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Abstract. The resting brain has been extensively investigated for low
frequency synchrony between brain regions, namely Functional Connec-
tivity. However the other main stream of the brain connectivity analysis
that seeks causal interactions between brain regions, Effective Connectiv-
ity, has been still little explored. Inherent complexity of brain activities in
resting-state, as observed in Blood Oxygenation-Level Dependant fluc-
tuations, calls for exploratory methods for characterizing these causal
networks [1].

To determine the structure of the network that causes this dynamics,
it is developed a method of identification based on least squares, which
assumes knowledge of the signals of brain activity in different regions.
As there is no access to functional Magnetic Resonance Imaging, data
it is developed a model to obtain the Blood Oxygenation Level Depen-
dent signals and it is implemented a reverse hemo-dynamic function. To
assess the performance of the created model Monte Carlo simulations
have been used.

Keywords: State-Space Model - Functional Magnetic Resonance
Imaging - Monte Carlo Simulation - Effective Connectivity -
Independent Component Analysis

1 Introduction

In resting-state functional Magnetic Resonance Imaging (fMRI), a non-invasive
neuroimaging technique that uses strong magnetic fields and radio waves to mea-
sure changes in blood flow and oxygenation throughout the brain, researchers
have observed low-frequency fluctuations of brain activity that are difficult
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to explain. Raichle and colleagues proposed the concept of “dark energy” to
describe this phenomenon, which refers to the energy associated with these mys-
terious fluctuations. Interestingly, when the brain transitions from rest to per-
forming a task, the energy of these fluctuations does not increase significantly.
By studying the resting brain, researchers hope to gain a better understanding
of its intrinsic activity [2].

To unravel the enigma that is the brain’s “dark energy”, a wide variety
of machine learning and signal processing methods and algorithms have been
proposed [1]. These methods reveal a low frequency synchrony, Functional Con-
nectivity (FC) [3], within specific networks of brain regions. This issue has been
extensively studied, and there are efficient methods to determine these networks.
One of these methods is the Independent Component Analysis (ICA) which is a
computational technique used to separate a multivariate signal into independent
non-Gaussian components. ICA can be used to decompose complex signals, such
as those obtained from fMRI, into their underlying neural sources. This allows
researchers to identify patterns of neural activity that are not readily apparent in
the raw data and can aid in the investigation of brain function and connectivity
[4].

However, the other main stream of research in brain connectivity analysis,
Effective Connectivity (EC) [3], is the one that we are going to use in this study.
Effective Connectivity is introduced to represent the causal influences that each
region of the brain exerts over other regions. In fact, there are some aspects
of on-going brain activity which cannot be described by inadequate measures
of instantaneous coupling, so causal inferences should be employed for better
understanding of the neuronal system. Particularly, the activation/deactivation
dichotomy of brain areas which can be regularly observed in resting-state Blood
Oxygenation-Level Dependant (BOLD) signals, which are a measure of changes
in blood oxygenation resulting from neural activity in a brain region and are
used to identify active brain regions during specific tasks or activities, should
be revisited in a cause and effect view within brain dynamics and structure,
rather than evolved patterns of synchrony in brain activity [5]. The low-frequency
fluctuations of bold signals reveal a signal transmission dynamics that depends
on the structure of the networks connecting different brain regions. The goal is
to determine the structure of the network that causes this dynamics.

In this paper, we developed a method of identification based on least squares,
which assumes knowledge of the signals of brain activity in different regions of
the brain. As fMRI does not directly measure these signals, they are obtained
through filters with impulse responses equal to inverse hemo-dynamic functions
excited by the BOLD signals, i.e., the signals that are measured by fMRI. This
methodology is illustrated in Fig. 1 and Fig. 2. The contributions of this work are:
(i) A method of identification based on least squares, which assumes knowledge
of the signals of brain activity in different regions, to determine the structure
of the network that causes the dynamics. (ii) it is developed a model to obtain
the Blood Oxygenation Level Dependent signals and it is implemented a reverse
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hemo-dynamic function as there is no access to functional Magnetic Resonance
Imaging data. (iii) Simulation of the brain activity at rest.

