π∗

(W1, A1) where A2 ∈ F (W2|W1, A1).

The next lemma shows the G-priority structure of an op-
timal Markov policy.

Lemma 3 Let π∗ be an optimal Markov policy for Prob-
lem 1. Then, there exists a Markov policy π which has the
following properties.



1. For all W ⊆ Ω where |W | ≥ 2 and all possible Ai ∈

F (W ) = {A1, · · · , Am}, m = 2N−|W |,

π(W,Ai) = ni ∈ W ∪ {I} ⇒ π(W − {j}, A) = ni,

∀j ∈ W − ∪m
i=1ni,∀A ∈ F (W − {j}|W, Ai),

π(W,Ai) = rni
, ni 6= I ⇒ π(W − {j}, A) = rni

,

∀j ∈ W − ∪m
i=1ni,∀A ∈ F (W − {j}|W, Ai).

2. For all W ⊆ Ω where |W | ≥ 2 and all possible Ai ∈
F (W ), and π(W,Ai) = ni ∈ W ∪ {I} or rni

, ni 6= I

for i ∈ {1, · · · , m},

V
π(W − {j}, A) = V

π(W,Ai)

= V
π∗

(W,Ai) = V
π∗

(W − {j}, A),

∀j ∈ W − ∪m
i=1ni,∀A ∈ F (W − {j}|W, Ai).

3. π is an optimal Markov policy.

Lemma 4 For any optimal Markov policy π∗, V π∗

(·) is a
G-index function on Ω ∪ {I}.

Theorem 1 There is an optimal Markov policy π∗ for Prob-
lem 1 which is a G-index policy.

Proof. By Lemma 3, there exists a Markov policy π∗

which is an optimal Markov policy. V π∗

(·) is a G-index func-
tion by Lemma 4. This says that the optimal decision on the
resulting set after removing some nodes that are not in

S

i
ni

from W remains the same. Thus the conditions in Definition
4 are satisfied. Thus π∗ is a G-priority policy. Since π∗ is a
G-priority policy and its V π∗

(·) is a G-index function, π∗ is
a G-index policy according to Definition 6.

5. OPTIMAL AND SUB-OPTIMAL ROUT-
ING ALGORITHMS

5.1 An Optimal Centralized Algorithm for
Problem 1

We present an algorithm to compute the optimal G-index
policy for Problem 1. Compared to the brute-forth dynamic
programming, our algorithm utilizes the properties of G-
index policy stated in Lemma 3 to reduce the amount of
computation. Let node d be the destination. The procedure
starts with W = Ω and A = {1, · · · , 1}. Its optimal action
and reward value are straight-forward, which are

V (Ω, A) = Rd and π(Ω, A) = rd.

From the properties 1 and 2 in Lemma 3, we know

V (Ω − {j}, A) = Rd and π(Ω − {j}, A) = d,

for ∀A ∈ F (Ω−{j}) if j 6= d. Thus, we only need to calculate
V (Ω − {d}, A) for ∀A ∈ F (Ω − {d}).

By solving the associated set of linear equations, we obtain
π(Ω−{d}, A) for ∀A ∈ F (Ω−{d}). Suppose π(Ω−{d}, Ai) =
ni for each i s.t. Ai ∈ F (Ω − {d}). We will denote by
D(Ω−{d}) = ∪i{ni} the set of highest priority nodes in W .
Again, by the properties of Lemma 3, we have

π(S ∪ D(Ω − {d}), A) = ni,

∀S ⊂ Ω − {d}, A ∈ F (S ∪ D(Ω − {d})|Ω − {d}, Ai).

Queue M

W
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Mb ∪ {i1}
k new entries

remove
MbΩ / Mb

Queue M

F(W)

A1

A|F(W)|

�

Optimal decision for e

ach Ai and generate 

NW ={i1, � , ik}

Figure 2: The diagram of Algorithm 1.

Therefore, the reward functions that need to be calculated
are V (Ω−{d}− {ni}, A), for ∀A ∈ F (Ω−{d}− {ni}). The
subsequent steps are done similarly.

We now formally describe the above procedure in Algo-
rithm 1. Figure 2 illustrates how Algorithm 1 works. Wile
it is presented for a single destination, we note that it can
be easily extended to the case of multiple destinations.

Algorithm 1. Define sets W , F (W ), NW and a queue M ,
as follows.

