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Abstract. In this paper, we generalize the replicator dynamics with
time delay of Tao [13] to the time-delayed uncertain population replicator
dynamics. Considering the uncertainties of payoff functions, we propose
three perturbed models of the traditional time-delayed replicator dynam-
ics. The stability of the evolutionary stable strategy (ESS) is then stud-
ied. We prove the ESS of traditional replicator dynamics is also asymptot-
ically stable under some constraints on the time delay in our firstmodel and
the result of Tao [13] is a special case of our first model. Then We further
study the uniformly perturbed time-delayed replicator dynamics with two
delays. In our third model, we show the stability of the ESS is irrelevant to
the rate parameter. Some numerical examples are illustrated.
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1 Introduction and Preliminaries

Evolutionary game theory is an excellent tool for analyzing strategic interactions
among populations consisting of numerous individuals. The traditional static
game [1] which supposes that players are usually perfectly rational or sometimes
even hyper-rational. Evolutionary games however treat individuals as myopic
and assume that they dynamically revise their strategies. Early in 1974, the fun-
damental concept of evolutionarily stable strategy (ESS) was introduced in [2],
which has wide applications in the study of animal conflicts. Nevertheless, this
fundamental concept neither involves the time aspect on resisting mutants, nor
studies the long-term state of populations given an initial configuration. Taylor
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and Jonker [3] proposed a dynamic approach to avoid this drawback. Their repli-
cator dynamics does not rely on any assumption of rationality and describes the
evolution of strategies in the way that agents always compare their payoffs to
the average payoff of the population they belong to. The replicator equation is
one of the most important game dynamics and it is still a hot topic in evolution-
ary game theory, see [4–9]. The monograph of Weibull [10] provided a thorough
description to evolutionary game theory. Sandholm [11] provided a systematic
and unified presentation of evolutionary game theory. He extended the evolu-
tionary model to the context of multi-population and considered the nonlinear
payoff functions. Recently, Newton [12] excellently surveyed the progress of evo-
lutionary game theory and discussed open topics of importance to economics
and the social sciences.

On one hand, classical evolutionary dynamics consider individuals instan-
taneously react to the system, that is to say, without time delay. It is really
unreasonable. Tao and Wang [13] first investigated a two-strategy evolutionary
dynamics model with time delay. They analyzed the effect of a time delay on
the stability of time-delayed replicator dynamics and showed that the stabil-
ity of evolutionary stable strategy will lost when the time delay is sufficiently
large. The authors [14] considered two models of discrete time-delayed repli-
cator dynamics. In their first model, they showed that large delay made the
dynamics unstable just as the result in [13]. Furthermore, it was shown that the
introduction of time delay had no effect on the stability in their biological-type
model. Ben-Khalifa et al. [15] extended the evolutionary games by introducing
two communities. In addition, they defined three different evolutionarily stable
strategies with different levels of stability. Moreover, they studied the behavior of
the evolutionary game dynamics with different types of time delay. On the other
hand, fixed time delay is usually considered in literature. This assumption is too
restrictive and demanding. Therefore, it is unrealistic in reality. For instance,
it is of course impossible to assume that the eggs hatch simultaneously. Thus
considering uncertain time delays is more reasonable. Zhong et al. [16] proposed
the replicator dynamics with bounded continuously distributed time delay and
discussed the stability conditions of the unique evolutionarily stable strategy in
their model.

Our world is full of uncertainties and in some sense nothing in our life is
deterministic. When individuals interact in a competition, nobody is sure of the
payoffs of him or others. Therefore, the outcome is always unknown or fuzzy to
everyone. Thus we should consider the payoffs to be perturbed sometimes.