In Sect. 2, we describe the state-space models which are used throughout this
paper. In Sect. 3, we demonstrate how the matrix structure can be determined
when we have access to the signals from the brain network. As we do not have
access to fMRI data, we develop, in Sect.4, a simulation model that allows
for obtaining the BOLD signals. The inverse hemo-dynamic functions to obtain
the brain activity signals through BOLD signals are implemented in Sect. 5.
In Sect. 6 we illustrate the performance of the developed method using Monte
Carlo simulations. Finally, we close with some conclusions and pointing out some
directions for future work.

2 State-Space Models

In light of the complexity of observed activity patterns in the resting brain, and
in response to questions regarding their generative mechanisms, investigators
have developed mathematical models of neuronal communication. Such models
allow for inferring, relating, and predicting the dependence of measured commu-
nication dynamics on the topology of brain networks [12].

According to recent controversies on different Effective Connectivity detec-
tion algorithms in [11] state-space models are used in EC because they can sep-
arate the modelling of latent neuronal activity from the hemo-dynamic response
function. Additionally, these models allow for a control theory interpretation of
causality in connectivity analysis, providing insight into causal interactions in
the brain system [1].

Communication models can be roughly classified into three types: dynamical,
topological, and information theoretical. Dynamical models aim to capture bio-
physical mechanisms of signal transformation and transmission, while topological
models propose network attributes to explain activity patterns. Information the-
oretical models use statistical measures to quantify interdependence, direction,
and causality between nodes.

2.1 Dynamic Models and Measures

Dynamical models also differ in terms of the spatiotemporal scales of phenomena
that they seek to explain. The choice of the explanatory scale impacts the precise
communication dynamics that the model produces, as well as the scale of collec-
tive dynamics that can emerge. The general form of a deterministic dynamical
model at an arbitrary scale is given by [13]

dx
— = f(x,A,u, f). 1
= flw, A u, ) (M
Here, x encodes the state variables that are used to describe the state of the
network, A encodes the underlying connectivity matrix, and u encodes the input

variables. The functional form of f is set by the requirements (i.e., the expected



20 C. P. Azevedo et al.

utility) of the model. Finally, 8 encodes other parameters of the model, inde-
pendent of the connectivity strength A. The § parameters can be phenomeno-
logical, thereby allowing for an exploration of the whole phase space of possible
behaviours; alternatively, the 3 parameters can be determined from experiments
in more data-driven models [13].

The use of temporal precedence and lead-lag relationships is also a basis
for alternative definitions of causality. Notably, this relationship can be used
to measure the causal effect between neural masses coupled according to the
structural connectome [14].

2.2 Topological Models and Measures

It has been believed that long routes in a network are metabolically costly and
result in slower signal propagation [18]. Therefore, shortest paths are often used
to infer the efficiency of communication between two regions. However, relying
solely on shortest paths has been questioned for three reasons. First, networks
that depend solely on shortest paths are vulnerable to targeted attacks. Second,
investing solely in shortest paths means that alternative routes are underutilized
and this is not optimal. Third, routing a signal by the shortest path would require
biologically implausible knowledge of the global network structure [15].

By denoting the adjacency matrix by A, we can define the communicability
between node i and node j as the weighted sum of all walks starting at node %
and ending at node j [16]

Gji= > cr(Ab);, (2)
k=0

where A* denotes the k-th power of matrix A, and ¢, are the coefficients chosen
to ensure convergence of the series and to give less weight to longer paths. If all
entries of A are non-negative (which is often the case in communicability), the
resulting values of G; are also non-negative and real.

