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Abstract. This paper proposes an iterative learning control problem based on the
differential evolution algorithm for optimal control gains. The proposed frame-
work for a nonlinear discrete-time system consists of open-loop ILC component
and closed-loop control component, forming an open-closed-loop ILC structure.
The inclusion of the open-loop component guarantees the convergence of the ILC
tracking error in terms of mathematical expectation. Feedback control accelerates
convergence with appropriate gain. The control gain is optimized by the differen-
tial evolution algorithm to achieve better system control and faster convergence.
After conducting ILC convergence analysis and simulation, the tracking error
tends to approach zero in mathematical expectation.
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1 Introduction

Iterative Learning Control (ILC) is a control methodology tailored for continuous sys-
tems, focusing on iterative task execution. It involves learning the system’s dynamic
characteristics through repeatedly performing the same task and optimizes the control
algorithm based on the learned information, resulting in more precise control.

The advantages of ILC are that it can repeat learning and optimization for the same
task, thus enhancing the precision and reliability of the control system. ILC has found
extensive applications across diverse fields in recent years, including robot control and
industrial automation. Moreover, ILC doesn’t require an exact mathematical model of
the system, only sampling of the system’s output, making it highly adaptable. Because
it doesn’t require system to have a precise mathematical representation, it has become a
typical control strategy for imprecise systems in [1, 2].

ILC is widely applied in achieving perfect tracking performance within a finite
time interval [3–5] by generating control inputs from tracking information in the last
iteration. However, relying solely on this approach for updating the current control input
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presents challenges in achieving a satisfactory convergence rate. To enhance convergence
speed, this paper introduces a differential evolution algorithm to generate the current
control input signal using tracking data frommultiple front iterations [6, 7]. The tracking
capability of the system is enhanced when utilizing information from multiple past
iterations in the update process with the differential evolution algorithm compared to
traditional ILC. This improvement is achieved through the skillful design of control gain.

Choosing the optimal control gain is an important issue in ILC design. Based on
the above observations, this paper utilizes an differential evolution (DE) algorithm that
mimics the biological evolution process to obtain the optimal solution, comparing with
traditional ILC, the DE scheme based ILC (DE-ILC) [8, 9]. By designing the coding
strategy, population initialization and fitness function of the DE algorithm, the optimal
control gain of the dynamic system can be obtained, to minimize the number of itera-
tions required by the algorithm and accelerating convergence, this approach has gained
significant traction in addressing a wide range of optimization problems.

2 Problem Formulation

Examine the following discrete-time nonlinear system that performs repeated operations:{
xk(t + 1) = f (xk(t), t) + B(t)uk(t)

yk(t) = C(t)xk(t)
(1)

here, k ∈ {0, 1, 2, ...} and t ∈ {0, 1, · · · ,Td } represent the iteration index and the time
point. xk(t) ∈ Rw, uk(t) ∈ R and yk(t) ∈ R denote the state, control input, and output of
system (1), separately. f (·, ·) ∈ Rw, B(t) ∈ Rw and C(t) ∈ R1×w. The desired trajectory
for system (1) is yd (t) = C(t)xd (t), t ∈ {0, 1, · · · ,Td + 1}, where xd (t) is the desired
state. For the desired trajectory yd (t), assume that there exists an only desired input
ud (t) ∈ Rw, t ∈ {0, 1, · · · ,Td }, such that:{

xd (t + 1) = f (xd (t), t) + B(t)ud (t)

yd (t) = C(t)xd (t)
(2)

For this discrete-time system (1), the tracking error can be outlined as ek(t) = yd (t) −
yk(t), t ∈ {0, 1, · · · ,Td + 1}.
Assumption 1. The starting condition xk(0) for iterations is subject to random
variability, yet its mathematical expectation complies with:

E{‖xd (0) − xk(0)‖} = 0 (3)

Lemma 1. Give a difference inequality:

g(t + 1) ≤ h(t) + sg(t) (4)

given that g(t) and h(t) are scalar functions dependent on t ≥ 0, with s represents a
non-negative value, the ensuing result for t ≥ 1 can be inferred:

g(t) ≤
t−1∑
i=0

st−i−1h(i) + stg(0) (5)
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Assumption 2. Presuming the nonlinear function f (·, ·) in system (1) exhibits dif-
ferentiability towards t and maintains global Lipschitz continuity in its first variable,
applicable to all instances of t and ∀x(t), x(t) ∈ Rw:∥∥f (x(t), t) − f

(
x(t), t

)∥∥ ≤ kf
∥∥x(t) − x(t)

∥∥ (6)

where kf > 0 is the Lipschitz constant.

