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Abstract. Bistable Stochastic Resonance (BSR) system is a nonlinear
system. When the noise variance of the noisy periodic signal has a cer-
tain relationship with the signal, after the noisy signal passes through
the system, the noise energy can be partially converted to the signal
energy, thus providing a means of signal enhancement. Later, with the
introduction of the Aperiodic Stochastic Resonance (ASR) system the-
ory, the stochastic resonance theory can be applied to the field of com-
munication. At present, the most application of stochastic resonance in
communication is in binary modulation signal area. This paper will be
discussing the enhanced effect of stochastic resonance on the multi-ary
phase modulation signal, deriving the expression of the MPSK signal
power after resonance, and proving that the signal power spectral den-
sity after stochastic resonance has no effect on phase. Defining the signal-
to-noise ratio’s gain and amplitude’s gain, and giving the range of the
gain and the maximum value of the gain that stochastic resonance can
improve the signal-to-noise ratio when the signal amplitude and signal
carrier frequency are determined.
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1 Introduction

As one of the commonly used digital modulation signals, the phase modula-
tion signal has always been widely concerned in the communication field. In
recent years, attention to detecting PSK signals has begun to enter the field of
low signal-to-noise ratio. As a method of using noise energy to achieve signal
enhancement, stochastic resonance has naturally attracted widespread atten-
tion [1,2]. In 2014, Liu Jin studied the enhancement effect of stochastic reso-
nance on the BPAM signal and gave the corresponding enhancement model [3].
In the same year, Liu Jin again extended the enhancement model to FSK sig-
nals [4], and again in 2015 to MPAM signals [5]. In 2018, Zhang Zheng proposed
a PSK signal symbol rate estimation method based on stochastic resonance [6].
The following year, Zhang Zheng introduced an artificial fish swarm algorithm
to realize the application of stochastic resonance in the detection of a variety of
digital modulation signals [7]. In the same year, Linlin Liang et al. studied the
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application of stochastic resonance in 4PAM signal detection [8]. However, for
MPSK signals, the discussion of stochastic resonance is mainly concentrated in
the field of computer algorithms, and there are still few discussions on theoretical
models.

In order to explore the common points of different types of PSK signals after
stochastic resonance, this paper takes the signal power as the starting point,
and through derivation, gives the expression of the power spectral density of the
MPSK signal after the stochastic resonance of the bistable system, and proves
the PSK signal The phase change of ¢ will not affect the power spectral density,
thus simplifying the influence of stochastic resonance on the signal. Then, define
the signal-to-noise ratio gain and give its expression, calculate the range of the
signal-to-noise ratio when stochastic resonance obtains the gain, and prove that
there is a maximum gain, which provides an idea for processing unknown low-
signal-to-noise ratio signals.

2 MPSK Parameter Calculation Based on Bistable
System

2.1 Power Spectral Density

Suppose the model of the signal is s(t) = Ag.(t) cos(2m f.t + 2w (m — 1)/ M),
where A is the signal amplitude, g;(t) is the signal pulse shape, f. is the signal
carrier frequency, 2m(m — 1)/M is the M phases of the signal. The probability
that the output signal of the bistable system will transition to the steady-state
point of the signal at time ¢ is respectively m4(t). and the probability within
the two potential wells satisfies

me(t) =1 —m_(t) = / p()dz (1)

Considering the driving force of the periodic signal, due to the periodic driving of
the periodic signal, the transfer rate R4 (¢) of the bistable system output signal
between the discrete steady states of the two potential wells is also periodic in
time, and satisfies The relationship is as follows:

dmy(t) _ dm_(t)

L0 = ST~ R(1) - [Re (1) + R ()] (1) (2)

The solution to linear first-order differential equation (2) is given by:

m(t) = g~ ()m (to)g(to) + 971 (1) [, R—(T)g(r)dr 3)
g(t) = iy R4 (T)+ R (7)]dr

Assume that Ry (t) = f(A £ @gcos(wet + 2n(m — 1)/M)) Where f is an expo-
nential function, \, g are dimensionless constants, w. = 27/T = 27 f,, M = 2F,
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ke Nt,m=/{1,2,---, M}. Although ¢ cos(w.t + 27 (m — 1)/ M) have discon-
tinuous points in (—oo, 00), it is a continuous function in one period. So we can
use Taylor expansion for R4 (t) in one period, then we have

