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1 Introduction

In essence, game theory is a mathematical model, which mainly studies the con-
flict and cooperation between players in a rational situation [1]. It is widely used
in computer science, psychology, politics, economics, radio resource allocation
and so on [2–7], and has been recognized as one of the most useful tool to deal
with all kinds of science problems.

Recently, considering that the large collections of small agents make strategi-
cally interdependent decisions in many economic, social, and technological envi-
ronments, convex static multi-team was first introduced in [8,9]. This work is
very important because this game model can find specific application scenar-
ios in economic management, biological evolution, wireless network and other
real systems. Different from conventional noncooperative games and cooperative
games, multi-team games not only have the characteristics of noncooperative
games, but also the characteristics of cooperative games. In multi-team games,
there is a non cooperative relationship among decision makers among groups,
but it is a cooperative relationship among decision makers within a group. The
characteristic of multi-team games lies in that they merge the concepts of team
theory and game theory. And the equilibrium strategy introduced in [8] and [9]
is called noninferior Nash strategy (NNS). This new equilibrium strategy pro-
vides a new framework for the analysis of the master-slave group game to solve
the complex coordination and competeing problem between decision-makers. In
[10], E. Ahmed et al. generalized the static multi-team game derived in [8,9] into
dynamical case with bounded rationality. And they pointed out that the NNS
is Pareto optimal if the players belong to different teams.

As is well known that, in game theory, computation problems, existence
and stability analysis problems for Nash equilibrium are very important. In
recent decades, there are many existence theorems and stability criteria for
Nash equilibrium [11–13]. For existence problem, utilizing Brouwer fixed point
theorem, Schauder fixed point theorem, and Ky fan inequality, J. Yu in [11]
deeply researched the existence problems of all kinds of different game models,
and derived many existence results. Additional, for set-valued case, applying
Kukutani fixed point theorem, set-valued existence results are also given in [11].
For stability problem, by introducing a Hausdorff distance on a complete met-
ric space, J. Yu also established some profound and significant stability results
under Baire classification. It is worth pointing out that most of these previous
existence and stability results are theoretical perfection but lack of practicality,
since they are too abstract. They are theoretical significance instead of practice.
In economic and engineering problems, people often care about the calculation
of Nash equilibrium, it is a key step in the practical application of game theory.
Recently, optimal algorithm, neural network algorithm, and experiment meth-
ods for Nash equilibrium have been derived in [14–16]. However, these previous
work did not mention the noninferior Nash equilibrium computation problem on
multi-team game. In [17] and [18], the authors only researched the noninferior
Nash equilibrium computation problem on multi-team Cournot game in a sim-
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ple case. For general case, how to establish a more practice algorithm is worth
discussing, which motivates this study.

Combined with variational inequalities theory, Nash equilibrium theory, and
dynamic system theory, a projection neural network (PNN) algorithm for com-
puting NNE of multi-team game with smooth payoff functions is derived. Utiliz-
ing stable theory, stability criteria of NNE in multi-team game are further given.
As an application, a flow control model of parallel-link communication networks
based on multi-team game and neural network algorithm is elaborated. Finally,
a simulation result for two teams, two communication links, and two users in
each team parallel-link communication network is also given to illustrate the
effectiveness of the PNN algorithm proposed in this paper.

This paper is organized as follows. The basic problem of multi-team game
is given in Sect. 2. The equivalence between multi-team game with projection
neural network is given in Sect. 3. Stability analysis is given in Sect. 4. In Sect.
5, an application of flow control model of wireless ad hoc network based on
multi-team game is given. And its related simulation is also performed, while
the conclusions are drawn in Sect. 6.

2 Continuous Static Multi-team Games

Considering a n-team continuous static multi-team games: Let team N ∈ N,N =
{1, 2, · · · , n} have mN members of decision makers, and let the control variable
of the ith member xN

i be a vector of dimension mN
i . Let xN = (xN

1 , xN
2 , · · · , xN

mN
)

denote the overall control vector for team N ; matric space XN
i be the strategy

set of the ith player in team N , XN =
∏mN

i=1 XN
i denotes the strategy space

for the overall control vector xN of team N . For each i ∈ N, denote î = N\{i},
X =

∏n
i=1 Xi. fN

i : X → R denotes the ith player’s payoff function in team N ,
respectively.