2.3 Information Theoretic Models and Measures

Information theory and statistical mechanics have been used to develop measures
of information transfer in brain networks such as transfer entropy and Granger
causality [19]. These measures rely on the fact that the propagation of signals
through the brain networks generates time-dependent activity patterns that can
be measured as time series. Entropic measures of communication aim to identify
statistical relationships between these time series, in order to infer the amount
and direction of information transfer between different brain regions.

A central concept in information theory is the Shannon entropy [17], which
quantifies the uncertainty in a discrete random variable I that follows the prob-
ability distribution p(¢). It is defined as H(I) = — ), p(i)log(p(i)). Another
measure of statistical interdependence between two random variables I and J
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log(p(i, )
log(p(i)), log(p(4))
their joint distribution and p(i) and p(j) are their marginal distributions. How-
ever, since mutual information is symmetric, it does not capture the direction of
information flow between two processes or sequences of random variables [17].

Transfer entropy takes into account the transition probability between differ-
ent states, which can be the result of a stochastic dynamic process and obtained
from the time series of activities of brain regions through imaging techniques.
To measure the direction of information transfer between processes I and J, the
notion of mutual information is generalized to the mutual information rate. The
transfer entropy between processes I and J is given by [17]

is their mutual information, M;; = > p(1,5)

, where p(i,7) is

- & vy Plingalis, jh)

TJ—>I Zp(zn—‘rhznajn)log p(@n+1|lﬁ) (3)
The processes I and J are assumed to be stationary Markov processes of
order k and [, respectively. The quantity i¥, ji denotes the state of process I(J)
at time n, while p(i,1]i*) denotes the transition probability to state i,.; at
time n + 1, given knowledge of the previous k states. Similarly, p(jn,1|j%) is the
transition probability for process J. The quantity p(ini1|i¥, ) is the same as

p(ins1|ik) if the process J does not influence the process I.

3 Identification of Networks in the Resting Brain

It is important to notice that in this procedure, it is assumed that the hemo-
dynamic response functions of different regions in the brain are known. These
functions describe how neural activity in a particular brain region is converted
into changes in blood flow and oxygenation, which are measured by fMRI sig-
nals. The hemo-dynamic response functions are used to model the relationship
between brain activity and fMRI signals, and thus estimate the matrix A that
relates brain activity to observed fMRI signals. It is important to have a good
understanding of the hemo-dynamic response functions in order to properly
model brain activity and obtain accurate estimates of matrix A.

According to [1], the brain activity measurement system at rest using func-
tional magnetic resonance imaging (fMRI) can be described by the following
linear time-invariant (LTT) state model:

2(t+1) = Aoz(t) + qo(t) (4)

N (5)
Zm(t— L+ 1)

Ym(t) = cm@m(t) +rm(t),m=1,...,. M (6)

The signals y,, (t) represent the BOLD signals in the m brain regions that are
measured by fMRI, while () and r,,(t) are noise signals (go(¢) is process noise
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and 7y, (t) is measurement noise, both of which are assumed to be Gaussian white
noise). The goal is to estimate the matrix Ay that defines the causal network
structure of the resting brain based on the measurements of y,,, (t), m = 1,..., M.

The row vectors ¢,, are formed by samples of hemo-dynamic response func-
tions h(t). It is important to note that, according to Eq. (4), each signal y,,(¢)
is the convolution of z,,(t) with a hemo-dynamic response function h,,(t). This
means that, as illustrated in Fig. 1, each signal y,,(t) can be viewed as the out-
put of a linear time-invariant (LTI) system excited by the signal z,,(¢). In Egs.
(4)—(6), it is assumed that these systems have finite impulse responses (FIR
systems), i.e., that ¢,,(t) = hp(t) for ¢ = 0,...,L and ¢,,(t) = 0 for ¢ > L.
However, existing studies on hemo-dynamic response functions conclude that
these are impulse responses of LTT systems with infinite impulse responses, with
orders significantly smaller than those of the FIR approximations [7]. There-
fore, assuming FIR systems unreasonably increases the dimension of the model.
Since the resting brain model is described by a state-space model, it makes sense
to describe the convolution of the state variables with hemo-dynamic response
functions as state-space models as well. This implies that the brain activity mea-
surement system represented in Fig. 1 can be described by a state-space model
of lower order than the model in Egs. (4)—(6) assumed in [1]. In this context,
ym (t) and z,,(t), m = 1,..., M, are related by state-space models of order n,,
with n,, << L:

W (t+ 1) = Apwpn () + Brzm (t) + gm(t) (7)
Ym (t) = Crowpn () + Dz (t) + 1 (t) (8)

With w,,(t) € R A, € Rmm>Xnm B € R (C,, € RY" and D,, € R
for m = 1,..., M, combining Eqs. (4), (7), and (8) yields the following state-
space model:

z(t+1) = Ag(t) +q(t) 9)
y(t) = Ca(t) +r(t) (10)

where

Y2 (t)
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a; € RM § =1,..., M are the columns of Ag € RM*M 2(t) € R" y(t) €
RM A, € RvmXnm B c R* C,, € R\ D, € Rm=1,..., M, where
A € R*=*"% and C € RM*" with n, = M + ny + --- + ny. If the system
(9)—(10) is observable, then it can be identified by any algorithm that estimates
models in state space; The problem is that these methods produce data-driven
models, i.e., realizations determined by the data, different from those we intend
to estimate and that are described by equations (9)—(14). Despite the orders of
the models that relate y,,(t) with z,,(t) having been significantly reduced, the
number of parameters remains very large.

qo(t) _ _
20t z2(t+1) = Apz + qolt)

o

1 [f '}V Zm {fk"{ M ”ﬁy

hi(t) | === | hplt) | === | ha(t)

yp(t) Y () Yy (t)

Fig. 1. The brain activity measurement system at rest using fMRI
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4 Simulation Model of Resting Brain Activity
and Functional Magnetic Resonance

4.1 Resting Brain Model

According to [1], the activity of a resting brain can be described by the state
model:

zlk 4+ 1] = Agz[k] + qo[K] (15)
where 2z(t) = [z1(t),..., 20 (t)]T € RM, qo(t) € RM, and Ay € RM*M_ The
components z,,(t), m = 1,..., L are signals in different regions of the brain

resulting from this activity, and the components of go(t) are stimuli for brain
activity. This is a sampled model of the continuous-time model:

2(t) = Acz(t) + qe(t) (16)

which models an underlying continuous system. The model (15) represents (16)
at sampling instants. That is,

z[k] = z(kT5) (17)

where Ty is the sampling period. The relationship between (15) and (16) is well
known and is given by the following equations:

1
Ay = e o Ac = T In (Ap) (18)
(k+1)T.
qolk] = / A=T)g, (7)dr. (19)
kT,

The state z(t) is indirectly measured through functional magnetic resonance
imaging (fMRI), which acquires a vector of signals y(¢) of the same dimension
as z(t).

The components y.,(t), m = 1,..., M of y(t) are designated by BOLD and
are the outputs of M linear time-invariant systems whose impulse responses are
the hemo-dynamic response functions. Each system is excited by one and only
one component z,,(t) of z(t) and has an output y,,(t) that indirectly measures
the brain activity in the m region of the brain. The continuous system is rep-
resented in Fig. 1. In this work, we consider that the hemo-dynamic response
functions are equal to the canonical function [7,8] given by:
et 1 t15et>

(20)

hC(t)K( 50 6 15!

