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Abstract. As the fast improvement of semiconductor manufacturing, today, IoT 
devices can acquire data in very high resolution and frequency. In many cases, 
the granularity is finer than required. More energy is consumed for the sensor 
data transmission via networks and storage in data centers. Data compression 
is a common approach to reduce the data size. In the literature, many methods 
based on Bounded-Error Piecewise Linear Approximation (BEPLA) have been 
proposed that use multiple straight lines to approximate the original data and 
maintain a tolerable error. Swing-RR first introduced the Resolution Reduction 
strategy, abbreviated as RR, where all line segment endpoints must be encoded 
by small integers, rather than floating point real numbers. Swing-RR is simple 
and has O(n) time complexity when the date size is n. The compression ratio is 
significantly better than other BELPA methods. However, it is not optimal in terms 
of number of line segments. In this paper, an optimal BEPLA algorithm with RR 
is presented, denoted as OBEPLA-RR. The experiments on public real world time 
series datasets show that the numbers of line segments generated by OBEPLA-RR 
are fewer than those by Swing-RR, and the compress ratios are significantly better 
than Swing-RR and other BEPLA methods. 

Keywords: Internet of Things · sensor data · time series · data compression · 
piecewise linear approximation · error bound 

1 Introduction 

Many IoT applications have been realized in our daily world, including smart health, 
smart home, smart transportation, smart logistic, smart city, smart manufacturing, and so 
on. Continuously monitoring the physical environments and cyberspace, and real-time 
and periodically analyzing these data by modern advanced artificial intelligence (AI) 
models give us an opportunity to better understand our world, and help us make better 
decisions.
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On the other hand, the challenges for management and analysis of the huge amount 
of IoT data also have emerged. Various data are sensed continuously by IoT devices 
for different purposes. They are transmitted from devices to edge nodes, and further to 
data centers via different network technologies, and stored temporarily or persistently in 
these systems. It costs a lot of energy to transmit these data via network and store them 
in disks. The data centers in the U.S. consumed about 1.8% of the total U.S. electricity 
consumption in 2014 [1]. In another report, the power demand of the data centers in the 
U.S. is expected to 35 GW by 2030, up from 17 GW in 2022 [2]. Data compression 
is widely adopted to reduce the disk size, and thus reduce the required disk space and 
network bandwidth [3–12]. Furthermore, device nodes and edge nodes usually have very 
limited local buffer. When data is compressed, these nodes can buffer more information. 

In many applications, lossy data compression technologies are used to compress 
sensor data. Tiny differences between the original data and the reconstructed data are 
allowed. Hence, these technologies can achieve higher compression ratios than lossless 
data compression technologies. For example, JPEG is adopted for images [13] and H.263 
is adopted for video [14]. 

For time series, Piecewise Linear Approximation (PLA) is widely adopted, where 
the original data stream is represented by multiple line segments, i.e., linear functions, as 
shown in Fig.  1. In Fig.  1(a), two (green) line segments are used to represent the original 
data stream (red dots). We note that the errors between some reconstructed values (green 
circles) and their original values at the same time ticks are smaller than or equal to a 
bound, here ε, and some are not. In Fig. 1(b) ~ (d), when all errors must be bounded, they 
are referred to as Bounded-Error Piecewise Linear Approximation (BEPLA). Although 
the concept of PLA is simple, it is effective for not only data size reduction, but also for 
data processing like similarity search [15], classification [16], and forecasting [17]. 
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Fig. 1. Concept of Piecewise Linear Approximation (PLA) and Bounded-Error Piecewise Linear 
Approximation (BEPLA). The original data stream (red dots) are approximated by multiple greed 
line segments. Green circles (the intersections of green lines and time ticks) are the reconstructed 
values (color figure online). 

In Fig. 1(b), four line segments are used to represent the original data. Since the stop 
point of a line segment is used as the start point of its successive segment, it is further 
referred to as connected BEPLA [3–5]. In addition to the start point of the first line 
segment, it records the stop point of each segment. On the other hand, in Fig. 1(c), line 
segments are not connected. It is referred to as disconnected BEPLA [6–8]. A new line 
segment always starts one time tick after its immediate previous segment. Since BEPLA
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algorithms have freedom to select the start point of a new segment, fewer line segments 
are used. In Fig. 1(d), BEPLA algorithms use both connected and disconnected line 
segments [9, 10]. 