For n-team noncooperative game, if there exists x∗ = (x1
∗, x

2
∗, · · · , xn

∗ ) ∈ X
such that

f i(xi
∗, x

î
∗) = max

ui∈Xi

mi∑

j=1

λi
jf

i
j(u

i, xî
∗),∀i ∈ N,

then x∗ is called the noninferior Nash equilibrium (NNE), where λi = (λi
1, λ

i
2,

· · · , λi
mi

) ∈ W i, i ∈ N, and W i is given by

W i = {λi ∈ Rmi |
mi∑

j=1

λi
j = 1, 0 ≤ λi

j ≤ 1}, i ∈ N.

Assumptions.
(1) ∀j ∈ {1, 2, · · · ,mi}, i ∈ N, strategy set Xi

j ∈ Rmi is nonempty, convex,
and compact.

(2) ∀j ∈ {1, 2, · · · ,mi}, i ∈ N, payoff function f i : X → R is continuously
differentiable, and ∀xî ∈ X î, ui → f i

j(u
i, xî) is concave on Xi.
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Remark 1. If function f satisfies assumptions (1) and (2), then our concerned
n-team continuous static multi-team game at least has one NNE. See Lemma 4
for details.

Lemma 1. Set ∇f(x) = ( ∂f
∂x1

, ∂f
∂x2

, ∂f
∂xn

), if payoff function f satisfies assump-
tions (1) and (2), then

f(y) ≤ f(x) + 〈∇f(x), y − x〉,

Remark 2. In [8–10], the authors deeply researched the noninferior Nash strate-
gies problem for multi-team system. However, they only gave out the algorithm
of the noninferior Nash equilibrium for two-team system instead of multi-team
system. In this paper, we will give out a general neural network algorithm for
the noninferior Nash equilibrium of multi-team system.

Remark 3. By utilizing Kakutani fixed point theorem, Y. Liu and M.A. Simaan
in [9] gave out the noninferior Nash equilibrium’s existence theorem for two-team
system, when the payoff function f is jointly continuous and strictly convex. In
this paper, we will show that for two-team or multi-team system, the existence
result only requires the payoff function f satisfying assumption (2).

3 Equivalent Relation Between Variational Inequality
and Multi-team Game

Under assumptions (1) and (2), we will prove that a continuous static multi-team
game problem can also uniquely correspond to a variational inequality problem.

Lemma 2. Let f : X → R be a continuous differentiable and concave function
defined on a nonempty closed convex set X, then f(x∗) = max

x∈X
f(x) if and only

if
〈∇f(x∗), x − x∗〉 ≤ 0,∀x ∈ X.

This result can be obviously obtained from Lemma 1, thus the proof is omit-
ted here.

Remark 4. N-team non-cooperative game is called a concave one, if ∀j ∈ mi, i ∈
N , payoff function f i satisfies assumption (2). Reference [19] has proved that
there is a special equivalence relationship between Nash equilibrium of non coop-
erative concave game and Brouwer fixed point theorem, as well as the solution
of variational inequality. Moreover, the solution of variational inequality can be
transformed into a dynamic system equilibrium point problem, which provides
a solution for the neural network algorithm of Nash equilibrium.

Remark 5. In [8,9], and [17,18], the used opposite payoff functions can be
regarded as special case of this paper. Thus the considered opposite payoff func-
tions in this paper are more general.
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Theorem 1. ∀j ∈ mi, i ∈ N, strategy set Xi
j ∈ Rmi satisfying assumption (1);

payoff function f i : X → R satisfying assumption (2); then, x∗ = (x1
∗, x2

∗, · · · ,
xn

∗ ) ∈ X is a noninferior Nash strategies of N-team continuous static multi-team
concave game if and only if x∗ satisfies

〈∇f(x∗), x − x∗〉 ≤ 0,∀x ∈ X,

where

∇f(x∗) = (∇x1∗f1,∇x2∗f2,∇xn∗ fn) ∈ Rm,m =
n∑

i=1

mmi .

mml =
ml
∑

k=1

ml
k, l ∈ N.