3 ILC Design and Convergence Analysis

In this part, we consider the nonlinear discrete-time system (1) based on Assumptions
1–2, a P-type ILC control law is designed for t ∈ {0, 1, · · · ,Td }.

uk+1(t) = uf ,k+1(t) + ub,k+1(t) (7)

uf ,k+1(t) = uk(t) + Pek(t + 1) (8)

ub,k+1(t) = Lek+1(t) (9)

here, uf ,k+1(t) denotes P-type ILC element incorporating a open-loop control gain of
P ∈ R, while ub,k+1(t) refers to the closed-loop control element utilizing a closed-loop
control gain of L ∈ R.

Theorem 1. If the control gains P in (11) satisfy:

‖1 − PC(t + 1)B(t)‖ < 1 (10)

then lim
k→∞

E{ek(t)} = 0 for t ∈ {0, 1, · · · Td + 1}.
Defined�uf ,k(t) = ud (t)−uf ,k(t),�uk(t) = ud (t)−uk(t),�xk(t) = xd (t)−xk(t).
Deducting expression (8) from ud (t) on both sides, we obtain

�uf ,k+1(t) = �uk(t) − Pek(t + 1) (11)

From (1), (2) and (11), we have

�uf ,k+1(t) = �uk(t) − PC(t + 1)�xk(t + 1)

= �uk(t) − PC(t + 1)(f (xd (t), t) − f (xk(t), t))

−PC(t + 1)B(t)�uk(t) (12)

From (7), (8) and (9), we have

�uk(t) = �uf ,k(t) − Lek(t) (13)
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Replacing (12) with (13), we obtain

�uf ,k+1(t) = [1 − PC(t + 1)B(t)]�uk(t) − PC(t + 1)(f (xd (t), t) − f (xk(t), t))

= [1 − PC(t + 1)B(t)]�uf ,k(t) − [1 − PC(t + 1)B(t)]Lek(t)

−PC(t + 1)(f (xd (t), t) − f (xk(t), t)) (14)

Calculating the norm of both ends of expression (14) results in∥∥�uf ,k+1(t)
∥∥ ≤ ‖[1 − PC(t + 1)B(t)]‖ · ∥∥�uf ,k(t)

∥∥+

‖[1 − PC(t + 1)B(t)]L‖ · ‖ek(t)‖ + ‖PC(t + 1)‖ · ‖(f (xd (t), t) − f (xk(t), t))‖ (15)

Thus, expression (15) can be transformed into∥∥�uf ,k+1(t)
∥∥ ≤ φ

∥∥�uf ,k(t)
∥∥ + z1‖ek(t)‖ + z1‖�xk(t)‖ (16)

here, φ = ‖1 − PC(t + 1)B(t)‖, z1 = max
{‖[1 − PC(t + 1)B(t)]L‖, ∥∥kf PC(t + 1)

∥∥}
.

According to (1), (2), (4) and (6), we can obtain

‖�xk(t)‖ ≤ kf ‖�xk(t − 1)‖ + ‖B(t − 1)‖ · ‖�uk(t − 1)‖ (17)

According to (13) and (17), we obtain

‖�xk(t)‖ ≤ kf ‖�xk(t − 1)‖ + ‖B(t − 1)‖ · ∥∥�uf ,k(t − 1)
∥∥

+‖B(t − 1)‖ · ‖L‖ · ‖ek(t − 1)‖ (18)

According to (1), (2) and (18), we can obtain

‖ek(t)‖ ≤ ‖C(t)‖ · ‖�xk(t)‖

≤ ‖C(t)‖kf ‖�xk(t − 1)‖ + ‖C(t)B(t − 1)‖ · ∥∥�uf ,k(t − 1)
∥∥

+‖C(t)B(t − 1)‖ · ‖L‖ · ‖ek(t − 1)‖ (19)

Adding both sides of (18) and (19), we get

‖�xk (t)‖ + ‖ek (t)‖ ≤ (
kf + kf ‖C(t)‖)‖�xk (t − 1)‖ + (1 + ‖C(t)‖)‖B(t − 1)‖ · ‖L‖ · ‖ek (t − 1)‖

+(‖B(t − 1)‖ + ‖B(t − 1)‖ · ‖C(t)‖)∥∥�uf ,k(t − 1)
∥∥

≤ z2(‖�xk(t − 1)‖ + ‖ek(t − 1)‖) + b
∥∥�uf ,k(t − 1)