In [11], BEPLA with Resolution Reduction (RR) was introduced. As shown in Fig. 2, 
the start and stop points of line segments are selected from a small number of points in 
the bounded subrange. BEPLA algorithms can use less bits to encode each line segment. 
A simple BEPLA algorithm, referred to as Swing-RR, had been presented. Although 
Swing-RR uses more line segments to represent datasets chosen from UCR time series 
database [18] than state-of-the-art methods, the compression ratios are better. 
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Fig. 2. Concept of BEPLA with Resolution Reduction (RR), where only black dots are chosen 
as start or stop points of line segments. However, the reconstructed data (green circles) are not 
limited to black dots (color figure online). 

In this paper, we present an optimal BEPLA algorithm, referred to as OBEPLA-
RR, when Resolution Reduction is taken into consideration. The experiment results on 
UCR time series database [18] show that OBEPLA-RR use fewer line segments than 
Swing-RR, and thus the compress rations are furthermore improved. 

2 Related Works 

2.1 Definition 

PLA and BEPLA are wildly used to represent a time series. They have been studied 
in many different context. In general, PLA and BEPLA can be divided into two types: 
connected and disconnected, as shown in Fig. 1. Specifically, a time series Y = { y1, y2, 
y3, …,  yn} can be approximated by a set of m non-overlapped line segments S = { s1, 
s2, s3, …,  sm}, where. 

(1) s1.start.tick = 1, 
(2) si+1.start = si.stop in connected PLA, i.e., si and si+1 are connected, or si+1.start.tick 

= si.stop.tick + 1 in disconnected PLA, for 1 ≤ i < m, and 
(3) sm.stop.tick = n.



130 J.-W. Lin et al.

The approximation Y’ = { y’1, y’2, y’3, …,  y’n} represented by S can be derived as 
the following. 

y′
j = sk .start.value + (j−sk .start.tick) ∗ 

sk .stop.value − sk .start.value 
sk .stop.tick − sk .start.tick 

, (1) 

where sk .start.tick ≤ j ≤ sk .stop.tick and 1 ≤ k ≤ m 
To assess the quality of the approximation Y’, the  p-norm of errors between Y and 

Y’, usually referred to as lp-error, is commonly used. 

lp − error
(
Y , Y ′) = p

√∑n 

j=1 
(yj − y′

j)
p (2) 

l∞ − error
(
Y , Y ′) = max 

1≤j≤n

(∣∣∣yj−y′
j

∣∣∣
)

(3) 

Given a maximal tolerable error ε, when l∞-error ( Y, Y’) ≤ ε, S is a BEPLA of Y. 
For connected PLA, S can be expressed as the sequence { s1.start.value, (s1.length, 

s1.stop.value), (s2.length, s2.stop.value), …, (sm.length, sm.stop.value)}, where sk .length 
= sk .stop.tick – sk .start.tick for 1 ≤ k ≤ m. When p and q bits are used to encode value 
of segment endpoints and segment length, respectively, p + (p + q) *  m bits are used 
to encode S. Since yi are usually real numbers, and represented by 32 bit floating point 
numbers, the compress ratio can be calculated by Eq. (4). 

Compression Ratioconnected (S) = 
p + (p + q) ∗ m 

32 ∗ n 
(4) 

For disconnected PLA, S can be expressed as the sequence { (s1.start.value, s1.length, 
s1.stop.value), (s2.start.value, s2.length, s2.stop.value), …, (sm.start.value, sm.length, 
sm.stop.value)}. Thus, (2 * p + q) *  m bits are used to encode S. The compress ratio can 
be calculated by Eq. (5). 

Compression Ratiodisconnected (S) = 
(2 ∗ p + q) ∗ m 

32 ∗ n 
(5) 

The authors note that S can be further compressed by lossless data compression 
technologies [12]. However, it is out of the scope of this paper. 

2.2 BEPLA Algorithms 

Many BEPLA algorithms have been proposed. For disconnected BEPLA, the first opti-
mal algorithm was presented by O’Rourke in 1981 [3]. Given an error bound, the algo-
rithm runs in a transformed space and uses as few line segments as possible to represent 
the original time series. In 2009, Elmeleegy et al. presented another optimal algorithm, 
referred to as SlideFilter, which runs in time space [4]. They also presented a non-optimal 
algorithm referred to as SwingFilter. Xie et al. improved SildeFilter and gave a linear 
time optimal algorithm, referred to as OptimalPLR [5]. Since the values of segment
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endpoints are real numbers, represented by floating point numbers, and segment lengths 
are integers, the compression ratio is 

Compression RatioOptimalPLR(S) = 
(2 ∗ 32 + 32) ∗ m 

32 ∗ n
= 

3 ∗ m 
n 

(6) 

