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Abstract. Distributed Arithmetic Coding (DAC) is an effective imple-
mentation of Slepian-Wolf coding. To research its properties, the con-
cept of DAC codeword distribution along proper decoding paths has
been introduced. For DAC codeword distribution of equiprobable binary
sources along proper decoding paths, the problem was formatted as solv-
ing a system of functional equations. However, in general cases, to find
the closed form of DAC codeword distribution still remains a very diffi-
cult task. This paper proposes an approximation method for DAC code-
word distribution of equiprobable binary sources along proper decoding
paths: polynomial approximation. At rates lower than 0.5, DAC code-
word distribution can be well approximated by a polynomial. Some sim-
ulation results are given to verify theoretical analyses.

Keywords: Slepian-Wolf coding · Distributed arithmetic coding ·
Codeword distribution · Polynomial approximation

1 Introduction

1.1 Background

Consider the problem of Slepian-Wolf Coding (SWC) with decoder Side Infor-
mation (SI), i.e. the encoder compresses discrete source X in the absence of Y ,
discretely-correlated SI. Slepian-Wolf theorem states that lossless compression is
achievable at rates R ≥ H(X|Y ) [1], where H(X|Y ) is the conditional entropy of
X given Y . Conventionally, channel codes, e.g., turbo codes [2] or Low-Density
Parity-Check (LDPC) codes [3], are used to implement the SWC.

Ever since a long time ago, Arithmetic Coding (AC) has been proposed as
the successor of Huffman coding to implement source coding and shows near-
entropy performance [4–6]. Recently, the AC is applied to implement the SWC.
One approach is to allow overlapped intervals, which mirrors the work in [7]. Such
examples include Distributed Arithmetic Coding (DAC) [8,9] and Overlapped
Quasi-Arithmetic Coding (OQAC) [10]. Another approach is to puncture some
bits of AC bitstream, e.g. Punctured Quasi-Arithmetic Coding (PQAC) [11],
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which mirrors the work in [12]. There are also some variants of the DAC. The
symmetric SWC is implemented by the time-shared DAC (TS-DAC) [13]. The
rate-compatible DAC is proposed in [14]. Furthermore, decoder-driven adaptive
DAC [15] is proposed to estimate source probabilities on-the-fly.

To analyze the properties of the DAC, [16] introduces the concept of codeword
distribution. DAC codeword distribution is a function defined over interval [0, 1).
For equiprobable binary sources, both codeword distribution along proper decod-
ing paths and codeword distribution along wrong decoding paths are researched.
For codeword distribution along proper decoding paths, the problem is format-
ted as solving a system of functional equations including four constraints [16].
It is affirmed that rate R = 0.5 is a watershed: when R > 0.5, DAC codeword
distribution is an unsmooth function; while when R ≤ 0.5, DAC codeword dis-
tribution is a smooth function. Especially, a closed form is obtained at R = 0.5.
In spite of these achievements, it remains a very difficult task to find the closed
form of codeword distribution along proper decoding paths in general. Though
a special closed form of f(u) is found in [16], the procedure is very complex. As
a universal approach, a numeric method for finding f(u) was proposed in [17].

1.2 Contribution

This paper makes some advances on the work in [16]. An approximation method
is proposed for codeword distribution of equiprobable binary sources along
proper decoding paths: polynomial approximation. Then comparisons of polyno-
mial approximation with numeric approximation, among them, numeric approx-
imation is a general approach. Proved that at low rates (R ≤ 0.5), polynomial
approximation works well.

This paper is arranged as follows. In Sect. 2, after a brief introduction to
binary DAC codec, DAC decoding process is analyzed in detail to show the
significance of DAC codeword distribution. Then the investigated problem is
formulated in Sect. 3. Section 4 describes in detail polynomial approximation,
where simulation results are also reported. Finally, Sect. 5 concludes this paper.

2 Binary Distributed Arithmetic Coding

2.1 Encoding

Consider a binary source X = {xi}I
i=1 with bias probability p = Pr(xi = 1). In

the classic AC, source symbol xi is iteratively mapped onto sub-intervals of [0, 1),
whose lengths are proportional to (1−p) and p, giving rate R = H(X). Instead,
in the DAC [8,9], sub-interval lengths are proportional to enlarged probabilities
(1 − p)γ and pγ , where H(X|Y )/H(X) ≤ γ ≤ 1, giving rate R = γH(X) ≥
H(X|Y ). For conciseness, we refer to γ as overlap coefficient hereinafter. More
specifically, symbols xi = 0 and xi = 1 correspond to sub-intervals [0, (1 − p)γ)
and [1 − pγ , 1), respectively. It means that to fit the [0, 1) interval, the sub-
intervals have to be partially overlapped. This overlapping leads to a larger final
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interval, and hence a shorter codeword. However, as a cost, the decoder can not
decode X unambiguously without Y .