Proof: ∀i ∈ N,∀xi ∈ Xi, Set x = (xi, x
̂i
∗),then x ∈ X, since ∀x ∈ X, 〈∇f(x∗), x−

x∗〉 ≤ 0, from Lemma 2, we have f i(xi
∗, x

î
∗) = max

ui∈Xi
f i(ui, xî

∗). Thus, x∗ =

(x1
∗, x

2
∗, · · · , xn

∗ ) ∈ X is a noninferior Nash strategies of N-team concave game.
Conversely, if x∗ = (x1

∗, x
2
∗, · · · , xn

∗ ) ∈ X is a noninferior Nash strategies of
N-team concave game, then ∀i ∈ N, f i(xi

∗, x
î
∗) = max

ui∈Xi
f i(ui, xî

∗), from Lemma 2,

∀x ∈ X, 〈∇f(x∗), x − x∗〉 ≤ 0. This completes the proof.

Remark 6. It is difficult to calculate the NNEs of N-team continuous static multi-
team game directly, especially when there are many players in the game. How-
ever, the conclusion of Theorem 1 provides an indirect calculation method of
NNEs. The approximate calculation of NNEs can be realized by solving a spe-
cial variational inequality.

4 Neural Network Model for Multi-team Non-cooperative
Concave Game

4.1 Neural Network Model Construction

To give out neural network algorithm for above N-team non-cooperative concave
game, an important lemma is needed

Lemma 3. For arbitrary α > 0, x∗ is a fixed point of equation x = PΩ(x −
αf(x)), if and only if it satisfies 〈f(x∗), x − x∗〉 ≥ 0 for all x ∈ Rn, where
f : Rn → Rn is continuous on Rn, Ω is a subset of Rn, PΩ(x − αf(x)) is a
conventional projection operator.

By Theorem 1 and Lemma 3, NNE’s computation problem of N-team con-
tinuous static multi-team game can be further transformed into an equilibrium
point’s approximate calculation problem of the following neural network model.

dx(t)
dt

= −x(t) + PX(x(t) + α∇f(x(t))), (1)
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where
PX(y) = arg min

x∈X
‖y − x‖.

∇f(x(t)) = (∇x1(t)f
1(x(t)), ∇x2(t)f

2(x(t)), · · · ,∇xn(t)f
n(x(t))), X = Πn

i=1X
i,

f i : X → R is the payoff function of the i-th team.

4.2 Equilibrium’s Existence Analysis

From Theorem 1 and Lemma 3, through a series of equivalent changes, NNE x∗
of a N-team multi-game is finally proved to be equivalent to the equilibrium point
of a special neural network and the solution of a special variational inequality.
Therefore, to give out the existence conditions of NNE and the equilibrium of
neural network, we only need to research the solution’s existence conditions of
concerned variational inequalities.

Lemma 4. [19] There exists at least one x∗ ∈ X such that

〈β(x∗), y − x∗〉 ≤ 0,∀y ∈ X.

where β(.) is continuous, and X is a subset of Rn satisfying nonempty bounded
closed convex property.

From Lemma 4, and assumptions (1) and (2), the following follows existence
theorem is obviously.

Theorem 2. The neural network model (1) established in this paper has at least
one equilibrium point.

Proof: By assumption (1), ∀j ∈ mi, i ∈ N, strategy set Xi
j ∈ Rmi is nonempty,

convex, and compact, thus X is a nonempty, convex, bounded, and closed set.
By assumption (2), since ∀j ∈ mi, i ∈ N, payoff function f i : X → R is continu-
ously differentiable, thus ∇f(x) is continuous on X. From Lemma 4, variational
inequality 〈∇f(x∗), x − x∗〉 ≤ 0 at least exists one solution x∗. Namely, The
neural network model (1) established in this paper has at least one equilibrium
point, which completes the proof.

Remark 7. If assumptions (1) and (2) hold, and ∀xî ∈ X î, ui → f i
j(u

i, xî) is
strong concave on Xi, similar to the proof in [13], the uniqueness property of
the equilibrium point of system (1) can also be obtained.

4.3 Stability Analysis

let y(t) = x(t) − x∗, where x∗ is a NNE of n-team multi-game, substitute y(t)
into system (1), through simple equivalent deformation operation, system (1) is
rewritten as

dy(t)
dt

= −y(t) + PX(y(t) + x∗ + α∇f(y(t) + x∗))

− PX(x∗ + α∇f(x∗)), t > 0.
(2)
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Lemma 5. [20] For arbitrary closed convex set Θ ⊆ Rn, ξ, η, x ∈ Rn, y ∈ Θ,
projection operator satisfies

‖PΘ(ξ) − PΘ(η)‖ ≤ ‖ξ − η‖,

(x − PΘ(x))T (PΘ(x) − y) ≥ 0, x ∈ Rn, y ∈ Θ,

where ‖ · ‖ denotes L2(Rn) norm.