After applying the Laplace Transform, we obtain the transfer function

6(s+1)10 -1

Hels) = K =gy
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The objective of the simulation is to obtain

y1[k]
ym k]

that is, y(kTs) for k = 1,..., N. Since the output signal is discrete-time with
sampling period T, one might think that to perform the simulation it would
be sufficient to generate a realization of white noise for the input go[k], simu-
late the continuous-time system (15), discretize the transfer functions H,,(s),
m =1,..., M, and simulate the discrete-time systems, taking the signals z,,[k]
as inputs. However, for this procedure to be possible, it is necessary to postulate
the evolution of the signals z,,(t) between the sampling instants. Existing sam-
pling methods typically assume that in these time intervals, the signals remain
constant (ZOH) or are piecewise linear. These assumptions are not suitable for
this problem since the components of ¢.(t) are not persistent signals.

4.2 Brain Activity Stimuli

Brain activity stimuli can be seen as sequences of impulses with random ampli-
tudes that occur at random instants. To simulate these stimuli, we divide the
sampling intervals into Vg parts and consider that the probability of an impulse
with random amplitude and duration T/Ng occurring in each sub-interval is
p. That is, the presence of an impulse in each of these sub-intervals follows a
Bernoulli distribution. The number of impulses in each sampling interval fol-
lows a binomial distribution. Therefore, the average number of impulses in each
sampling interval is given by

N; = pN,. (23)

If we fix N; (the average number of impulses in each sampling interval), we
can calculate p through

p=—. (24)

Given T, the sampling period, N4, the number of divisions of each sampling
interval, and p, the probability of an impulse occurring in each sub-interval, the
probability of an impulse existing at each instant kT, /N, is then given by

q.(t) = B x U, (25)

where B is a random variable with Bernoulli distribution B(p) and U is a random
variable with Gaussian distribution N (0, 0?).
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5 Inverse Hemo-Dynamic Models

The identification of the system (9)—(14) by a subspace state identification
method presents the following problems:

1. It is a stochastic identification problem and the estimated model can be non-
minimum phase.

2. It is a high-order model with a large number of parameters.

3. The estimated realization is determined by the data and needs to be converted
to that of the model (9)—(14).

These three coupled problems make it very difficult to obtain estimates of Ag
with acceptable precision unless some a prior: knowledge about the hemo-
dynamic response function is used. However, this can be estimated using
fMRI [6]. Therefore, it makes sense for this work to consider that the differ-
ent hemo-dynamic response functions h,,(t) are known. Many studies consider
this function to be equal to a canonical function [7,8] given by Eq. (20).

The function h.(t)/K is the impulse response of the LTI system with transfer
function:

6(s+1)1% -1
6(s 4+ 1)t6

In this work, we consider h,,(t) = h.(t), where h.(t) is the impulse response
of the discretization H.(s) with K,, = K randomly generated. That is, y,,(t) is
the output of a system with transfer function K,, H.(z) excited by z,,(t), where
H.(z) is the discretization of H.(s). The state variables z,,(t), m = 1,..., M, can
be reconstructed, Z,,(t), from y,,(¢) through simulation of the inverse systems
of K,,H.(z), denoted by H}! (2). Once 2(t), t = 1,..., N, is known, Ay can be
also estimated through

HC(S) =K (26)

Ay =237y, (27)

where R
Z1 = (2(1) < 2(N — 1))7 (28)
2= (5(2) -+ 2(N), (29)

The main difficulty of this approach lies in the computation of the inverse
model because, on one hand, the transfer function is not proper and, on the
other hand, although H.(s) is an inversely stable transfer function, the same
does not hold for its corresponding continuous-time transfer function, H.(z).

The whole procedure is illustrated in Fig. 2.