Note that when γ ≥ 1/C ≥ 1, where C is channel capacity, it becomes the
Error Correcting AC (ECAC).

2.2 Decoding

To describe the decoding process, a ternary symbol set {0,A, 1} is defined, where
A represents the ambiguous symbol. Let CX be DAC codeword and x̃i be the
i-th decoded symbol, then

x̃i =

⎧
⎪⎨

⎪⎩

0, 0 ≤ CX < 1 − pγ

A, 1 − pγ ≤ CX < (1 − p)γ

1, (1 − p)γ ≤ CX < 1
. (1)

After x̃i is decoded, if x̃i = A, the decoder will perform a branching: two
candidate branches are generated, corresponding to two alternative symbols xi =
0 and xi = 1. For each new branch, its metric is updated and the corresponding
interval is selected for next iteration. To reduce complexity, every time a symbol
is decoded, the decoder uses the M -algorithm to keep at most M paths with the
best partial metric, and prunes others [8,9]. Finally, after all source symbols are
decoded, the path with the best metric is output as the estimate of X.

2.3 Analysis

It deserves to point out that during DAC decoding, the metric of each path
is indeed the Hamming distance between this path and SI Y . As we know,
each DAC codeword defines a set of possible decoding paths and each possible
decoding path corresponds to a sequence of decoded symbols. However, among all
possible decoding paths, there is one and only one proper path which corresponds
to source X. Let X̃ = {x̃i}I

i=1 be a sequence of decoded symbols. Let D(Y, X̃)
be the Hamming distance between Y and X̃. Similarly, D(X, X̃) and D(X,Y )
are also defined. Obviously,

D(Y, X̃) ≤ D(X,Y ) + D(X, X̃). (2)

The task of a DAC decoder is in fact to find a path X ′ that minimizes D(Y, X̃),
i.e.

X ′ = arg min
X̃

D(Y, X̃). (3)

However, this is not always followed by D(X,X ′) = 0. If D(X,X ′) �= 0, then a
decoding failure occurs. To find the probability of decoding failure, we need to
know the distribution of D(Y, X̃) and D(X, X̃).

Though it is very difficult to find the distribution of D(Y, X̃) and D(X, X̃),
this problem can be tackled by means of DAC codeword distribution. As shown
in [16], if we know codeword distributions along proper and wrong decoding
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paths, it seems promising to find the number of possible decoding paths and the
distribution of D(Y, X̃) and D(X, X̃).

The rest of this paper makes some advances on DAC codeword distribution
along proper decoding paths.

3 Problem Formulation

To simplify the analysis, we consider an infinite-length, stationary, and equiprob-
able binary source X = {xi}∞

i=1. As p = 0.5, symbols xi = 0 and xi = 1 cor-
respond to sub-intervals [0, q) and [1 − q, 1) respectively, where q = 0.5γ . The
resulting rate R = γH(X) = γ.

Let CX be the DAC codeword of X and f(u) (0 ≤ u < 1) be the distribution
of CX , then

∫ 1

0

f(u)du = 1. (4)

Due to the symmetry, we have

f(u) = f(1 − u), 0 < u < 1. (5)

Symbols x1 = 0 and x1 = 1 correspond to intervals [0, q) and [1 − q, 1), respec-
tively. If x1 = 0, the remaining sequence X2 = {xi}∞

i=2 will be iteratively mapped
onto the sub-intervals of [0, q); If x1 = 1, X2 will be iteratively mapped onto the
sub-intervals of [1 − q, 1). Let C0

X2
be the DAC codeword of X2 given x1 = 0

and f0(u) be the distribution of C0
X2

, then
∫ q

0

f0(u)du = 1. (6)

Since X is infinite-length and stationary, f0(u) must have the same shape as
f(u), i.e.,

f0(u) = f(u/q)/q, 0 ≤ u < q. (7)

Similarly, let C1
X2

be the DAC codeword of X2 given x1 = 1 and f1(u) be the
distribution of C1

X2
, then

f1(u) = f0(u − (1 − q)) = f(
u − (1 − q)

q
)/q, (1 − q) ≤ u < 1. (8)

Due to the symmetry,
f1(u) = f0(1 − u). (9)

The relations between f(u), f0(u) and f1(u) can be illustrated by Fig. 1.
Obviously,

f(u) = Pr(x1 = 0)f0(u) + Pr(x1 = 1)f1(u) = (f0(u) + f1(u))/2. (10)
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Fig. 1. Illustrations of the relations between f(u), f0(u) and f1(u)

In [16], we know that (
√

5 − 1)/2 and 1/
√

2 are two watersheds in the inter-
val (0.5, 1) of q. Below the properties of f(u) in different sub-intervals will be
analyzed.