We first introduce the population game and derive the traditional replicator
dynamics as in [14]. Consider a large population of individuals who interact
repeatedly through random match and assume that this population is haploid,
which means the offspring have the identical strategies as their parents. For
simplicity, there are only two different strategies denoted by C1 and C2. The
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interaction outcome is represented by the following matrix

G =

( C1 C2

C1 a1 a2

C2 a3 a4

)

and we assume that a3 > a1 and a2 > a4.
At time t, we denote as x(t) the population share of strategy C1. Therefore

1−x(t) is the share of strategy C2, which implies (x(t), 1−x(t)) always belongs
to the population state space X = {(x1, x2) ∈ R2

+ : x1+x2 = 1}. Let Pi(t) be the
fitness or payoff function of Ci, i = 1, 2 at the population state (x(t), 1 − x(t)).
Then we have

P1(t) = a1x(t) + a2

(
1 − x(t)

)
,

P2(t) = a3x(t) + a4

(
1 − x(t)

)
.

Definition 1 [11]. A population state x� ∈ X is a evolutionarily stable state if
(1) x� is a Nash equilibrium, that is, 〈y − x�, P (x�)〉 ≤ 0, ∀y ∈ X,
(2) there is a neighborhood Ux� of x� satisfying

〈y − x�, F (y)〉 < 0, ∀y ∈ Ux� .

Let α1 = a3 − a1, α2 = a2 − a4 and α = α1 + α2. We can easily see that
x� = α2/α is the unique ESS in the above population game G.

During a small time interval σ, assume that a σ fraction of the population
participates in pairwise competitions, which is to say, they are matched randomly
to play the population game G. Assume that hi(t), i = 1, 2, denote the the
number of participants at time t using strategies C1 and C2 respectively. Thus
h(t) = h1(t) + h2(t) is the total number of individuals and x(t) = h1(t)

h(t) is the
population share of strategy C1 at time t. Accordingly, we have

hi(t + σ) = (1 − σ)hi(t) + σhi(t)Pi(t), i = 1, 2. (1)

It is not restrictive to assume that the payoff functions are non-negative, which
makes sure that h1 and h2 are always non-negative.

The total amount of participants at time t + σ admits

h(t + σ) = h1(t + σ) + h2(t + σ)

= (1 − σ)h(t) + σ
(
h1(t)P1(t) + h2(t)P2(t)

)
= (1 − σ)h(t) + σh(t)

(
x(t)P1(t) + (1 − x(t))P2(t)

)
= (1 − σ)h(t) + σh(t)P̄ (t), (2)
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where P̄ (t) = x(t)P1(t) + (1 − x(t))P2(t) represents the expected payoff at time
t. Let i = 1 and divide (1) by (2), we have

x(t + σ) =
h1(t + σ)
h(t + σ)

=
(1 − σ)h1(t) + σh1(t)P1(t)
(1 − σ)h(t) + σh(t)P̄ (t)

=
(1 − σ)x(t) + σx(t)P1(t)

1 − σ + σP̄ (t)

=

(
1 − σ + σP̄ (t)

)
x(t) + σx(t)

(
P1(t) − P̄ (t)

)
1 − σ + σP̄ (t)

= x(t) +
σx(t)

(
P1(t) − P̄ (t)

)
1 − σ + σP̄ (t)

. (3)

Divide Eq. (3) by σ and let σ → 0, then we obtain the traditional replicator
dynamics proposed by Taylor and Jonker [3] and named by Schuster and Sig-
mund [17]

dx(t)
dt

= x(t)
(
P1(t)) − P̄ (t)

)
(4)

The remaining part of the paper is organized as follows. In Sect. 2, we propose
three modified models of Tao [13] considering the uncertainties and show the
stability of the ESS under some constraints. In Sect. 3, we illustrate some simple
numerical examples to verify our results. Discussion and conclusion follow in
Sect. 4.