Each entry in queue M contains the set of nodes S ∈ Ω
which have not received the packet. Specially, denote by
Mb the head of line of M . W is the complement of Mb with
respect to Ω, which is W = Ω−Mb meaning the set of nodes
which have received packet. F (W ) is the set of all feasible
active(1)/sleep(0) states of the nodes in Mb and all ones for
the nodes in W . That is, F (W ) = {A1, A2, ..., Ak} where

k = 2|Mb|. NW is the set of highest priority nodes in W for
every Ai ∈ F (W ).

Since the case where W = Ω is trivial, we start with W =
Ω−{d}. Initially, the queue M = {Mb} = {{d}} contains a
destination d; the action taken by an optimal G-index policy
π on the destination d is to retire and receive Rd regardless
of sleep states. F (W ) contains two sets which include ones
for all nodes except for d which is zero in one set and one in
the other. NW is initially empty.

The algorithm proceeds as follows.

1. For each i ∈ W and each Aj ∈ F (W ), let π
j
i be an

G-index policy with the same priority list as π for the
nodes in Mb, with i as the next highest priority node
after Mb, and with the priority of the nodes, W - {i}

arbitrary, but lower than i. Compute V
π

j
i

i (W, Aj) for
all j, 1 ≤ j ≤ k from

V
π

j
i

i (W,Aj) = max{−ci+
X

W ′⊇W

X

A′∈F (W ′)

P
i(W ′

, A
′|W,Aj)V

π
j
i

π
j
i
(W ′,A′)

(W ′
, A

′), Ri}.

2. For the idle action I , let πI be an index policy which
is similarly defined as in step 1 except no actual trans-



mission takes place. Thus,

V
π

j
I

i (W,Aj) = max{−α+
X

A′∈F (W ′)

P
I(W, A

′|W, Aj)V
π

j
I

π
j
I
(W,A′)

(W, A
′), Ri}.

3. For each set of choices of a node ij ∈ W
S

{I} for Aj ,

1 ≤ j ≤ k, denoted by i = {i1, i2, ..., ik}, V
π

j
ij

ij
(W, Aj)

are solved by k linear equations. Choose i with the

highest values of V
π

j
ij

ij
(W,Aj)’s. Ties are broken with

more Is in i, otherwise arbitrarily.

4. NW includes all distinct y ∈ i, which is not equal to
I . For each node in NW , append it to the set Mb and
place the resulting set on top of the queue M .

5. Finally, remove Mb from the bottom of the queue M .
If M is empty, stop. Otherwise, go to step 1).

Theorem 2 For Problem 1, Algorithm 1 produces an opti-
mal G-index policy.

5.2 A Sub-Optimal Algorithm
We next propose a sub-optimal algorithm that reduces the

complexity of Algorithm 1. We consider the same problem
and again we will assume a centralized view, with the only
difference that we will now assume that the central controller
only knows W but not A. Accordingly the system has a
simple state given by W . Note that with this modification
the idle action I is never chosen. Below we redefine a few
notations below for this simpler system.

P i(W ′|W,A) denotes the probability of state W ′ reached
from state W by choosing i ∈ W for transmission, when
nodes’ sleep/wake status is A at the moment.

If a node i is chosen for transmission, the transition prob-
ability is defined as

P
i(W ′|W, A)

=

0

@

Y

∀j:wj=0,aj=1,w′

j
=1

qij

1

A ·

0

@

Y

∀j:wj=0,aj=1,w′

j
=0

1 − qij

1

A

·

0

@

Y

∀j:aj=0,w′

j
=1

0

1

A , for ∀i ∈ W .

π is a Markov policy such that π depends only on the
current state W .

V π(W ) is the expected reward when starting in state W

under policy π.

Given the modified model described above (i.e., without
nodes’ active/sleep information), Since the nodes’ sleep in-
formation is not available to the decision maker, this prob-
lem is essentially the same as the one studied in [8] with a
modification to the state transition probability. This is be-
cause the decision maker cannot differentiate transmission
failures caused by channel errors from the ones by duty-
cycling. Hence, sleep/wake activity of nodes is reflected in
transition probability measured on average, i.e., P i(W ′|W ) =
P

A∈F (W ) P i(W ′|W, A)P (A).

