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Abstract. Electrical capacitance tomography (ECT) is one of an electrical tomog-
raphy technique, which is widely used in industrial process monitoring. It is based
on multiphase flow detection and has been widely used in many fields in recent
years. It is one of the research hot topics of process tomography. For purpose of
improving the accuracy of ECT image reconstruction, a new image reconstruc-
tion method for ECT based on polynomial reproducing sampling kernel is put
forward in this paper. Firstly, the grayscale of image is a Dirac pulse train, and
it can be modeled into a discrete finite rate of innovation (FRI) model. Then, the
feature information of polynomial is extracted by FRI sampling. Finally, a new
observation equation is constructed by using the feature information. The original
image was obtained by solving the L0 norm optimization problem. Simulations
have shown that the image accuracy reconstructed by this method are better than
existing algorithms.

Keywords: Image reconstruction · Electrical capacitance tomography (ECT) ·
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1 Introduction

Electrical capacitance tomography (ECT) a new technology applied to multi-phase flow
parameter detection [1], which can measure the material distribution of different dielec-
tric constants by measuring the capacitance. ECT has the advantages of fast response,
non-intrusion and good security [2]. Image reconstruction technology is the key to capac-
itance imaging application in industrial practice. Therefore, ECT technology has been
developed formany years, and the research results are constantly improved and deepened
[3].

The research of image reconstruction is a hot research field in recent years, and the
progress is fast, and a variety of image reconstruction algorithms have been proposed
[4]. The linear back projection (LBP) algorithm is the most basic and direct algorithm
for ECT reconstruction. Its refactoring principle is to superimpose all the electric field
lines in the induction area, and obtain the reconstructed image by solving the gray value
in reverse [5]. But the image accuracy reconstructed by LBP algorithm is not enough.
The image quality is lower than other algorithms when the flow pattern is complex. The
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Landweber algorithm can reconstruct a better image and obtain clearer image edges
[6]. But Landweber uses the gradient descent method. Step size parameter problems
may lead to local convergence. The quality of the image reconstructed by Tikhonov
regularization algorithm has been greatly improved in the measurement center area,
and an approximately stable image can be obtained [7]. The Tikhonov regularization
algorithm uses the regularization solution as an approximation of the exact solution to
solve the ill condition of ECT. Since this algorithm sacrifices a part of pixels in the
iteration process, the image quality reconstructed by the algorithm will become worse.
The Newton-Raphson algorithm obtains the least squares solution. This algorithm can
reduce iteration error [7]. But the imaging speed of the algorithm is slow. The neural
network algorithm is suitable for solving complex nonlinear problems [9]. But it needs
to use a large number of samples, thus reducing the imaging speed. The singular value
decomposition (SVD) algorithm has better reconstruction effect than LBP algorithm
[10]. However, it cannot satisfy the clear reconstruction of images in the case of complex
flowpatterns. The algebraic reconstruction technique (ART) algorithm is better thanSVD
algorithm [11]. However, due to the influence of noise, the accuracy of SVD imaging
needs to be improved. The Kalman filter algorithm estimates the image by iteration [11].
However, the Kalman filter algorithm takes too long because it needs matrix inversion
in the iterative solution process.

In this paper, a new ECT image reconstruction method based on polynomial regen-
erated kernel is proposed. This method has high accuracy and correlation coefficient.
First, the grayscale of image is a typical Dirac pulse train, we model the gray vec-
tor as a FRI signal. Subsequently, in the FRI sampling framework, we use polynomial
reproducing kernel to filter the FRI signal. Feature extraction is carried out by uniform
sampling. Finally, we combine the original data with FRI observation information. The
extended sensitivity matrix and capacitance vector were reconstructed by zero filling.
We rearrange the row vectors of sensitivity matrix and capacitance vector randomly, and
we construct a new observation equation. The original image was obtained by solving
the L0 norm optimization prob-lem. Experimental results show that this method can
improve the accuracy of the image reconstruction.

The arrangement of this article is as follows: Firstly, in Sect. 2, we describe the basic
principles of the ECT system. And then, in the Sect. 3, the proposed method of this paper
is given. At last, based on some simulation results, we make a brief summary in Sects.
4 and 5.