For connected BEPLA, Hakimi and Schmeichel [6] presented their optimal algorithm, 
referred to as Cont-PLA, in 1991. Since two consecutive line segments are usually 
intersected between time ticks, as shown in Fig. 1(b), the segment lengths are usually 
real numbers, and thus the compression ratio is 

Compression RatioCont−PLA(S) = 
32 + (32 + 32) ∗ m 

32 ∗ n
= 

2 ∗ m 
n 

(7) 

Due to the freedom in choosing start points of line segments, OptimalPLR usually can 
use fewer line segments to represent the original data. However, more bits are required 
to encode each line segment in disconnected BEPLA. The experiment results reported 
in [9] show that Cont-PLA outperforms OptimalPLR on more datasets. However, the 
advantage depends on both the dataset and error bound. There is no clear winner between 
OptimalPLR and Cont-PLA. 

Luo et al. proposed the mixed approach in 2015, i.e., to use both connected and 
disconnected line segments in a BEPLA [9]. Their optimal algorithm, referred to as 
Mixed-PLA, adopts dynamic programming technique. The experiment results showed 
that Mixed-PLA consistently outperforms OptimalPLR and Cont-PLA by roughly 15%. 
Zhao et al. improved Mixed-PLA in terms of computing time and memory costs in 2020 
[10]. 

2.3 BEPLA with Resolution Reduction 

Optimal BEPLA algorithms mentioned above, OptimalPLR [3–5], Cont-PLA [6], 
and Mixed-PLA [9, 10] that use disconnected, connected, and mixed line segments, 
respectively, try to reduce the number of line segments. 

On the other hand, Lin et al. proposed to use fewer bits to encode line segments in 
2019 [11]. When the values of line segment endpoints are restricted in a fixed number 
of levels, for example, 2r levels, the values can be encoded by r-bit unsigned integer. 
Specifically, the global range of the sensor data is divided equally into 2r blocks. The 
center of each block marks a level, and thus, there are 2r levels totally. As shown in Fig. 2, 
each horizontal dashed line represents a level. It is referred to as Resolution Reduction, 
i.e., from 32-bit floating point real number to r-bit unsigned integer, and r is referred to 
as resolution. 

Given an error bound ε (in percentage), for any time tick i, there are at least �2r+1ε�
levels in the allowed subrange between yi − ε and yi + ε when the block size 1/2r is 
smaller than or equal to 2ε. The minimal resolution can be found by Eq. (8). 

rmin(ε) =
⌈−log2(ε) − 1

⌉
(8)



132 J.-W. Lin et al.

Black dots in Fig. 2 are the intersections of horizontal dashed lines (levels) and the 
allowed subrange of each time tick. Since the endpoints of line segments are chosen 
from black dots, their value can be encoded by r-bit unsigned integer. 

Furthermore, segment lengths are restricted to 2d for real-time applications and small 
memory size in the sensor nodes and edge nodes. As a result, segment lengths can be 
encoded by d-bit unsigned integer. 

Taking Resolution Reduction into consideration, Swing-RR was introduced. Based 
on SwingFilter [4], Swing-RR is very simple and has O(n) time complexity. However, 
it is not optimal in terms of line segments, and compression ratios. 

The experiment results reported in [11] showed that although Swing-RR uses more 
line segments to approximate the original data stream than SwingFilter and state-of-the-
art methods, it uses significantly less bits. 

3 Methods 

In this paper, we first consider connected BEPLA with Resolution Reduction. Given an 
error bound ε, resolution r ≥ rmin (ε), and maximal delay 2d , BEPLA-RR problem is 
reduced to find a shortest path from a black dot at the first time tick 1 to a black dot at 
the last time tick n, referring to Fig. 2(a) and (b), where. 

(1) line segments connected only black dots in different time ticks, 
(2) for any time tick j in a line segment sk , i.e., sk .start.tick < j < sk .stop.tick, sk intersects 

with the allowed subrange between yi − ε and yi + ε, and 
(3) all line segments use the same number of bits, i.e., b + d bits. 

Without violating condition (2), the two endpoints of a feasible line segment must 
be visible to each other. Figure 3(a) ~ (c) show the forward visibility of the start point of 
the green line segment, tick by tick, and Fig. 3(d) shows the backward visibility of the 
stop point. 

Based on forward visibility, Swing-RR greedily finds a longest line segment from 
a given start point. However, it is not optimal, as shown in Fig. 4(a), where Swing-RR 
finds three longest line segments in the beginning. However, it finally finds a BEPLA 
with 5 line segments. Figure 4(b) shows an optimal BEPLA with 4 line segments. 