With these transition probabilities, one can use the al-
gorithm developed in [8] (referred to as Lott’s Algorithm
below) to generate an optimal index policy for this modified
problem. Specifically, the expected reward given W when i

is transmitting is calculated by

V
πi
i (W ) = max{−ci+

X

W ′⊇W

0

@

X

A∈F (W )

P
i(W ′|W,A)P (A)

1

A V
πi

πi(W
′)(W

′)}, Ri}.

Below we present an algorithm that both utilizes and out-
performs Lott’s Algorithm for Problem 1. Specifically, the
decision maker maintains the simple state W to calculate the
expected reward, but it makes the routing decision by tak-
ing into account the current sleep/wake state A available.
This significantly simplifies the computation compared to
Algorithm 1.

Algorithm 2. The sets W , F (W ) = {A1, A2, ..., Ak}, NW ,
Mb and a queue M are defined the same as in Algorithm 1.

The algorithm consists of two parts: an off-line part and
an on-line part. The off-line part obtains the expected re-
ward values Ṽ (W ) for all W ⊆ Ω by Lott’s Algorithm. The
on-line part of the algorithm proceeds as follows.

1. For each i ∈ W , let π be a policy with the same priority
list as the policy generated by Lott’s Algorithm for the
nodes of Mb with i as the next highest priority node
after Mb, W - {i} arbitrary, but lower than i. Compute
V π

i (W,Aj) for all j, 1 ≤ j ≤ k from

V
π
i (W,Aj)

= max{−ci +
X

W ′⊇W

P
i(W ′|W, Aj)Ṽ (W ′), Ri}.

2. When selecting the idle action its value is computed
as:

V
π

I (W, Aj) = max{−α + P
I(W |W,Aj)Ṽ (W ′), RI}.

3. For Aj , choose a node ij ∈ W
S

{I} with highest values
of V π

i (W,Aj), 1 ≤ j ≤ k, denoted by i = {i1, i2, ..., ik}.
Ties are broken arbitrarily.

4. For each distinct y ∈ i, which is not equal to I , ap-
pend {y}

S

Mb at the top of M . Remove Mb from the
bottom of M .

5. If M is empty, stop. If not, go to step 1.

Corollary 1 Algorithm 2 performs at least as good as Lott’s
Algorithm for Problem 1.

6. DISTRIBUTED IMPLEMENTATION
In this section, we present a practical routing protocol

that implements Algorithm 2 in a distributed way. We will
adopt opportunistic-like forwarding used in [2] in our al-
gorithm, where nodes are not assumed to have perfect in-
formation on W and A. Specifically, nodes periodically ex-
change a HELLO (also referred to as a beacon below) packet
when they are awake. From these exchanges nodes infer
about their neighbors’ sleep status when making a decision
on whether they should forward a received packet.



Our stochastic routing protocol, referred to as SRP be-
low, consists of two elements: priority update and forwarder
selection. Nodes are initialized with the off-line computed
priorities using Lott’s algorithm (also called off-line priori-
ties). As they obtain their neighbors’ sleep state they can
choose to recalculate and update these priorities. In the
forwarder selection step a node decides for itself whether it
should become a forward and retransmit the packet it re-
ceived based on current priorities. Below we present these
two elements in more detail.

6.1 Priority Update Procedure
We will assume that the off-line computation of {Ṽ π

i } by
Lott’s Algorithm is completed, such that each nodes has its
own Ṽ π

i as well as Ṽ π
j for all nodes j in its neighbor set Ni.

This can be accomplished using the Dijkstra-like distributed
algorithm proposed in [8], in which case this computation is
off-line only in the sense that this computation is done prior
to the execution of SRP. We also assume that an on duration
is larger than a beacon interval T .

1. When node i goes to sleep, it turns off the radio and
does nothing.

2. Upon waking up, node i sets the beacon counter n to
zero, the beacon transmission time ti

0 to current time,
and immediately transmits a beacon packet containing
value V 0(i) which is set to Ṽ π

i . V 0
i (j) is initialized to

Ṽ π
j for all j ∈ Ni; the set Ai that contains all active

neighbors is initialized to be an empty set. The set Ci

of forwarder candidates contains the set of neighbors
j’s who have Ṽ π

j > Ṽ π
i .

3. Node i then increments n by one, and set the next
beacon transmission time ti

n to ti
n−1 + T , where T is

the (constant) beacon interval.

4. Between ti
n−1 and ti

n, if node i receives a beacon packet
from some neighbor j, it updates V n−1

i (j) with the new
value contained in the packet and records its update
time. Also, node j is added to Ai if it is not already
in the set.