2 Models of Payoff Uncertainties

On one hand, in reality, it is impossible for anyone to react to the system imme-
diately, which means there should be a time delay. For instance, a corn field
needs some time to become maturity after sowing. Thus time delay should not
be ignored. Therefore it is reasonable to modify model (4) to the time-delayed
replicator population dynamics. On the other hand, we are living in an uncer-
tain world. Various uncertainties really exist, which make our life colourful. For
instance, the number of the offspring is not fixed and the harvest of crops is
also unexpected when genes, temperature, climate, geographical position et al.
are considered. Therefore in a population game model, the players’ uncertainties
should take into consideration and the payoffs may be disturbed.

We first assume that at time t individuals replicate according to the payoff
obtained by their strategies at time t − ν, ν > 0, that is time delay exists. For
example, at time t, only when the child animals born at time t−ν become mature
after some time, they can take part in the competitions. Second, we suppose that
the payoff functions are uncertain, which means there exist perturbations. We
modify Eq. (1) to the following equations

hi(t + ε) = (1 − ε)hi(t) + εhi(t)
(
Pi(t − ν) + di(t − ν)

)
, i = 1, 2, (5)
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where di(t) represents the perturbation of the payoff function Pi(t).
Similar to the procedure in Sect. 1, we have

h(t + σ) = h1(t + σ) + h2(t + σ)

= (1 − σ)h(t) + σ
[
h1(t)

(
P1(t − ν) + d1(t − ν)

)
+ h2(t)

(
P2(t − ν) + d2(t − ν)

)]

= (1 − σ)h(t) + σh(t)
[
x(t)

(
P1(t − ν) + d1(t − ν)

)
+

(
1 − x(t)

)(
P2(t − ν) + d2(t − ν)

)]

= (1 − σ)h(t) + σh(t)P̄ (t − ν), (6)

where P̄ (t − ν) = x(t)
(
P1(t − ν) + d1(t − ν)

)
+

(
1 − x(t)

)(
P2(t − ν) + d2(t − ν)

)
.

We divide (5) by (6) as i = 1, thus we have

x(t + σ) =
h1(t + σ)
h(t + σ)

=
(1 − σ)h1(t) + σh1(t)

(
P1(t − ν) + d1(t − ν)

)
(1 − σ)h(t) + σh(t)P̄ (t − ν)

=
(1 − σ)x(t) + σx(t)

(
P1(t − ν) + d1(t − ν)

)
1 − σ + σP̄ (t − ν)

=
(1 − σ + σP̄ (t − ν))x(t) + σx(t)

[
P1(t − ν) + h1(t − ν) − P̄ (t − ν)

]
1 − σ + σP̄ (t)

= x(t) +
σx(t)

[
P1(t − ν) + d1(t − ν) − P̄ (t − ν)

]
1 − σ + σP̄ (t − ν)

. (7)

Simplifying Eq. (7), we obtain the perturbed time-delayed replicator popu-
lation dynamics

dx(t)
dt

= x(t)
[
P1(t − ν) + d1(t − ν) − P̄ (t − ν)

]
(8)

= x(t)(1 − x(t))
[
P1(t − ν) + d1(t − ν) − P2(t − ν) − d2(t − ν)

]
. (9)

2.1 Uniform Uncertainty

From now on, we assume that d1(t − ν) − d2(t − ν) = θ
(
P1(t − ν) − P2(t − ν)

)
,

where θ is a random number satisfying 0 ≤ θ
¯

≤ θ ≤ θ̄. We require that the
difference between d1(t−ν) and d2(t−ν) proportional to that between P1(t−ν)
and P2(t − ν) by a uncertain parameter θ. It is common in many applications.
Under this assumption, we deduce the Eq. (9) to the following equation

dx(t)

dt
= x(t)(1 − x(t))

[
P1(t − ν) + d1(t − ν) − P2(t − ν) − d2(t − ν)

]

= x(t)(1 − x(t))
[
P1(t − ν) − P2(t − ν) + θ

(
P1(t − ν) − P2(t − ν)

)]

= (1 + θ)x(t)(1 − x(t))
[
P1(t − ν) − P2(t − ν)

]

= (1 + θ)x(t)(1 − x(t))
[
a1x(t − ν) + a2(1 − x(t − ν)) − (

a3x(t − ν) + a4(1 − x(t − ν))
)]

= −α(1 + θ)x(t)(1 − x(t))(x(t − ν) − x
�
), (10)

where α1 = a3 − a1, α2 = a2 − a4, α = α1 + α2 and x� = α2/α.
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Definition 2. For the system (10), the stationary point x� is uniformly robust
stable with respect to θ if it is asymptotically stable for all θ ∈ [θ

¯
, θ̄].