Due to the large difference between the degrees of the numerator and denom-
inator of the transfer function H.(s), it is convenient to determine the system in
discrete time. The difference between the degrees of the numerator and denom-
inator of the discrete transfer function H.(z) is one unit. Since we can only
invert proper and strictly proper transfer functions (where the degree of the
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Fig. 2. The brain activity excitation signals are obtained from measurements at rest
using the inverse fMRI signals

y1(t) U (1) Y (t)

denominator is greater than or equal to the degree of the numerator), we need
to multiply H.(z) by z before determining the inverse model. Multiplying H.(z)
by z is equivalent to advancing the system output by one sampling period, so
when we calculate z,,(t) using the inverse model, this signal will be delayed by
one sampling period. As mentioned earlier, there is still another difficulty, which
is that the discrete versions of H.(s) are not inversely stable. Since the outputs
ym(t) are stationary stochastic processes, we can maintain their spectral den-
sity by reflecting the unstable zeros of H.(z) inside the unit circle with a gain
adjustment. Therefore, if we have

He(z) = (z = zi) Her (2) (30)
with |z;| > 1, then
z— 1/52)(1 — Zz)
1-— 1/271‘

where Z; is the complex conjugate of z;, has frequency response with the same
magnitude

Hrn(z) = Ho(2) (31)

[HI™ (e7)] = [He(e™™)]. (32)

If two systems with transfer functions H.(z) and H™"(z) are excited by
the same stochastic process, then their outputs, although different, have the
same spectral density. Therefore, by reflecting the unstable zeros of H,.(z) inside
the unit circle, we do not alter the spectral density of the signals y,,(t), m =
1,...,M.
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6 TIlustration of the Performance of the Developed
Method Through a Monte Carlo Simulation

Monte Carlo simulation is a computational technique used to estimate the prob-
ability of different outcomes in a system that is subject to random variables. It
is named after the famous casino town of Monte Carlo, which is known for its
games of chance. In a Monte Carlo simulation, a large number of random sam-
ples are generated from the distribution of each input variable. These samples
are then used to simulate the system and calculate the probability of different
outcomes. One of the key advantages of Monte Carlo simulation is its ability to
incorporate uncertainty and variability into the analysis. By generating random
samples from the input distributions, Monte Carlo simulation can provide esti-
mates of the range of possible outcomes and their likelihoods, even when the
input parameters are not precisely known [9,10].

We developed a Monte Carlo simulation that starts by defining several vari-
ables, including the true matrix of connections between brain areas (Ag), the
sampling rate (Ts), the number of samples in the fMRI signal (Ny), the inter-
val between samples in the fMRI signal (IV;), the number of brain areas (M),
the number of points in the simulated brain activity signal (N), the number of
Monte Carlo runs (N,,.), the noise standard deviation (o), and the vector of the
gains of the hemo-dynamic responses of each brain area (H).

Next, the simulation initializes a matrix to store the Monte Carlo results
(/Algﬁmc) and enters a Monte Carlo simulation loop. Within the loop, the code
generates a simulated brain activity signal called q., simulates the fMRI signal
called y, and estimates matrix A using the Z,, matrix. The estimated matrix
is then stored in the Agymc tensor. The equation for estimating A is given by

A=7,, (:2:end)/Z,, (:,1:end—1), (33)

me

where Z,  _ is an M x N matrix representing the simulated fMRI signals for each
brain area in each Monte Carlo run. The A matrix is an estimate of the state
matrix A, which represents the dynamics of connections between brain areas.

The simulation creates histograms for each element of the estimated A
matrix, calculates the standard deviation of each element of the estimated A
matrix, and the mean and standard deviation of the estimated A matrices.

In a histogram, the variability of different parameters is represented by the
distribution of values along the histogram bars. Each bar represents a range of
values, and the height of the bar indicates the frequency or count of occurrences
within that range.

When creating a histogram, we can observe the variability of different param-
eters through the dispersion or spread of values along the bars. If a parameter
has lower variability, the values will be more concentrated around a central value,
and the corresponding bars will be taller. On the other hand, if a parameter has
higher variability, the values will be more dispersed, and the corresponding bars
will be shorter, indicating a lower frequency in each range.
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The following parameters were used:

0.7 031 0 0 -—-046
0 07 0 O 0
Ay = 0 0 07055 0 ,

-038 0 0 07 O
0 0o 0 0 07

T, =1,
N, =10,
N; =1,
N = 1000,
N,,. = 100,
o=0.1,

H™ = [1.9005 0.9101 1.8404 1.3685 0.9977] .