5. Right before the n-th beacon transmission, at time ti
n,

node i recalculates the priorities as follows. If a beacon
packet from node j was last received at a time earlier
than ti

n − βT , where β a constant multiplier and βT

sets a threshold on how long a neighbor has not been
heard from before assuming it’s asleep, then node j is
assumed to be in sleep mode and is removed from Ai.
For those nodes in Ai, set V n

i (j) = V n−1
i (j). Other-

wise, set V n
i (j) = Ṽ π

j for a sleep node j. Include in Ci

all neighbors that qualify as a possible forwarder and
their current priorities. Denote by q∗ij|Ci ,Ai

the proba-
bility that node j receives successfully while nodes with
higher priorities in Ai

T

Ci fail. Denote nodes with
higher priorities than node j by {Ai

T

Ci}
+
j ⊂ Ai

T

Ci.
Then,

q
∗
ij|Ci ,Ai

= qij

Y

k∈{Ai

T

Ci}
+

j

(1 − qik).

Using this probability, node i updates V n(i) as follows.

V
n(i) =

−ci +
P

j∈Ai

T

Ci
q∗ij|Ci,Ai

V n
i (j)

1 −
P

j∈Ai

T

Ci
(1 − qij)

.

Node i then transmits a beacon packet with V n(i) to
its neighbors.

6. While node i continues to be awake, repeat steps 3-5.

6.2 Forwarder Selection Procedure
The forwarder selection procedure is provided in the fol-

lowing. This algorithm is performed whenever node i gen-
erates a message or receives it from one of its neighbors.

1. Recall that V (i) and {Vi(j)}j∈Ni
are set to current

priority values calculated by the priority update pro-
cedure. The current active neighbors of node i, Ai, is
also given in priority update.

2. When node i receives a message, it obtains the list of
candidate forwarders. If it is on the list, go to step
3. Otherwise, it does not forward the message and
returns to the receiving mode.

3. If node i is listed as a potential forwarder, it calculates
a time period D based on its priority on the list. If
it is the k-th highest priority node on the list with a
total of M nodes on the list, it randomly selects D as
proportional to k − 1. Or an ACK is repeated like the
multiple duplicated ACKs as robust acknowledgement
introduced by [13].

4. If node i receives ACKs from higher priority nodes, it
transmits an ACK with the identity (ID) of the highest
priority node, and it does not forward the message.
During the period D, if node i does not receive an
ACK from any of the higher priority nodes, node i

decides to forward and transmits an ACK with its own
ID. The message contains the priority list of the next
forwarders according to V (i), {Vi(j)}j∈Ni

, Ai.

5. If node i decides not to forward under the policy π and
receives no ACK during M · Ts period, it goes to step
3, unless it was already repeated for R times. If so,
the message is removed.

6. If node i has transmitted the message, it waits ACKs
from neighbors for at most R · Ts. If it receives no
ACK, it retransmits the message.

7. PERFORMANCE EVALUATION
We have performed extensive MATLAB simulation to eval-

uate the performance of the proposed algorithms. The sim-
ulated system closely follows the set of assumptions listed
earlier in this paper. The lossy channel model we adopted
in the simulation is based on pair-wise distance. Specifi-
cally, we assume that the success probability that a node
receives a message from any node is given by a decreasing
linear function of the distance between the nodes, as shown
in Figure 3. This distribution is based on the measurements
on Rene Motes using medium transmission power reported
by Ganesan et al in [4]. A node with reception probability
above a threshold pm is regarded as a neighbor. Each sensor
node is duty-cycled with a sleep probability ps, and the dis-
crete time unit is chosen large enough for a transmission and
ACKs to occur. A source and a destination are randomly
selected among nodes in the network. We assume that the
network is connected when all nodes are awake, thus in time
any destination may be reached from any source.
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Figure 3: Delivery success probability w.r.t. dis-
tance.
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Figure 4: Performance comparison of the centralized
algorithms on Topology 1 (Scenario 2).

Throughout this section, we consider three different sce-
narios depending on how the transmission cost and idle
penalty are determined.

1. Unit cost for both transmission and idle action: As
pointed out earlier in this scenario the problem re-
duces to finding a delay-optimal path from a source
to a destination.