1

Ry(t) = 5(040 F 100 cos(wet + 0) + aypacos? (wet +0) F -+ -) (4)
Ry(t) +R_(t) = ag + a1pjcos?(wet 4+ 0) 4 ---) (5)
where fag = f(A), 30, = (_nl!)n (%)nf()\). Substituting Eqs. (4) and (5) into

Eq. (3), the asymptotic analytical solution of the probability m.(¢) that the
output signal of the system is in the steady-state position of the potential well
is obtained:

m+(t|x0’t0) _ %e—ao(t—to) (251042 1 - Q1% COS(wct+9—¢))

/2 2
ajtws

(6)
1 a1 cos(wet+0—¢)
v (14 mestsona )
where ¢ = arctan :—;7 Ozge = {(1): Zz i_ v Z;Z .

According to Eq. (6), it can be calculated:
(e(t)a(t + 7)) = 2eeolrl (1 - oledeosectozo))
0 c
czafgog{cos(wcf)—&-cos? [wc(2t+29+7—)+2¢]} (7)
2(ag+w?)

+

Further calculations to get the average autocorrelation:

(z()z(t + 7)),
on 626—040|7'\ 1— afpicos® (wet+0—9)

27 JO czafgog{cos(wcf)—&-cosz[wc(2t+29+7—)+2¢]} (8)
) + 2(aZ+w?)

ge [o7 [fu(t) + f2(t) + f3(t)]dt

where > —aolr| a2 p3 cos(w,T)
fi(t) = cfe”ol™ +W (9)
folt) = cZe—aolTa%z(zcisj}(;)ct +6—9) (10)
0 ¢
falt) = Cza%coﬂ;@?iﬁ? tr) xR0 (11)
Because of ' ’

2
52 o 2f2 (t)dt

we (e 6267a0‘T‘afapgcosz(wct-{-e_(;&)dt

21 2
27 agtw?

_ 7wcc26_”0‘ﬂa§4pg t+0—¢ + sin[2(w t+60—¢)]
27r(a3+w2) 2 4w,

We

0

_ e 0lTlalpg

2(af+w?)
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27
L OWC fg(t)dt
wc ic c2alp?cos?[we (2t+20+7)+2¢) dt

= 0 2(a2+w?) (13)
_ cFal gl coslwe (2t+20+T7)+24)] jc -0
- 87r(ag+wg) 0 -
SO
{{e@®)z(t + 7)),
= 5T AW + f(0) + (0l (19
el adg a2 cos(wer)
= cPem ol (1 - 2(a§+gg)) + 21(o¢00+w2)

From Eq.(14), we can get the bilateral power spectral density of the output
signal:

(S(W)), = [T ((@(t)2(t + 7)) e 7“7 dr

aie 2c%aq mc’afpf
= (1- maily) (35) + Tt — o) + o + o)

(15)

Then the unilateral power spectral density is:

s = (1- 5385 ) (252 ) + 588500 s

2(ag +w?) ap + w? af +

mcaieg
2+w2

Where the signal component is Ss(w) = 0(w — we), the noise component

2 2
is 5u(0) = (1~ gy ) (a2
It can be seen from Eq. (6) and (16) that the change of the phase component
0 in R4 (t) has no effect on the power spectral density S(w), so the expressions
for any 6 and S(w) remain unchanged, means that for any MPSK signal, the
signal power spectrum expression is unique.

2.2 Gain of Signal-to-Noise Ratio

The bistable system model can be expressed as % = ax + bz + A cos(w.t + 0) +
V/Dn(t), where n(t) is AWGN and satisfied (n(t )) 0, (n(t)n(t+ 7)) =46(r), D
is the variance. According to the literature [1], Eq. (10) can be calculated as:
a2 2 a2
Sw) = [1- éﬁzgz e~ b0 4£a2 e N fg:gz e~ D 5w
2“26 ﬁ—i—wg 27%26_% + w? 27%26_% + w?
(17)
Where s )
8a"A* —a—
Sy(w) = 22220 7 ) 5 (w—w,) (18)
20715 + w?

and

40 A% — a2 4/2a> — a?
e D e 20D
&wzcv =l )( 3 ) (19)
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2
40342 &

Obviously Ss(w) > 0 and Sp(w) > 0, s0 1 — 21”;25’27D > 0, substitute w, =
29 e bD +w?
27 f. to get:
_ % [2aA2
> 7zt N BT T (20)

Therefore, when the signal carrier frequency f. meets the conditions described
in Eq. (20), the input signal can trigger stochastic resonance.