Lemma 6. [21] If ∀x ∈ Rn, F (x) : Rn → Rn is continuous, and there exist
nonnegative functions M(t), N(t) such that

‖F (x)‖ ≤ M(t)‖x‖ + N(t),

then the solution existence interval of ẋ(t) = F (x) with initial value x(t0) is
[t0,+∞).

Lemma 7. [22] Let function V : Rn → R be positive definite local Lipschitz
normal satisfying

dV (x(t))
dt

≤ 0.

If there exists a constant l > 0 such that Ll = {x ∈ Rn|V (x) ≤ l} is bounded,
then for every solution x(t) of ẋ(t) = F (x) with initial value x0, when t → +∞,
we have

dist(x(t),M) → 0,

here M is the maximum invariant set of Z̄V ∩ Ll,

Z̄V = {x ∈ Rn|0 = V̇ (x)}.

By using Lemma 5 and Lemma 6, the solution’s existence result for system
(1) can be derived as follows

Theorem 3. For pre given initial value x(t0), the solution’s existence interval
of system (1) is [t0,+∞).

Proof: Set F (x(t)) = −x(t) + PX(x(t) + α∇f(x(t))). Notice that if f(x(t)) is a
convex function, then f(x(t)) is local Lipschitz continuous with Lipschitz con-
stant L(t), namely, ‖∇f(x(t))‖ ≤ L(t). From assumptions (1)–(2), and Lemma 5,
we have

‖F (x(t))‖ = ‖ − x(t) + PX(x(t) + α∇f(x(t)))‖
≤ ‖PX(x(t) + α∇f(x(t))) − PX(x(t))‖

+ ‖PX(x(t)) − PX(x∗)‖ + ‖PX(x∗) − x(t)‖,

≤ ‖α∇f(x(t))‖ + 2‖x(t)‖ + ‖x∗‖ + ‖PX(x∗)‖
≤ 2‖x(t)‖ + αL(t) + ‖x∗‖ + ‖PX(x∗)‖.

(3)

From Lemma 6, it follows that, for pre given initial value x(t0), the solution’s
existence interval of system (1) is [t0,+∞).

Using the proof method in reference [23], for system (1), the following
invariant-set property can be obtained.
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Theorem 4. For any initial value x0 ∈ X, the state vector x(t) of system (1)
is still in X, namely X is a invariant set of the solutions of system (1).

Theorem 5. Under hypothesis (1), (2), state vector x(t) of neural network (1)
with initial value x(t0) ∈ X converges to the NNE x∗ of the multi-team nonco-
operative concave game asymptotically, if

〈∇yif i(yi(t) + xi
∗, x

î
∗), ẏ

i(t)〉 ≤ 〈∇yif i(yi(t) + xi
∗, x

î(t)), ẏi(t)〉, i = 1, 2, · · · , n,

where yi(t) + xi
∗ = xi(t).

Proof: From Theorem 4, since X is an invariable set, thus ∀x(t0) ∈ X, x(t) ∈ X.
Let x∗ denote an equilibrium point of system (1), here x∗ ∈ X. From Theorem 1
and Lemma 3, it follows that x∗ is a NNE of multi-game. By the definition of non-
inferior Nash equilibrium, it follows that f i(xi

∗, x
î
∗) = maxxi(t)∈Xi f i(xi(t), xî

∗).
Using this relationship, a simple Lyapunov function can be constructed.

V (y(t)) = α

n∑

i=1

[f i(xi
∗, x

î
∗) − f i(yi(t) + xi

∗, x
î
∗)], (4)

where y(t)+x∗ = x(t) ∈ X. It follows that V (0) = 0 and V (y(t)) ≥ 0. By direct
derivation operation, one can obtain

V̇ (y(t)) = 〈∇V (y(t)), ẏ(t)〉. (5)

where

∇V (y(t)) = (−α∇y1f1(y1(t) + x1
∗, x

1̂
∗), · · · ,−α∇ynfn(yn(t) + xn

∗ , xn̂
∗ )).