2. Random cost for transmission and nonzero cost for idle
action: With this cost scenario the problem finds a
path that minimizes the total cost. The intention of
using a random transmission cost is so that this cost
may represent the fact that some transmissions are
more costly if the transmitting node has relatively low
residual energy, or if all its neighbors are located far
away thereby physically requiring more energy.

3. Random cost for transmission and zero cost for idle
action.

7.1 The effect of sleep information on optimal-
ity

In the previous sections, it was shown that Algorithm 1,
referred to as the Optimal Algorithm in the remainder of
this section, generates an optimal G-index policy for Prob-
lem 1. Unfortunately, its computational complexity is very
high and thus is not really usable even for a small network.
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Figure 5: The effect of average degree of nodes on
the performance of Sub-optimal and Lott’s Algo-
rithms (scenario 3).

We did manage for sizes up to N = 6. The network topol-
ogy under consideration is a small network of 6 sensor nodes
with average node degree 4.6 and pm = 0.3 referred to as
Topology 1. Using this topology, we first examine how much
performance degradation is incurred if we ignore sleep infor-
mation. In Figure 4 we compare Algorithm 1, Lott’s Algo-
rithm, and Algorithm 2 (also referred to as the sub-optimal
algorithm in the remainder of this section).

Figure 4 depicts the average costs of paths taken by these
algorithms under the second cost scenario. Here the costs
are uniformly generated over [1, 7] while idle cost is fixed
at 4. It is clearly shown that the Sub-optimal Algorithm
performs very close to the optimal. This indicates that the
Sub-optimal Algorithm which is much simpler and requires
only local sleep/wake information than the optimal algo-
rithm works sufficiently well in such a small network.

7.2 The effect of node degree
We next examine the performance comparison between

Lott’s Algorithm and our Sub-optimal Algorithm when in-
creasing the average node degree. Recall that the former
is oblivious to the sleep state. We consider three network
topologies where N = 30 sensor nodes are deployed with dif-
ferent pm = {0, 0.3, 0.5}. pm determines the set of neighbors
and so does node degree. The first topology (Topology 2)
has 12.33 average node degree when pm = 0. The second,
Topology 3, has less average node degree, 7.13, by increasing
pm into 0.3. The last one, Topology 4, has 4.13 average node
degree as pm becomes 0.5, which is the least connected.

Using the third cost scenario, Figure 5 shows Sub-optimal
Algorithm improves significantly compared to Lott’s Algo-
rithm, and the improvement increases as p increases. That
is, the Sub-optimal Algorithm is more effective when duty-
cycling is heavy. Simulation results (not shown here) also
show that the delay performance of Sub-optimal Algorithm
is slightly better than that of Lott’s Algorithm. Since Lott’s
Algorithm ignores the sleep information, it does not take
idle actions. This implies that it generally uses more trans-
missions to reach the destination whereas Sub-optimal Al-
gorithm waits for a better wake set of neighbors, resulting
in fewer number of transmissions.

7.3 Performance of the distributed protocol
SRP
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Figure 6: Comparison between the decentralized al-
gorithms and ExORs.

We now evaluate the performance of SRP on Topology 3
with 30 nodes and pm = 0.3. Recal that the SRP’s access to
sleep state is limited to a node’s 1-hop neighbors, obtained
from beacons broadcasted every T time units, set to 2 in
the simulation. Node’s sleep schedule follows a geometric
distribution with a mean of 4. The performance of SRP
is compared with a few variations of ExOR with different
forwarder selection metrics: 1) the number of hops to best-
path and loss rate [1], 2) ETX [2], and 3) EAX [13].

Figures 6(a) and 6(b) depict the average cost of these al-
gorithms when nodes’ costs are distributed uniformly with a
mean 4 and idle cost is zero. ExOR, which is known to out-
perform traditional routing where packets are sent to the
pre-computed path with the smallest costs, performs the
worst among them in the figure. Other versions of ExOR
using ETX and EAX metrics performs better than the orig-
inal ExOR. On the other hand, the average cost of SRP is
the minimum with the largest delay. Overall, our algorithms
outperform ExORs in terms of average cost with reasonable
delay performance.

8. CONCLUSION
We studied a routing problem in wireless sensor networks

where sensors are randomly duty-cycled. We used a stochas-
tic routing framework to analyze the structural properties of
the optimal routing algorithm. We further developed a dis-
tributed algorithm utilizing local sleep/wake states of neigh-
bors which performs better than some existing distributed
algorithms such as ExOR.
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