In this paper, an optimal algorithm, referred to as OBEPLA-RR, is presented based 
on backward feasibility scan and the relaxation strategy used in common shortest path 
algorithms, such as Bellman-Ford algorithm and Dijkstra’s algorithm [19]. Specifically, 
for a black point v, the cost of the shortest path from any black point at time tick 1 to v 
can be calculated from the following recursive equation.

{
cost[v] =  1 v.tick = 1 
cost[v] =  minw∈P(v){cost[w]+1} v.tick = 1 

, (9) 

where P(v) is the set of black points backward visible from v.
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Whenever OBEPLA-RR gets a new value yi at time tick i, it calculates the allowed 
subrange between yi − ε and yi + ε, and find all black dots in the subrange according to 
the resolution r. Then, for each black dot v, it invokes back_swing_rr ( v) to calculate the 
cost of the shortest path from any black dot at time tick 1, and then record the start point 
of the last segment. We note that the cost of all black dots at time tick 1 is initialized to 0. 
When all data are processed, OBEPLA-RR identifies the black dot at the last time tick, i 
= n, with minimal cost, besti, and the line segment from besti.from to besti. Recursively, 
OBEPLA-RR finds a set of line segments, which forms an optimal BEPLA. 

(a) Forward visibility 

(length = 1) 

(b) Forward visibility 

(length = 2) 

(c) Forward visibility 

(length = 3) 

(d) Backward visibility 

(length = 3) 

Fig. 3. The two endpoints of a feasible line segment must be visible to each other (color figure 
online). 

(a) (b) 

Fig. 4. Greedy Swing-RR doesn’t always find optimal BEPLA. 

Function back_swing_rr ( v) scans all black dots visible to v, one tick backward by 
one tick, until no more ticks to scan or the line segment length reaches the limit. Similarly 
to SwingFilter and SwingRR, it maintains two auxiliary lines to form a fan area visible 
to v. (u, v) is upper bounder of the visible fan, and (l, v) is lower bounder of the visible 
fan. When there are black dots at tick pt between the two bounders, (l, v) and (u, v), it 
tries to relax v.cost by Eq. (8), and the same time, it also records the start point of the 
line segment at v.from (Fig. 5). 

Since there are �2r+1ε� or so black dots in any time tick, and back_swing_rr () 
backward scans at most 2d time ticks, the complexity of back_swing_rr () is O( �2r+1ε�
* 2d) = O( 2r+dε). Thus, the complexity of OBEPLA-RR is O( 2r+dεn).
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Algorithm 1: OBEPLA-RR, given error bound ε, resolution r, and maximal delay delay = 2d 

1: i =1; yi = get_value()   // i records the tick, and get the first value 

2: besti = any black dot at tick 1 // besti records the black dot whose cost is minimal at tick i 
3: foreach black dot v at tick i whose value is between yi − ε and yi + ε 
4: v.cost = 0; v.from = NIL 

5: end 

6: while more values do 

7: i ++; yi = get_value() // get next value 

8: besti.cost = 

9: foreach black dot v at tick i whose value is between yi − ε and yi + ε 
10:   back_swing_rr( v ) // find v.cost and v.from where the last line segment starts 

11: if (v.cost < besti.cost) then besti = v 
12:  end foreach 

13: end while 

14: trace_back ( besti )   // find the segment (besti.from, besti) recursively and form a BEPLA 

15: 

16: Function back_swing_rr( v ) 
17: Begin 

18: v.cost =    // v.cost is initialized to an impossible big number 

19: pt = v.tick – 1; length = 1 // pt is the tick for backward scan 

20:  while pt ≥ 1 and length ≤ delay do 

21: When necessarily, swing up   the lower bounder (l, v) of the visible fan from v 
22: When necessarily, swing down the upper bounder (u, v) of the visible fan from v 
23:   if u is below (l, v) then break // no more backward 

24: foreach black dot w at tick pt between the two lines (l, v) and (u, v) 

25:    if w.cost + 1 < v.cost then 

26: v.cost = w.cost + 1 // relaxation 

27: v.from = w 
28: end if 

29: end foreach 

30: pt --; length ++  // backward one more tick 

31: end while 

32: End 

Fig. 5. Shows an example how OBEPLA and back_swing_rr () run. 

4 Experiments 

Similarly to the aforementioned studies, in this study, we use the UCR time series 
database [18] to evaluate the performance of OBEPLA-RR, and compare it with state-
of-the-art methods, including Swing-RR [11] for connected BEPLA, OptimalPLR [5] 
for disconnected BEPLA, and Mixed-PLA [10] for mixed BEPLA (Fig. 6). 