From system (10), we know the unique ESS x� is a stationary point of the
perturbed replicator population dynamics with time delay. To examine the uni-
formly robust asymptotically stability of x�, we transform the rest point x� of
system (10) into a trivial zero and linearize it. We resort to the variable trans-
formation y(t) = x(t) − x� and linearize system (10), we obtain the following
linearized system

dy(t)
dt

= −(1 + θ)αx�(1 − x�)y(t − ν). (11)

It is well known from [18] that the system (10) is stable if and only if all
the roots of its characteristic equation have negative real part. We assume that
y(t) = ceλt is a solution of the Eq. (11), where c is a real number. Thus we derive
the characteristic equation of (11)

λ = −(1 + θ)βe−λν , (12)

where β = αx�(1 − x�).

Theorem 1. The unique ESS x� of the perturbed time-delayed replicator popu-
lation dynamics (10) is uniformly robust stable if 0 < ν < π

2(1+θ̄)β
.

Proof. Assume that ν < π
2(1+θ̄)β

, we show that each root of the characteristic
Eq. (12) has negative real part for any uncertain θ ∈ [θ , θ̄].

Suppose that there is a root of (12) λ = ζ + iμ with ζ, μ ∈ R, i2 = −1 and
ζ ≥ 0. We notice that λ = 0 is obviously not a root of (12). Furthermore, we
assume that μ > 0 since if λ = ζ + iμ is a solution of (12), so is λ = ζ − iμ.

By separating the real and imaginary parts in Eq. (12), we have

ζ = −(1 + θ)βe−ζν cos μν,

μ = (1 + θ)βe−ζν sin μν.

Since μ > 0, this implies

0 < μν = (1 + θ)νβe−ζν sin μν

≤ (1 + θ)νβ

≤ (1 + θ̄)νβ

< (1 + θ̄) · π

2(1 + θ̄)β
· β

=
π

2
.

The second inequality holds since ζ > 0 and sinμν ≤ 1, the third and forth
inequalities hold due to the assumption that θ ∈ [θ , θ̄] and ν < π

2(1+θ̄)β
. Accord-

ingly, we obtain

ζ = −(1 + θ)βe−ζν cos μν < 0,
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since β = αx�(1 − x�) > 0. This contradicts with our assumption ζ ≥ 0, which
prove the roots of the characteristic Eq. (12) have negative real parts.

According to Theorem 1, the stability of the perturbed time-delayed replica-
tor population dynamics relies on the parameter θ. If θ equals to 0, we derive a
special case discussed in [13], which means that we develop their consequence.

Corollary 1. For the time-delayed replicator population dynamics of Tao [13]

dx(t)
dt

= x(t)
(
F1(t − ν)) − F̄ (t − ν)

)
,

the mixed ESS x� is asymptotically stable if the delay ν < απ
2α1α2

.

2.2 Uniform Uncertainty with Two Delays

In this section, we further study the perturbed time-delayed replicator dynamics
discussed in the previous subsection. We assume that there are two time delays
for each of the two strategies C1 and C2. Moreover, for strategy C1, if players
consider no delay with probability p1, a time delay ν1 with probability p2, and
a time delay ν2 with probability p3, where p1 + p2 + p3 = 1, then the expected
payoff of players who select strategy C1 becomes

P1(t) = a1[p1x(t) + p2x(t − ν1) + p3x(t − ν2)]
+ a2[p1(1 − x(t)) + p2(1 − x(t − ν1)) + p3(1 − x(t − ν2))]
= a1[p1x(t) + p2x(t − ν1) + p3x(t − ν2)]
+ a2[1 − p1x(t) − p2x(t − ν1) − p3x(t − ν2)].