2 ECT Image Reconstruction Problem

The ECT system consists of sensor array, projection data acquisition system and imaging
signal processing computer, as shown in Fig. 1. Sensor systems usually consist of pairs
of capacitance plates mounted uniformly on the outer walls of insulated pipes. The data
acquisition device can obtain the projection data under different observation angles by
measuring the capacitance values between any plate pairs, and then feed the data into
the imaging computer.
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Fig. 1. The ECT system structure

2.1 The Forward Problem of ECT

The forward problem of ECT is to use some numerical analysis method to calculate the
capacitance value of each electrode plate in the ECT system under the condition that
the distribution of the dielectric constant in the measured area is known. We can use
Maxwell’s equation to describe the electromagnetic field:

⎧
⎪⎪⎨

⎪⎪⎩

∇ × H = Je+ ∂D
∂t

∇ × E = − ∂B
∂t

∇ · B = 0
∇ · D = ρ,

(1)

Here H is the magnetic field intensity, Je is the conduction current density, E is the
electric field intensity, B is the magnetic induction intensity and D is the displacement
currents.

The measured field of ECT is electrostatic field, and it means that there is no isolated
charge in the field. The boundary condition of the sensitive field in ECT is to measure the
voltage value of the electrode. The forward problem can be generalized to the first kind
of boundary value problem of Laplace equation: ∇ · (ε · ∇ϕ) = 0. When the electrode i
is excited by the electrode, the corresponding boundary conditions can be expressed as:

u(x, y) =
{
u0, (x, y) ⊆ �i

0, (x, y) ⊆ �k + �s + �g, k = 1, 2, . . . , 8, k �= i,
(2)

where u(x, y) is electric potential distributions. u0 is the excitation voltage. �i and �k
represent the space position of the excitation and measurement electrode, �s and �g

represent the space position of shielding layer and radial electrode.
Suppose i is the excitation electrode, and j is the detection electrode. The capacitance

can be expressed as follows:

Cij = Qij

Uij
= −

∮

�
ε(x.y)∇ϕ(x, y) · d�

V
, (3)

where V is the electrical potential difference between two electrodes, and � is the
arbitrary closed curve surrounding electrode j, Qij represents the amount of charge on
electrode j.
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The sensitivity field is quickly calculated by the potential distribution method.
The sensitivity matrix is calculated by calculating the variation of the potential in the
measured region when the i and j electrodes are excitation electrodes respectively:

Sij(k) = � Cij

� ε
≈ −

∫

v ∇ϕi · ∇ϕjds

V 2 (4)

3 ECT Image Reconstruction Problem

The inverse problem belongs to the solution of ECT imaging problem. For the recon-
struction of ECT image. Firstly, we need to obtain the known capacitance values, and
then we get the sensitivity matrix of the sensitive field through simulation. Finally, we
calculate the distribution of the dielectric constant of the medium in the measured area.
The relationship between the dielectric constant distribution and the capacitance vector
can be expressed as follows:

Ci =
¨

D
Si(x, y)ε(x, y)dxdy, (5)

where D is the measured area. (5) is a nonlinear relation of integration. Therefore, the
above formula requires discretization, linearization and normalization, and it can be
rewritten into matrix form:

C = Sg, (6)

where g is the normalized gray value vector, C is the normalized capacitance vector, m
is the number of measured capacitance values, S is the normalized sensitivity matrix.
and n is the number of pixels. Both m and n are integers.

The solution of (6) is the solution process of ECT inverse problem. And the number
of pixels in the reconstruction area is far more than the number of capacitance values
obtained, which leads to the unhealthy problem of ECT image reconstruction and the
instability of the solution of ECT inverse problem. Therefore, for the sake of enhance
the image reconstruction accuracy, an improved ECT image reconstruction algorithm is
proposed, which is based on the use of polynomial regenerated kernel.

4 FRI Signal Modeling and Feature Extraction

In this section.What we need to do is feature extraction: Firstly, wemodel the gray vector
as a FRI signal. In the FRI sampling system, the FRI signal is filtered by polynomial
reproducing kernel and uniformly sampled. Subsequently, measurements are calculated
from the samples to obtain observational feature information. Finally, the original data
were combined with FRI observation information. The extended sensitivity matrix and
capacitance vector were reconstructed by zero filling. We randomly rearrange the row
vectors of sensitivity matrix and capacitance vector. In this way, we construct a new
observation equation. The L0 norm optimization problem can be solved, so that the
original signal can be recovered [13].
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4.1 FRI Signal Modeling

The original image is a grayscale image composed of gray value 0 or 1. Therefore, the
original signal cannot be directly sampled. We use a approximate solution to carry out
FRI modeling [14]. The grayscale value of the approximate solution is between 0 and
1, which is a Dirac pulse sequence signal. So, we model the approximate solution as a
typical (FRI) signal g(x):

g(x) =
L−1∑

l=0

alδ(x − xl), (7)

where x = 1, 2 . . . ,N is the pixel position, xl ∈ {1, 2, ....,N } is the non-zero gray value
pixel position. This signal g(x) is an equally spaced signal, and can be uniformly sampled
at the rate f = ρ = 2L/n.