Since

〈∇yif i(yi(t) + xi
∗, x

î
∗), ẏ

i(t)〉 ≤ 〈∇yif i(yi(t) + xi
∗, x

î(t)), ẏi(t)〉,
one can obtain that

〈∇V (y(t)), ẏ(t)〉 ≤ 〈∇V (y(t)), ẏ(t)〉,
where

V (y(t)) = (−α∇y1f1(y1(t) + x1
∗, x

1̂(t)), · · · ,−α∇ynfn(yn(t) + xn
∗ , xn̂(t))).

This means that
V̇ (y(t)) = 〈ẏ(t),∇V (y(t))〉

= 〈−αγ, ψ〉, (6)

where ψ = −y(t) − x∗ + PX(y(t) + x∗ + αγ), γ = ∇f(y(t) + x∗). Denote ω =
y(t) + x∗ + αγ, notice that x(t) = y(t) + x∗, from (6), we have

V̇ (y(t)) = 〈ẏ(t),∇V (y(t))〉
= 〈−αγ, ψ〉
= 〈PX(ω) − x(t),−ω + x(t), 〉,
≤ −〈PX(ω) − x(t), ω − PX(ω), 〉
− 〈PX(ω) − x(t), PX(ω) − x(t)〉.

(7)
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From Lemma 5, one can get V̇ (y(t)) ≤ 0. Denote Ll = {y(t) ∈ Rn|V (y(t)) ≤ l},
where l = maxy(t)+x∗∈X f(y(t) + x∗). Next, we will show that Ll is bounded.
Denote γ∗ = ∇f(x∗), by system (2), it follows that

y(t) = e−(t−t0)y(t0) − ∫ t

t0
e−(t−s)[PX(x∗ + αγ∗)

−PX(y(s) + x∗ + α∇f(y(s) + x∗))]ds.
(8)

Then
‖y(t)‖ ≤ e−(t−t0)‖y(t0)‖

+
∫ t

t0

e−(t−s)‖PX(x∗ + α∇f(x(s)))

− PX(x(s) + α∇f(x(s)))‖ds

+
∫ t

t0

e−(t−s)‖PX(x∗ + α∇f(x(s)))

− PX(x∗ + αγ∗)‖ds

≤ e−(t−t0)‖y(t0)‖ + α(L + ‖γ∗‖)

+
∫ t

t0

e−(t−s)‖y(s)‖ds.

(9)

where L = maxx(t)∈X ∇f(x(t)). Notice that X ∈ Rm is an invariant set for
arbitrary x(t0) ∈ X, ∇f(x(t)) is continuous on X, and X ∈ Rm is convex and
compact, thus L exists. By Gronwall-Bellman inequality, one can obtain

‖y(t)‖ ≤ e−(t−t0)‖y(t0)‖e + eα(L + ‖γ∗‖)
≤ e[‖y(t0)‖ + α(L + ‖γ∗‖)].

(10)

This means that Ll is bounded. Denote M = {x∗}, from Lemma 7, when t →
+∞, it follows dist(x(t),M) → 0, which complete the proof.

Remark 8. From Theorem 5, it follows that if the initial value x(t0) is in strategy
set X, and 〈∇yif i(yi(t) + xi

∗, x
î
∗), ẏ

i(t)〉 ≤ 〈∇yif i(yi(t) + xi
∗, x

î(t)), ẏi(t)〉, then
the state vector of neural network (1) converges asymptotically to the equilibrium
state. In order to get the convergence property and the convergence rate when
x(t0) is not in X, we need more stronger condition for payoff function f .

Theorem 6. Under assumptions (1) and (2), if there exists β > 0 such that
‖∇f(x(t)) − ∇f(y(t))‖ ≤ β‖x(t) − y(t)‖, then, the state vector x(t) of system
(1) with any initial value x(t0) exponentially globally converges to the Nash equi-
librium point of system (1).
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Proof: If ‖∇f(x(t)) − ∇f(y(t))‖ ≤ β‖x(t) − y(t)‖, where constant β > 0, from
(8), it follows that

‖y(t)‖ ≤ e−(t−t0)‖y(t0)‖

+
∫ t

t0

e−(t−s)‖PX(x∗ + α∇f(x(s)))

− PX(x(s) + α∇f(x(s)))‖ds

+
∫ t

t0

e−(t−s)‖PX(x∗ + α∇f(x(s)))

− PX(x∗ + αγ∗)‖ds

≤ e−(t−t0)‖y(t0)‖

+
∫ t

t0

e−(t−s)‖PX(x∗ + α∇f(x(s)))

− PX(x(s) + α∇f(x(s)))‖ds

+
∫ t

t0

e−(t−s)‖PX(x∗ + α∇f(x(s)))

− PX(x∗ + α∇f(x∗)‖ds

≤ e−(t−t0)‖y(t0)‖

+
∫ t

t0

e−(t−s)(1 + αβ)‖y(s)‖ds.