According to Eq. (17), the average power of the signal after system enhance-
ment can be obtained as:

2

1 +o0 4§¢142A22 e—}‘;—D
P, =— Ss(w)dw = L= 21
oo =5 [ Saw)d i (21)
2
1 “+o0 a ZéatAz2 e—g—
P, wt = — S dw=— — B2~ 22
n(w),out 271'/ E(w) w b Ee bD —i—wg ( )
Then the output signal-to-noise ratio is:
P 4a3A2 _ 2
o 24 L _eTvD
SN Ry = 101g % — 101 br?DT (23)
Pse(w),out 202 o—ip (1 — 2042) | 2

Define the signal-to-noise ratio gain Gain = SN Ry, — SN Ry, from the MPSK

2
signal model we know that the input signal-to-noise ratio is SNR;,, = 101g QA—D,
then we have

8a® - &5
Gain = 101g 2D =10lgG (24)
2a2 —aZ 2a A2 2
7z € i (1_ bD2)+wc
When G > 1, we have
2 G.
b“2 (4aD — bD? + 2aA?) — w2D2%0 = Gy — G3 > 0 (25)
Notice that 252 = w2(2D — %)e%, when 222 = 0 we have D = %, then
4, 2 2
Gy =455,

min
a2

When D > &, *expand w2D?%eip to w2D?(1 + % + %), the formula (25) is
transformed into

2 2 4
ba2 (4aD — bD? + 2aA?) — W2D*(1+ L 4 ¢

oD szQ) >0 (26)



Analysis of Optimal Gain of MPSK Signal Based on BSR 509

2.2 2 2,2\ 2
8a3 a“ W, 2 8a3 a‘wg 2a2 2 4a3 A2 1 412, ,2
b b C+7r\/<b77r2_ bC) +4(772+ ¢ b2 _Eab“‘c

= Dmax
2 (2a2 4 w2w3?)

(27)

When 0 < D < ;—Z, multiply both sides of formula (25) by D? and expand

(L2 .
w?D?evp to w?D?(1 + g% + Qb‘fDQ + 6b§6Dg + 24548D4), the formula (25) is trans-
formed into

at a’ a®

+ 663 D3 + 24b*D*

2i2D2(4aD—bD2+2aA2)—w2D4(1+ﬁ+
b2 ¢ bD ' 2b2D?2

) >0 (28)

then D, can be calculated.
Finally we get the variance range when stochastic resonance has positive
gain, and the signal-to-noise ratio range of the input signal is

2 2
< SNR;, <101g

max Dmin

101g

(29)

When the signal-to-noise ratio of the input signal is within the range described in
formula (29), stochastic resonance can achieve the effect of enhancing the signal.

3 Simulations

3.1 Amplitude Enhancement Effect

First, we observe the signal waveform when the signal-to-noise ratio is different
when the amplitude and carrier frequency of the input signal are constant. Verify
that when the signal amplitude and signal carrier frequency are determined,
when the signal-to-noise ratio is within a given range, stochastic resonance can
produce an amplitude enhancement effect.

Take the QPSK signal as an example, set the bistable parameters as a = 1,
b = 1, and the signal amplitude A = 0.5. Then, when the signal-to-noise ratio
gain is greater than 1, the noise variance can be solved by Egs. (27) and (28) and
the range is 0.1543 < D < 2.9022, so the input signal SNR range is —13.6582 dB
< SNR;, < —0.9146 dB. Set the signal-to-noise ratio SN R;, = —5dB, and the
noise variance is 0.3953, which meets the requirements. Set the signal carrier
frequency f. = 0.0318 Hz, then f. > 0.03 Hz conforms to the range described in
formula (20). Number of symbols N = 5, symbol rate Ry = 0.01 bps.
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Fig. 1. QPSK signal waveform before and after stochastic resonance

As shown in Fig. 1, the first column of Fig. 1 is the noise-free QPSK signal
waveform, the second column is the noise-added QPSK signal waveform, and the

third column is the QPSK signal waveform after resonance.