In the same way, we have

P2(t) = a3[p1x(t) + p2x(t − ν1) + p3x(t − ν2)]
+ a4[p1(1 − x(t)) + p2(1 − x(t − ν1)) + p3(1 − x(t − ν2))]
= a3[p1x(t) + p2x(t − ν1) + p3x(t − ν2)]
+ a4[1 − p1x(t) − p2x(t − ν1) − p3x(t − ν2)].

Accordingly, under the assumption of the uniform uncertainty, the perturbed
replicator dynamics with two time delays is expressed as

dx(t)

dt
= x(t)(1 − x(t))

[
P1(t) + d1(t) − P2(t) − d2(t)

]

= x(t)(1 − x(t))
[
P1(t) − P2(t) + θ

(
P1(t) − P2(t)

)]

= (1 + θ)x(t)(1 − x(t))
(
P1(t) − P2(t)

)

= (1 + θ)x(t)(1 − x(t))
[
(a1 − a3 + a4 + a2)

(
p1x(t) + p2x(t − ν1) + p3x(t − ν2)

)
+ a2 − a4]

= −α(1 + θ)x(t)(1 − x(t))
(
p1x(t) + p2x(t − ν1) + p3x(t − ν2) − x

�)
, (13)

where α1 = a3−a1, α2 = a2−a4, α = α1+α2, x� = α2/α and θ is the uncertain
parameter as defined in the previous subsection.
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Similar to the procedure in the previous subsection, we can derive the lin-
earized equation of (13) around x� as follows

dy(t)
dt

= −α(1 + θ)x�(1 − x�)
(
p1y(t) + p2y(t − ν1) + p3y(t − ν2)

)
. (14)

To investigate the stability of the unique ESS x�, we resort to the following
lemma in [19].

Lemma 1. Let ẏ = −a1y(t) − a2y(t − h1) − a3y(t − h2), where h1 > 0, h2 > 0.
Suppose at least one of the following conditions holds

(1) a1 > 0, |a2| + |a3| < a1,

(2) 0 < a1 + a2 + a3, |a2|h1 + |a3|h2 <
a1 + a2 + a3

|a1| + |a2| + |a3| ,

(3) 0 < a1 + a2, |a2|h1 <
a1 + a2 − |a3|

|a1| + |a2| + |a3| ,

(4) 0 < a1 + a3, |a3|h2 <
a1 + a3 − |a2|

|a1| + |a2| + |a3| ,
then the above equation is asymptotically stable.

From this lemma, we get the corresponding result for the Eq. (14).

Theorem 2. If at least one of the following conditions are satisfied

(1) p2 + p3 < p1,

(2) p2ν1 + p3ν2 <
1

α(1 + θ)x�(1 − x�)
,

(3) p2ν1 <
p1 + p2 − p3

α(1 + θ)x�(1 − x�)
,

(4) p3ν2 <
p1 + p3 − p2

α(1 + θ)x�(1 − x�)
,

then the unique ESS x� is asymptotically stable for the perturbed replicator
dynamics with two time delays (13).