4.2 Filtering and Sampling Process

In this paper, we use polynomial reproducing kernel [15]. Polynomial reproducing kernel
with the order ofM − 1 can be written as:

∑

k∈Z
Cm,kϕ(x − k) = xm,m = 0, 1, . . . ,M − 1,M ∈ Z, (8)

where the coefficients Cm,k can be expressed as:

Cm,k =
∫ ∞

−∞
xm ϕ̃(x − k)dx, m = 0, 1, . . . ,M − 1; k = 1, 2, . . . ,K (9)

Now we use this kernel to filter the FRI signal, and then we sample g(x) at the rate
f = ρ to extract polynomial feature information. In this way, we can get K sample
values yk . The classic FRI sampling structure is shown in Fig. 2. Filtering and sampling
process can be simplified to the following formula:

yk = g(x) ∗ h(x)|x=kT

= <
l−1∑

l=0
alδ(x − xl), ϕ(x/T − k)>

=
L−1∑

l=0
alϕ(xl/T − k),

(10)

where < ·, · > is the inner product process, T is the sampling interval. K is the total
number of samples, and k = 1, 2…K is the sample label.

( ) ( )xh x
T

ϕ −=
ky

x kT=

( )y x
( )g x Uniform 

sampling

Fig. 2. Classic FRI sampling structure
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4.3 Comprehensive Observation Equation

It can be known from the principle of polynomial reproducing kernel, the kernel of order
M − 1 can reproduceM − 1 order polynomial. Measurement values can be obtained by
the following formula:

τm = ∑

k
Cm,kyk

=
L−1∑

l=0
al

∑

k
cm,kϕ(xl/T − k)

=
L−1∑

l=0
al(xl/T )m,m = 0, 1 · · · ,M − 1,

(11)

where al ∈ [0, 1]. The measured value um is expressed as a complete linear combination
of all the elements in {1, 2, . . . ,N }. Assume that um = τm · Tm, we can rewrite the
formula into the form of matrix:

⎡

⎢
⎢
⎣

u0
u1
:

uM−1

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

1 1 · · · 1
1 2 · · · N
: : · · · :
1 2M−1 · · · NM−1

⎤

⎥
⎥
⎦ ·

⎡

⎢
⎢
⎣

g0
g1
:
gN

⎤

⎥
⎥
⎦ (12)

U = Ag, (13)

where U = [u0, u1, . . . , uM−1]T ∈ RM×1 is FRI observation vector, A =
{1m, 2m, . . . ,Nm}M−1

m=0 is FRI observation matrix, g = [g1, g2, . . . , gN ]T is gray vector.
There was not enough information in the original signal. We have extracted the

feature information, So, we can combine the data, namely the two observation equations
can be combined to get a new observation equation. The new observation equation after
data fusion can be simplified to the following formula:

[
C
U

]

=
[
S
A

]

· g (14)

λ = 
g, (15)

where λ = [C; U] is the observation vector after data fusion, and � = [S; A] is the
Sensitivity matrix after data fusion.



Polynomial Reproducing Kernel Based Image Reconstruction for ECT 463

In the ECT system, the number of pixels is much larger than the number of capac-
itance values obtained, which leads to the unhealthy problem of ECT image recon-
struction and the instability of the solution of ECT inverse problem. It results in a low
sampling rate, which ultimately reduces reconstruction accuracy. So, in this paper, we
add capacitance values into the ECT system, through zero vector expansion method
[16]. In this way, the observation equation becomes sparse, therefore, we can simplify
the mathematical model of the ECT system:

λnew = �newg, (16)

where λnew is comprehensive observation vector, �new is comprehensive observation
matrix.

4.4 Solving L0 Norm Optimization Problem

Signal sparsity can meet reconstruction requirement, but the signal is not sparse enough
in the ECT system [17]. Therefore, the input signals need to be converted into sparse
signals. The original signal g can be transformed as follows [18]:

g = ψs, (17)

where matrix ψ is sparse basis, the original signal g is projected onto the sparse basis to
get sparse vector s.

After orthogonal transformation, the signal becomes sparse. Because of the sparsity
of the signal s, the sparse solution s is usually obtained by solving the L0 norm opti-
mization problem. In this paper, we use orthogonal matching pursuit (OMP) algorithm
[19] to solve this problem [20]:

ŝ = arg min ||s||0 s.t. λnew = Snewψs, (18)

where the L0 norm ||s||0 represents the number of nonzero coefficients in s. So, the
estimation of the original image signal can be obtained as:

ĝ = ψŝ (19)

4.5 Process of the Method

Step 1: Initialization and normalization. The measured capacitance and the sensitivity
matrix need to be normalized. The order of polynomial reproducing kernel is set to M-1.
Step 2: Input signal. The approximate solution gv = (

ST · S + αI
) · STC is modeled

as a FRI signal g(x) by formula (7).
Step 3: Filtering and sampling. After modeled, the signal g(x) is filtered by polyno-
mial reproducing kernel ϕ(x). Then Equal interval sampling is used to extract sample
information by formula (10).