Table 1 shows the preliminary experiment results on eight datasets. The error bound 
is 5%. For Swing-RR and OBEPLA-RR, minimal resolution, rmin (5%) = 4, is used. 
Thus, the block size is 1/24 = 6.25%, which is smaller than 2*5% = 10%. This ensures 
that at least one encoded level, i.e., black dot, in any allowed subrange. As well, an octet 
is used to encode the segment length, i.e., d = 8, and maximal delay is 256 time ticks.
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Fig. 6. Illustration of the execution of OBEPLA-RR and the function back_swing_rr () 

The compression ratios of Mixed-PLA on all eight datasets is consistently better than 
OptimalPLA. When Resolution Reduction is considered, and when minimal resolution 
is used, there are only one or two black dots in the allowed subrange. The choice of line 
segment endpoints is significantly restricted. Swing-RR and OBEPLA-RR use more 
line segments than OptimalPLR. However, they both use less bits than OptimalPLR, 
and even Mixed-PLA. 

It is worthy to note that when minimal resolution is used, �2r+1ε� is very small, and 
only a very small number of black dots at a time tick, the complexity of OBEPLA-RR 
is reduced to O( 2dn).
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Table 1. Eight datasets from UCR time series database are approximated by multiple line 
segments, i.e., piecewise linear functions, under maximal 5% error bound. 

Dataset Length Number of Segments and Compression Ratio 

Mixed-PLA1 

(Mixed) 
(Optimal) 

OptimalPLR2 (Disconnected) 
(Optimal) 

Swing-RR3 (Connected) 
(Non-Optimal) 

OBEPLA-RR4 

(Connected) 
(Optimal) 

Cricket_X 117,000 2.2% 2,064 5.29% 6,046 1.94% 4,252 1.36% 

Cricket_Y 117,000 2.0% 2,015 5.17% 6,282 2.01% 4,274 1.37% 

Cricket_Z 117,000 2.1% 2,053 5.26% 5,959 1.91% 4,242 1.36% 

FaceFour 30800 7.1% 1,876 18.27% 2,963 3.61% 2,090 2.55% 

Lighting2 38220 1.0% 339 2.66% 837 0.82% 562 0.55% 

Lighting7 22330 2.8% 357 4.80% 929 1.56% 575 0.97% 

MoteStrain 105168 5.7% 4,011 11.44% 8,518 3.04% 6,422 2.29% 

wafer 152000 4.3% 3,902 7.70% 7,760 1.91% 5,423 1.34% 

1 The results of Mixed-PLA are retrieved from the work of Zhao et al. [10]. 
2 The results of OptimalPLR are retrieved from the work of Xie et al. [5]. 
3 Swing-RR [11] in this experiment uses 4 and 8 bits to encode codepoint and length of segments, 
respectively, and generates connected segments. 
4 OBEPLA-RR in this experiment uses 4 and 8 bits to encode codepoint and length of segments, 
respectively, and generates connected segments. 

5 Conclusions and Future Works 

The huge data sensed from IoT devices in many different applications today consume a 
large percentage of energy. Lossy data compression methods based on Bounded-Error 
Piecewise Linear Approximation (BEPLA) are commonly used to compress these data, 
in sensor nodes, edge nodes, and data centers, to reduce the data size to benefit the 
network transmission between these systems and disk storage usage, while the errors 
between the original data and the reconstructed data is under a given error bound. 

In the literature, many optimal BEPLA algorithms have been proposed to reduce time 
series [3–11]. Most of them try to use as few line segments as possible to approximate the 
original data. Swing-RR [11] introduced the concept of Resolution Reduction, where 
endpoints of line segments are restricted to a small number of data points. Although 
Swing-RR is not optimal in terms of the number of line segments, and uses more line 
segments to approximate the original data, it uses significantly fewer bits to encode these 
line segments, and achieves better data compression ratios. 

In this study, we present OBEPLA-RR, an optimal algorithm for BEPLA when Reso-
lution Reduction is considered. The preliminary experiment results show that OBEPLA-
RR significantly outperforms Swing-RR, OptimalPLR, and Mixed-PLA on eight real 
word datasets selected from UCR time series databases. 

Currently, OBEPLA-RR finds connected BEPLA. We will further study discon-
nected and mixed BEPLA when Resolution Reduction is considered. Recent researches 
indicate that the error bound may vary for different applications [12]. Thus, many BEPLA 
with different error bounds are required. In some cases, the error bound may adapt with 
time [20]. We will further study these issues.
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