∥∥
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≤ zt2(‖�xk(0)‖ + ‖ek(0)‖) +
t−1∑
s=0

zt−s−1
2 b

∥∥�uf ,k(s)
∥∥

≤
t−1∑
s=0

zt−s−1
2 b

∥∥�uf ,k(s)
∥∥ (20)

where z2 = max
{
kf + kf ‖C(t)‖, (1 + ‖C(t)‖)‖B(t − 1)‖ · ‖L‖} and

b = ‖B(t − 1)‖ + ‖B(t − 1)‖ · ‖C(t)‖.
Substituting (20) into expression (16) and taking the expectation simultaneously, we

obtain

E
{∥∥�uf ,k+1(t)

∥∥} ≤ E{φ}E{∥∥�uf ,k(t)
∥∥} + z1

t−1∑
s=0

zt−s−1
2 bE

{∥∥�uf ,k(s)
∥∥}

(21)

Let z3 =
∥∥∥z1zt−s−1

2 b
∥∥∥, expression (21) can be transformed into

E
{∥∥�uf ,k+1(t)

∥∥} ≤ E{φ}E{∥∥�uf ,k(t)
∥∥} + z3

t−1∑
s=0

E
{∥∥�uf ,k(s)

∥∥}
(22)

Using mathematical induction to prove as follows:
When t = 0, we can obtain from expression (22) and under the condition of

Assumption 1 that

E
{∥∥�uf ,k+1(0)

∥∥} ≤ E{φ}E{∥∥�uf ,k(0)
∥∥}

(23)

When E{φ} < 1, as the iterations k tend toward an extremely high number

lim
k→∞

E
{∥∥�uf ,k+1(0)

∥∥} = 0 (24)

When t = 1, we can obtain from expression (22) and under the condition of
Assumption 1 that

E
{∥∥�uf ,k+1(1)

∥∥} ≤ E{φ}E{∥∥�uf ,k(1)
∥∥} + z3E

{∥∥�uf ,k(0)
∥∥}

(25)

Considering expression (24) and Theorem 1, we obtain

lim
k→∞

E
{∥∥�uf ,k+1(1)

∥∥} = 0 (26)

Assuming t = 2, ...,m − 1, we have

lim
k→∞

E
{∥∥�uf ,k(t)

∥∥} = 0 (27)

When t = m, we can obtain from expression (22) that

E
{∥∥�uf ,k+1(m)

∥∥} ≤ E{φ}E{∥∥�uf ,k(m)
∥∥} + z3

m−1∑
s=0

E
{∥∥�uf ,k(s)

∥∥}
(28)
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As the iterations k approaches infinity, we can obtain lim
k→∞

E
{∥∥�uf ,k+1(t)

∥∥} = 0,
so

lim
k→∞

E
{∥∥�uf ,k(t)

∥∥} = 0 (29)

Evidently, this leads to.

lim
k→∞

E{ek(t)} = 0, t ∈ {0, 1, · · · ,Td + 1} (30)

This concludes is proved.

4 DE-ILC Scheme Design

The proposed method’s asymptotic convergence is presented in the third part. It is well
known that the convergence performance is greatly influenced by the control gains. In
this section, the integration of the DE algorithm into the proposed P-type open-closed-
loop ILC law (7) aims to optimize the control gain, thereby minimizing the required
iterations for system convergence as cited in [10].

DE refers to an intelligent optimization algorithm that mimics biological evolution
to find the best solution. The core concept of DE-ILC can be outlined as follows:

(1) First, set the control gain coefficients in the ILC control law to by P and L, initialize
them as the initial population λ = [

P L
]
and encode them.

(2) According to the convergence condition (10), we get the initial population, without
losing the generality, we assume that the initial population is even, and the represen-
tation of the variable vector for each individual within population h-th is denoted by
λh = [

Ph Lh
] ∈ R1×2, in order to assess the individual dominance in the population,

the fitness function fith(λh) = A − Eh(λh) is introduced, where A is a sufficiently

large number, Eh(λh) =
29∑
t=0

|yd (t) − Yh(t, λh)|, (Td = 29).

(3) Then, we adopt a random mutation strategy for the initial population, the mutagenic
factor is 0 < F < 1, generate a new offspring population, calculate its fitness value
through the fitness function, screen out the excellent population individuals, and
proceed to the next step.

(4) The excellent population individuals screened after mutation are cross-operated, the
crossed factor is 0 < CR < 1, and generate a random number within the range of
0 to 1, and when this number exceeds the crossed factor threshold, a new offspring
population is generated.

(5) After the cross-operation is left, the fitness value is calculated through the fitness
function, the best population individual is retained, and whether to proceed to the
next operation is judged by the termination conditions.