464 J. Sun et al.

Step 4: Comprehensive observation equation. Combining with formula (6) and formula
(13), a FRI observation equation can be obtained by formula (14). A comprehensive
observation equation is constructed by formula (16).
Step 5: Sparse solution reconstruction. In order to solve the observation equation, we
can represent the signal g by orthogonal transformation as shown in (17). Then the L0
norm optimization problem is solved by formula (18) based on OMP algorithm.
Step 6: Image reconstruction. Finally, the ECT image can be estimated and reconstructed
as formula (19).

5 Simulation Results

In order to verify the performance of the proposed method in this paper, the simulation
model is carried out. The numerical simulation model was established with COMSOL
software. The simulation model established is as follows: the pipe is square. The height
of the pipe is 0.13 m, and the width of the pipe is 0.06 m. The thickness of the shielding
layer is 0.007 m. The thickness of the pipe is 0.015 m. There are 8 measuring electrodes
mounted on the four sides of the pipe, i.e. M = 28. The cross section of the area being
measured is divided into 20× 20 pixels, i.e. N= 400. The gray obtained by the Tikhonov
regularization algorithm is modeled as a FRI signal. The polynomial sampling kernel is
selected. The order of polynomial reproducing sampling kernel is 3.When the excitation
voltage is applied to the excitation electrode, the potential isogram of the measured area
is shown in the Fig. 3.

Fig. 3. The potential isogram of the measured area
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The reconstructed images of the four flow patterns under different algorithms are
shown in Table 1. It can be seen from the reconstruction results that the reconstructed
image of the method in this paper is the closest to the original image. In general, the
reconstructed image quality of the proposed method is obviously better compared with
other traditional algorithms.

Table 1. The reconstruction effects of different algorithms

a b c d

Original im-

age

LBP

Landweber

Tikhonov

regularization

Kalman

ART

Method of 

this paper
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In order to qualitatively analyze the image reconstruction quality of the method in
this paper, we choose to use relative error and correlation coefficient as performance
indexes. The relative image error is defined as the difference degree. Image quality is
inversely proportional to relative image error. The correlation coefficient is defined as
the linear correlation. The higher the value, the closer the two images are, and the better
the image reconstruction effect is. Tables 2 and 3 is the reconstruction image relative
errors and correlation coefficients of different algorithms.

Table 2. Image errors of different algorithms

Algorithms Flow pattern

(a) (b) (c) (d)

LBP 1.2765 0.4214 1.3891 0.3118

Landweber 0.4464 0.4550 0.6476 0.7199

Tikhonov 0.4348 0.4630 0.5925 0.7198

Kalman 0.5175 0.5122 1.1745 0.5906

ART 0.8315 0.6836 0.5170 0.4874

Proposed method 0.3411 0.1742 0.2189 0.2811

Table 3. Correlation coefficients of different algorithms

Algorithms Flow pattern

(a) (b) (c) (d)

LBP 0.5725 0.8968 0.5347 0.9169

Landweber 0.9001 0.8732 0.7739 0.5759

Tikhonov 0.8936 0.8704 0.8020 0.5866

Kalman 0.8909 0.8524 0.7373 0.5959

ART 0.5474 0.9567 0.5170 0.9117

Proposed method 0.9352 0.9765 0.9736 0.9267

It can be seen from Tables 2 and 3 that the reconstructed image error of the method in
this paper is much lower than other traditional algorithms, and the correlation coefficient
is higher than traditional algorithms. Clearly, the images reconstructed by the proposed
method have high quality and high precision. The curves of image relative errors and
correlation coefficients of different algorithms are shown in the Figs. 4 and 5:
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6 Conclusion

Image reconstruction technology is the key to the application of capacitance imaging
in industrial practice. In this paper, an ECT image reconstruction method based on
polynomial reproducing is proposed to improve the image reconstruction accuracy. First,
the approximate solution is modeled as an FRI signal and aligned for feature extraction.
Then, a new observation equation was constructed to solve the L0 norm optimization
problem to reconstruct ECT images. Simulation results have shown that compared with
other existing methods, the proposed method can reconstruct the image better, and the
image quality is closer to the original image. Therefore, the proposed method is effective
and has better image reconstruction effect than other existing methods. On the whole,
this method has a high precision of image reconstruction and is worth further study.
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