(11)

By Gronwall-Bellman inequality, one can obtain

‖y(t)‖ ≤ e−(t−t0)‖y(t0)‖e(1+αβ) (12)

This means that, for any initial value x(t0), the state vector x(t) of system
(1) exponentially globally converges to the NNE. From (12), one can see the
exponential convergence rate is equal to 1.

Remark 9. Since the stable state x∗ of system (1) is equivalence to the NNE of
mutil-team noncooperative concave game, thus Theorem 5 and Theorem 6 give
out a neural network algorithm to approximatly calculate NNE of mutil-team
game.

Remark 10. In [8–10], the payoff functions are all quadratic functions, obviously,
any quadratic functions satisfy the constraint condition in Theorem 6, from The-
orem 6, our neural network algorithm converges at the exponential convergence
rate 1. Thus it is more advantageous that the methods used in [8–10].
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5 Application of Multi-team Game in Flow Control of
Parallel-Link Communication Networks

5.1 Model Analysis

Let N = {1, 2, · · · , n} denote the set of team leaders. In each team, there exists
several types of users. All users in the same team share a set L = {1, 2, · · · , L} of
communication links. And all users in the same team are connected to a common
destination node and source node. If the capacity of communication link l is
denoted by cl, then c = (c1, c2, · · · , cL) means the capacity configuration. Let
MN denote team leader N ∈ N who servers mN users. We assume that the
ith user’s throughput demand in team N is a typical Poisson process, and the
average rate is denoted as xN

i = (xN
i,1, xN

i,2, · · · , xN
i,L), where xN

i,l, l ∈ L denotes
average rate of the ith user in team N across link l. Namely, xN

i is the strategy of
the ith user in team N . Assumption the queuing model of the users’ flow across
every link l is M/M/1, uN

i (X) demote the utility function of the ith user in team
N , similar to the analysis in [24], uN

i (X) can be defined as

uN
i (X) = αN

i

∑

l∈L

log(xN
i,l + 1) − βN

i

∑

l∈L

1
cl − xl

, N ∈ N,

xl =
∑

i∈N

∑

j∈M

xi
j,l,M = {1, 2, · · · ,

N∑

k=1

mk},

where αN
i (0 < αN

i < 1) is sensitive parameter of the ith user in team N to the
flow average rate.

∑
l∈L

log(xN
i,l + 1) denotes link cumulative gain of the ith user

in team N with strategy xN
i . 0 < βN

i < 1 is sensitive parameter of the ith user
in team N to the network delay,

∑
l∈L

1
cl−xl

denotes link cumulative delay of the
ith user in team N with strategy xN

i .
For the N th-team, team utility function is defined as all users’ utility convex

combination in N th-team

fN (X) =
mN∑

j=1

λN
j uN

j (X),∀N ∈ N,

where 0 ≤ λN
j ≤ 1,

∑mN

j=1 λN
j = 1. The aim of every user in the same team is

to select their flow average rate strategies such that the team utility to reach
the maximum which they are belonged to. Obviously, this problem is a typical
multi-team game model, and the noninferior Nash equilibrium strategy is x∗ =
(x1

∗, x
2
∗, · · · , xn

∗ ) ∈ X satisfying

fN (xN
∗ , xN̂

∗ ) = max
yN∈XN

mN∑

j=1

λN
j uN

j (yN , xN̂
∗ ),∀N ∈ N.

The topological structure of parallel-link communication networks with multi-
team is shown in Fig. 1.
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Fig. 1. The topological structure of parallel-link communication networks with multi-
teams.

Theorem 7. ∀j ∈ mN , N ∈ N, ∀xN̂
î

∈ XN̂
î

, xN
i → fN (xN

i , xN̂
î

) is concave on
XN

i , and fN is continuously and differentiable.