According to formula (18), we can assume that the unilateral power spectral

density of a certain signal sp(t) is equal to formula (18), then

2 _ a2

sp(t) = cos(wet +0)

2a? _ a2 2
?6 bD —|—wc

can be obtained, and the amplitude gain is defined as

2 a?
Ay, _ Bgedo
GAmplitude = A = >
Ss 2a? e~ 5 + w2
2 c

(30)

(31)

according to the aforementioned QPSK signal parameters, we can calculate
G amplitude = 2.2828, which is consistent with the experimental results. It shows
that after stochastic resonance, noise energy is successfully converted into signal

energy, which shows the effectiveness of stochastic resonance.
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Similarly, for 8PSK signals, set the signal-to-noise ratio SN R;, = —5dB and
the signal carrier frequency f. = 0.0318 Hz. Number of symbols N = 10, symbol
rate R; = 0.01 bps (Fig. 2).

A

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

o

2 T T T T T T T T T

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

2 T T T T T T T T T

2 1 1 L L L 1 L L

1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Fig. 2. 8PSK signal waveform before and after stochastic resonance

It can be seen that after stochastic resonance, for QPSK and 8PSK signals,
the noise energy is successfully transferred to the signal energy, which illustrates
the effectiveness of stochastic resonance for MPSK signals.

3.2 Signal-to-Noise Ratio Gain Gurve

Now we examine the signal-to-noise ratio and signal-to-noise ratio gain of the
output signal when the signal-to-noise ratio of the input signal changes.

Take the QPSK signal as an example, set the variance D from 0.1 to 1.3,
the signal carrier frequency f. = 0.04 Hz, and the other parameters remain
unchanged.



512 7. Shen et al.

X 0.45 QPSK signal
10 Y 8.014 T T T T
o == original signal
=== g signal
5L X 0.45 Gain ]
Y 2.442
{)
0r \ m
1
(% 5 \ 4
X 0.45
Y -5.572
10+ f 1
/
-15 1 J J
|
_20 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 14
Variance

Fig. 3. Input, output signal-to-noise ratio and gain curve of QPSK signal

It can be seen from Fig.3 that when the variance D = 0.45, the difference
of the signal-to-noise ratio before and after the signal resonance is the largest,
which is 8.0140dB. System parameters, signal amplitude and carrier frequency,
signal-to-noise ratio gain have maximum values.

For different PSK signals, observe the changes in the signal-to-noise ratio
before and after the signal resonance when the variance changes. Set the BPSK,
QPSK, and 8PSK signals with the same signal parameters. The parameters are:
the number of symbols N = 500, the signal amplitude A = 0.5, the carrier
frequency f. = 0.04 Hz, and the symbol rate Ry = 0.01 bps. Set the input signal-
to-noise ratio SN Ry, to increase from —12dB to 0dB, perform 500 Monte Carlo
experiments and take the average value of the signal-to-noise ratio gain. The
experimental results are as Fig. 4 follows.
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Fig. 4. BPSK, QPSK, 8PSK signal-to-noise ratio gain curve

As shown in Fig. 4, the purple solid line is the gain threshold G = 1. When
G >1, SNRy — SNR;;, > 0, that is, the output signal-to-noise ratio is higher
than the input signal-to-noise ratio. At this time, resonance can enhance the
effect. When SNR;, > —2.7dB, the gain G > 1, and the noise variance D ~
0.2, which means that when the variance D > 0.2, stochastic resonance can
enhance the effect, and when the signal amplitude is the same as the signal
carrier frequency, the gain of different MPSK signals is the same. It shows that
the enhancement effect of stochastic resonance has nothing to do with the change
of signal phase.

4 Conclusions

Based on the adiabatic approximation theory, starting from the expression of
the bistable system, this paper proves through calculation that the signal phase
change will not affect the signal power spectral density of the noisy signal after
stochastic resonance. It shows that the MPSK signal has the stochastic resonance
of the bistable system. Uniform power spectrum density, and the correctness of
the conclusion is verified by simulation experiment. When the signal amplitude
and carrier frequency are determined, within a certain range, stochastic reso-
nance can enhance MPSK, and there is a maximum gain related to the amplitude
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and the carrier frequency. It provides a new idea for the application of stochastic
resonance in signal processing.
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