(6) The termination condition within the algorithm relies on both fitness value and
tracking error. The algorithm iterates through a hundred population generations,
eventually deriving optimal control gainsP and L from themost favorable individual
generated by DE algorithm. Refer to Fig. 1 for the flowchart illustrating DE-ILC.
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5 Illustrative Simulation

To assess the efficacy of the suggested DE-ILC approach, let’s examine a DC motor
drive system governed by the dynamics of the subsequent nonlinear control system:(

Qm + Qe

n2

)
θ̈m +

(
Cm + Ce

n2

)
θ̇m + Mgl

n
sin

θm

n
= u (31)

here, θm represents motor angle, Qm stands for motor inertia, Qe denotes link iner-
tia, Cm signifies motor damping coefficient, Ce represents link damping coefficient, n
denotes gear ratio, u stands for motor torque,M represents lumped mass, g symbolizes
gravitational acceleration, and l represents the center of mass distance frommotion axis.

The system is discretized, and the discrete-time state-space expression of (31)
incorporating x(1)

k = θm, x
(2)
k = θ̇m and yk = 1

n θ̇m is as follows:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(1)k (t + 1) = x(1)k (t) + �x(2)k (t)

x(2)k (t + 1) = − �Mgl

n
(
Qm + Qe

/
n2

) sin
x(1)k (t)

n
+

⎡
⎣1 −

�
(
Cm + Ce

/
n2

)
Qm + Qe

/
n2

⎤
⎦x(2)k (t) + �

Qm + Qe
/
n2

uk (t)

yk (t) = x(2)k (t)

n

(32)

here, � is the sampling time. In simulation, let � = 0.05(s), t ∈ {0, 1, . . . ,Td }. Other
parameters are set as follows: Qm = 0.3, Qe = 0.44, M = 0.5, g = 9.8, Cm = 0.3,
Ce = 0.25, n = 1.6 and l = 0.15 [11].

Within the experimental setup, let u0(t) = u1(t) = 0, (0 ≤ t ≤ Td ) with Td = 29.
The designated reference path is denoted as:

yd (t) = sin

(
π t

15

)
, (0 ≤ t ≤ Td + 1) (33)

The DE-ILC algorithm determines control gains P and L through the DE method,
Consideringmutagenic factorF = 0.3 and crossed factorCR = 0.7. Evaluating tracking
performance involves defining two tracking indexes, namely the sum absolute error SEk
and total square error TEk as follows:

SEk =
30∑
t=0

|ek(t)| (34)

TEk =
30∑
t=0

[ek(t)]
2 (35)

The DE-ILC is executed in simulation for 10 iterations, and the resultant optimized
control gains are tabulated in Table 1.

To assess the convergence speed disparity between DE-ILC and conventional ILC
withvaryingparameters, twodistinct caseswere chosen for comparison.Case1:P = 0.5,
L = 0.3. Case 2: P = 0.6, L = 0.2. Figure 2 displays the corresponding sum absolute
error SEk , while Fig. 3 illustrates the total square error TEk for tracking. Observing these
figures reveals that higher control gains P and L are contribute to faster convergence in
conventional ILC. Additionally, the proposed DE-ILC method distinctly demonstrates
fewer convergence iterations compared to conventional ILC of similar order.
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Table 1. Optimized control gains achieved by DE-ILC vary at different instances.

Times P L

1 0.8036 0.3032

2 0.8577 0.3516

3 0.8655 0.3950

4 0.8656 0.3706

5 0.8842 0.3533

6 0.8679 0.3097

7 0.8280 0.3105

8 0.8136 0.3132

9 0.8455 0.3850

10 0.8758 0.3823

Average 0.8507 0.3475

Start

Population Initialization

Calculate the fitness values

of initial individuals

Whether the

termination condition

is met

Mutation

Crossover

Selection

G=G+1

Output the optimal result

End

Yes

Fig. 1. The flowchart of the proposed DE-ILC.
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Fig. 2. The tracking indexes SEk at various iterations obtained through DE-ILC and conventional
ILC in two distinct cases.
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Fig. 3. The tracking indexes TEk at various iterations obtained through DE-ILC and conventional
ILC in two distinct cases.

6 Conclusion

This study introduces a differential evolution algorithm-based open-closed-loop iterative
learning control (ILC) approach. The proposed ILC method utilizes feedback informa-
tion to adapt the system, ensures stability control through closed-loop regulation, and
continuously enhances the control algorithm for error correction during tracking. The
convergence process of ILC can be expedited through the adjustment of feedback control
gains, guaranteeing system reliability and stability. To achieve the suitable closed-loop
control gain, the feedforward and feedback ILC law is enhanced using the differential
evolution algorithm. This guarantees rapid convergence while upholding system sta-
bility. After conducting theoretical analysis and simulation, the tracking error tends to
approach zero in mathematical expectation [12, 13].
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