Proof. Since ∀xN
i,l,

∂2fN (X)

∂(xN
i,l)

2 = − λN
i αN

i

(xN
i,l+1)2

− ∑mN

i=1
2λN

i βN
i

(cl−xl)3
, notice that 0 ≤ λN

j ≤
1,

∑mN

j=1 λN
j = 1, 0 < αN

i < 1, 0 < αN
i < 1, thus, ∀xN

i,l,
∂2fN (X)

∂(xN
i,l)

2 < 0, which

means that fN : X → R is continuously differentiable, and ∀xN̂
î

∈ XN̂
î

, xN
i →

fN (xN
i , xN̂

î
) is concave on XN

i . This completes the proof.

Remark 11. Since the ith user’s average rate xN
i,l in team N across link l is not

exceed the minimum capacity configuration min{cl, l ∈ L} of all links. Thus, X
is a convex compact set. By Theorem 7, one can get that flow control of parallel-
link communication networks based on multi-team game is a typical concave
game, which means that there exists at least one NNE of this multi-team game.

By Theorem 1 and Lemma 3, following neural network model can be con-
structed to numerically calculate the NNE of our concerned multi-team concave
game.

dx(t)
dt

= −x(t) + PX(x(t) + α∇f(x(t))), (13)

5.2 Numerical Simulation

In this subsection, a simulation example will be given to illustrate the validity of
neural network algorithm derived in subsection A of Sect. 5. For the convenience
of simulation, suppose there are two team leaders, each team leader includes
two user, they all share two communication links. The topological structure of
communication network with N = 2,mN = 2, L = 2 is shown in Fig. 2. Let
λN

j = 0.5, j,N = 1, 2; αN
i = 0.6; βN

i = 0.1, i, N = 1, 2; c1 = 5, c2 = 9. In this
case, since 0 ≤ xN

i,l ≤ min{cl, l ∈ L}, it yields that 0 ≤ xN
i,l ≤ 5. Denote α > 0
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to be an arbitrary positive constant, from (13), by simple calculation, it follows
that x(t) = (x1

1,1, x
1
1,2, x

1
2,1, x

1
2,2, x

2
1,1, x

2
1,2, x

2
2,1, x

2
2,2),

∇x1
i,l

f1(x(t)) =
1
2

2∑

i=1

[
2∑

l=1

3
5(x1

i,l + 1)
−

2∑

l=1

1
10(5 − xl)2

],

∇x2
i,l

f2(x(t)) =
1
2

2∑

i=1

[
2∑

l=1

3
5(x2

i,l + 1)
−

2∑

l=1

1
10(9 − xl)2

],

PX(xN
i,l) =

|xN
i,l| + |xN

i,l − 5|
2

+
5
2
, i, j, n = 1, 2.

Fig. 2. The topological structure of parallel-link communication network with N =
2, mN = 2, L = 2.

Utilizing MATLAB Simulink tool box, when α = 0.01, N = 2,mN = 2, L =
2, the simulation result with initial value x(t) = (0.5, 1.6, 1.4, 2.3, 1.8, 0.9, 3.2, 2.7)
for system (13) is shown in Fig. 3. From Fig. 3, one can see that the state vector
of system (13) is asymptotically convergent to NNE x∗. From the result obtained
in Theorem 5, this equilibrium point x∗ is just a noninferior Nash equilibrium
point of the multi-team noncooperative concave game.
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Fig. 3. State vector x(t) of system (13) with N = 2, mN = 2, L = 2, α = 0.01.

6 Conclusion

In this paper, the computation problem of NNE of multi-team noncooperative
game is investigated. Utilizing the relationship among variational inequalities,
noninferior Nash equilibrium, and projection equation, the approximate calcu-
lation problem of NEE in general multi team game model with smooth and
concave payoff function is transformed into a stable state numerical calculation
problem by using projection neural network method. Finally, as an application,
a flow control model of parallel-link communication networks based on multi-
team game and neural network algorithm is also given. Simulation result shows
that neural network algorithm for solving noninferior Nash equilibrium of multi-
team noncooperative concave game is valid. In most cases, the payoff functions
of communication network only satisfy concave condition, they are frequently
nonsmooth. Thus, neural network algorithm for solving noninferior Nash equi-
librium of multi-team with nonsmooth payoff functions is worth researching, and
this will be our further work.
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