2.3 Exponential Uncertainty

In this part, we continue to investigate the perturbed time-delayed replicator
population dynamics of form (9). We now assume that at time t−ν, the difference
between the two perturbations d1(t − ν) and d2(t − ν) satisfies

d1(t − ν) − d2(t − ν) =
∫ ∞

ν

ξe−ξφ
(
P1(t − φ) − P2(t − φ)

)
dφ,
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where ξ is called the rate parameter. Now the difference between the perturba-
tions is relevant to the differences between the payoffs at every moment. More-
over, e−ξφ indicates the effect on the perturbation. Accordingly, the perturbed
time-delayed replicator population dynamics (9) becomes
dx(t)

dt
= x(t)(1 − x(t))

[
P1(t − ν) + d1(t − ν) − P2(t − ν) − d2(t − ν)

]

= x(t)(1 − x(t))
[
P1(t − ν) − P2(t − ν) +

∫ ∞

ν

ξe−ξφ(
P1(t − φ) − P2(t − φ)

)
dφ

]

= −αx(t)(1 − x(t))
[
x(t − ν) − x� +

∫ ∞

ν

ξe−ξφ(
x(t − φ) − x�)

dφ
]
. (15)

Compared with the normal time delay replicator dynamics in Tao[13], the
system (15) is perturbed in a more complicated but realistic way since we con-
sider every moment before time t − ν. At the same time, we see that the unique
ESS x� is a also a stationary point of the exponentially perturbed time-delayed
replicator population dynamics (15).

To investigate the stability of x�, we transform the stationary point x� of the
system (15) by the variable transformation y(t) = x(t) − x� and linearize it, we
obtain

dy(t)
dt

= −αx�(1 − x�)
(
y(t − ν) +

∫ ∞

ν

ξe−ξφy(t − φ)dφ
)

= −β
(
y(t − ν) +

∫ ∞

ν

ξe−ξφy(t − φ)dφ
)
, (16)

where β = αx�(1 − x�). Same as the procedure in the last subsection, we easily
derive the characteristic equation of (16) as follows

λ = −β
(
e−λν + ξ

∫ ∞

ν

e−(ξ+λ)φdφ
)
. (17)

The next theorem shows that the ESS x� is still asymptotically stable under
perturbation for any rate parameter, which implies x� is nicely perfect in some
sense.

Theorem 3. The evolutionary stable strategy x� is asymptotically stable under
the exponentially perturbed time-delayed replicator population dynamics for any
ξ > 0 if 0 < ν < π

4β .

Proof. Suppose that ν < π
4β , we prove none of the roots for the characteristic

Eq. (17) have nonnegative real part for any ξ > 0.
Let λ = ζ + iμ be a root of (17) with ζ ≥ 0. Without loss of generality, we

assume that μ > 0. Substituting λ = ζ + iμ into (17) and separating the real
and imaginary parts, we get

ζ = −βe−ζν cos μν − βξ

∫ ∞

ν

e−(ξ+ζ)φ cos μφdφ,

μ = βe−ζν sin μν + βξ

∫ ∞

ν

e−(ξ+ζ)φ sin μφdφ.
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Consequently, we have

0 < μν = νβe−ζν sin μν + νβξ

∫ ∞

ν

e−(ξ+ζ)φ sin μφdφ

≤ νβ + νβξ

∫ ∞

ν

e−(ξ+ζ)φdφ

= νβ + νβ
ξ

ξ + ζ
e−(ξ+ζ)ν

< 2νβ

< 2 · π

4β
· β

=
π

2
.

Furthermore, since 0 < μν < π
2 , we have

0 ≤ ζ = −βe−ζν cos μν − βξ

∫ ∞

ν

e−(ξ+ζ)φ cos μφdφ

< −β + βξ

∫ ∞

ν

e−(ξ+ζ)φdφ

= −β
(
1 − ξ

ξ + ζ
e−(ξ+ζ)ν

)
< 0.

The second inequality holds since cos μφ ≥ −1.
This contradiction prove that each of the roots of the characteristic Eq.

(17) has negative real part, which implies the ESS x� is also asymptotically
stable even in the exponentially perturbed time-delayed replicator population
dynamics.