The equations involved in these calculations are

oij = std(Aq ),

29

(42)

where o;; is the standard deviation of the (¢,j) element of the estimated A

matrix and A, is the (i,) element of the estimated A matrix.
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Fig. 3. Visualization of the distribution of the estimated values for each element of

matrix A and comparison with the true value
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A =mean(A,,.), (43)

where A is the mean of the estimated A matrices and A,,. is the estimated A
matrix for each Monte Carlo run. Also

oa = std(A,,) (44)
where o4 is the standard deviation of the estimated A matrices and Amc is the
estimated A matrix for each Monte Carlo run.

These equations are used to evaluate the reliability and stability of the A
matrix estimation, as well as to evaluate the influence of different parameters
on the estimation accuracy. They also help to understand the uncertainty in the
A matrix estimation and provide useful information for the analysis of brain
connections in fMRI signals.

Finally, the simulation displays the results and the mean value of the state
matrix in a color scale, represented in Fig. 4.

Mean Value of the State Matrix

0.5

—_

N

2.5

w

3.5

N

4.5

6]

5.5
0.5 1 15 2 25 3 35 4 45 5 55

Fig. 4. Display of the results and the mean value of the state matrix in a color scale

Color scales are used to assign colors to data values in visualizations such as
plots, images, and surfaces. When using a colormap, we can observe the variation
in variability among different parameters through the intensity or hue of the
colors assigned to them. Generally, darker colors represent lower values or lower
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variability, while lighter colors represent higher values or greater variability. In
this color scale, the colors range from dark blue to yellow, with light blue and
green in between. The colors are assigned to a range of values in a dataset, with
dark blue being the lowest value and yellow being the highest. More specifically,
the color scale assigns the color dark blue to the minimum value in the dataset,
and transitions through shades of light blue and green as values increase, before
transitioning to shades of orange and yellow for the maximum value. The exact
mapping of colors to values is nonlinear, which means that the perceived change
in color is not constant as the values increase.

The performance of a Monte Carlo simulation depends on several factors,
including the number of simulations, the complexity of the system being mod-
elled, and the efficiency of the simulation algorithm. In general, increasing the
number of Monte Carlo runs can improve the accuracy and reliability of the sim-
ulation results. Nonetheless we can state, through the analysis of Figs. 2 and 3,
that the performance of our simulation is satisfactory because despite displaying
variations in the average value of the state matrix they are not very significant
(as most of the color scale is the same tone of blue, which corresponds to the
same value).

7 Conclusions and Future Works

The determination of effective connectivity of brain activity in the resting state
is a complex process that requires the use of sophisticated mathematical models
and simulations. State-space models and inverse hemo-dynamic models have
proven to be powerful tools for analyzing resting state fMRI data, allowing for
the identification of key brain regions and their effective connections. The use of
Monte Carlo simulations has further demonstrated the accuracy and reliability
of these methods. Hence, through the development of a simulation model of
resting brain activity and fMRI, we have been able to evaluate the performance
of these methods and gain important insights into the functional organization
of the brain. The findings have significant implications for understanding the
neural mechanisms underlying brain function and for developing new diagnostic
and therapeutic approaches for neurological and psychiatric disorders. Overall,
the determination of effective connectivity of brain activity in the resting state
holds great promise for advancing our understanding of the brain and improving
human health.

One potential avenue for future research is the investigation of other math-
ematical models, such as deep learning algorithms, that may provide a more
comprehensive understanding of the brain’s functional organization. Addition-
ally, the integration of multiple imaging modalities, such as fMRI, EEG, and
MEG, could provide a more complete picture of the brain’s effective connectiv-
ity. Also, a comparison with other methods available in the literature needs to
be undertaken.
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