3 Numerical Examples

In hawk and dove games, two individual compete for a resource. They share a
same strategy set with two strategies, namely, Hawk (H) and Dove (D). The
individuals choosing (H) strategy always want to monopolize the resource and
never share. The strategy (D) represents a gentle attitude on the resource and
never choose to fight. The payoff matrix is given as follows

G =

( H D

H V −C
2 V

D 0 V
2

)
,

where C and V are positive. V represents the resource value and C stands for
the cost of fight. The cost is usually assumed to be high if agents fight, therefore
we assume that V < C.
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3.1 Uniform Uncertainty

In the case of interval perturbation model of Eq. (10), the ESS x� is uniformly
robust asymptotically if the time delay is small than π

2(1+θ̄)β
, according to Theo-

rem 1. In the context of Hawk and Dove games, this value is given as Cπ
(1+θ̄V (V −C)

.
We depict in Fig. 1(a) the trajectory of numerical solution of the perturbed time-
delayed replicator population dynamics with parameter C = 5, V = 3, the per-
turbation upper bound θ̄ = 0.5 and ν1 = 1.7. We observe the convergence to
the ESS. In Fig. 1(b), as we increase the value of ν to 5, the system obviously
becomes to oscillate.
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Fig. 1. (a) The numerical solution of the interval perturbed system, where V = 3,
C = 5, θ̄ = 0.5 and ν1 = 1.7. (b) The oscillation of the solution of the interval
perturbed system, where ν2 = 5.

3.2 Uniform Uncertainty with Two Delays

Under the perturbed time-delayed replicator dynamics with two time delays, we
derived that the unique ESS x� is asymptotically stable as long as the probability
distribution satisfies p2 + p3 < p1, no matter how large the delays are. We
see the truth from Fig. 2(a). In addition, if p2 + p3 > p1, the solution always
oscillates even if the time delays are small. From Fig. 3, we know that values of
perturbation parameter θ affect only the rate of convergence of x�.

3.3 Exponential Uncertainty

When we consider the exponentially perturbed time-delayed replicator popula-
tion dynamics, we proved in Theorem 3 the stability of the ESS x� is not related
to rate parameter ξ. In fact, the parameter ξ only affects the convergent rate.
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Fig. 2. (a) The numerical solution of the uniformly perturbed system with two time
delays, where V = 3, C = 5, p1 = 0.6, p2 = 0.1 and p3 = 0.3. (b) The oscillation of
solutions of the uniformly perturbed systems with two time delays, where p1 = 0.2,
p2 = 0.5 and p3 = 0.3.

Fig. 3. The convergent rate of the numerical solutions for different perturbation param-
eter θ, where V = 3, C = 5.

Now The value of V and C are the same as that in the last subsection and we
set ν = 1 and ξ = 0.4. We see from Fig. 4, the ESS x� = 1.7 is asymptotically
stable and becomes unstable when ν = 3.8. From Fig. 5, we conclude that the
rate parameter ξ only has effects on the convergent rate.
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Fig. 4. (a) The numerical solution of the exponentially perturbed system, where V = 3,
C = 5, ξ = 0.4 and ν1 = 1.7. (b) The oscillation of the solution of the exponentially
perturbed system, where ν2 = 3.8.
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Fig. 5. The convergent rate of the numerical solutions for different values of ξ, where
V = 3, C = 5.

4 Conclusion

In this paper, considering the uncertainty, we developed the traditional popula-
tion replicator dynamics with time delay to time-delayed population dynamics
with uncertainties. The first model treated the perturbation parameter as uncer-
tain in a interval and we derived the uniformly perturbed replicator dynam-
ics. The second model further investigated the uniformly perturbed replicator
dynamics considering two time delays exist. The last model discussed the param-
eter as a stochastic variable with exponential distribution. We showed that under
some constraints, the x� of the traditional replicator dynamics is always asymp-
totically stable in our three models and the result in [13] is a special case of our
result. We verified our results with some simple examples.
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As a future work, we plan to investigate the population games with more
than two strategies and more than one population, which means we will derive
equations other than a single equation. We also plan to study the problem Hopf
bifurcation.
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