A. When q = 0.5, it is the classic AC. Then

f(u) =

{
f(2u), 0 ≤ u < 0.5
f(2u − 1), 0.5 ≤ u < 1

. (11)

This is a uniform distribution, so the classic AC can achieve source entropy
theoretically.

B. When 0.5 < q < 1, f(u) is a piecewise-defined function, sub-intervals
[0, q) and [1 − q, 1) are partially overlapped.

(1) 0 ≤ u < (1 − q): In this interval, f1(u) = 0, so

f(u) = f0(u)/2 = f(u/q)/(2q). (12)

(2) q ≤ u < 1: In this interval, f0(u) = 0, so

f(u) = f1(u)/2 = f(
u − (1 − q)

q
)/(2q). (13)

(3) 1 − q ≤ u < q: In this interval, we have

f(u) =
f(u

q ) + f(u−(1−q)
q )

2q
. (14)

C. when q = 1/
√

2 , it is the closed form of f(u), In [16], only one closed
form is obtained at q = 1/

√
2 (i.e. γ = 0.5)

In addition, it is proved in [16] that when 0.5 < q ≤
√
5−1
2 (corresponds to

0.6942 ≤ γ < 1), f( qn

q+1 ) = f(1 − qn

q+1 ) = 0, ∀n ∈ N.
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4 Polynomial Approximation at Low Rates

Though a special closed form of f(u) is found for p = γ = 0.5 in [16], the
procedure is very complex. As a universal approach for solving this problem,
[17] proposes a numeric method for finding f(u).

However, it was affirmed in [16] that f(u) is a smooth function when
q ≥ 1/

√
2, i.e. R ≤ 0.5.This property suggests that polynomials may be good

approximation to f(u) at low rates (R ≤ 0.5).Below we propose polynomial
approximation to f(u) for 1/

√
2 ≤ q < 1.

To simplify the analysis, we exploit the symmetry and consider only the left
half of f(u)

f(u) =

{
f(u/q)/(2q), 0 ≤ u ≤ (1 − q)
f(u

q )+f(
u−(1−q)

q )

2q , (1 − q) ≤ u ≤ 0.5
. (15)

We rewrite (15) as

f(u) =

{
2qf(qu), 0 ≤ u ≤ v1

2qf(qu) − f(u − v1), v1 ≤ u ≤ 0.5
. (16)

where vn = (1 − q)/qn, n ∈ N. Note that v1 < 0.5 when q ≥ 1/
√

2. Hence, f(u)
is a piecewise-defined function over interval [0, 0.5].

At first, in sub-interval [0, v1], f(u) can be obtained by solving functional
equation f(u) = 2qf(qu) [18]

f(u) = φ(u) = Θ(u)uλ, 0 ≤ u ≤ v1, (17)

where λ = (1 − γ)/γ and Θ(u) = Θ(uqk), ∀k ∈ Z.
Then, we need to determine f(u) in sub-interval [v1, 0.5]. Because qu < u

and u − v1 < u, it is possible to recursively map sub-interval [v1, 0.5] onto sub-
interval [0, v1] by scaling down or shifting u, over which f(u) has been given by
(17), i.e. {

f(qu) = φ(qu), v1 ≤ u ≤ v2

f(u − v1) = φ(u − v1), v1 ≤ u ≤ 2v1
. (18)

This is the key to solving this problem.
Due to (u − v1) − qu = (1 − q)(u − 1/q) < 0, i.e. u − v1 < qu for u ∈ [v1, 0.5].

Hence,
f(u) = 2qf(qu) − φ(u − v1), v1 ≤ u ≤ 2v1. (19)

On solving 2v1 = 0.5, we obtain q = 0.8. Hereinafter, to facilitate our descrip-
tion, we divide interval 1/

√
2 ≤ q < 1 into two sub-intervals 1/

√
2 ≤ q ≤ 0.8

(corresponding to 0.5 ≤ 2v1) and 0.8 < q < 1 (corresponding to 2v1 < 0.5)
(Fig. 2).

Fig. 2. Illustrations of v1, v2 and 2v1 in the interval [0, 1]
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4.1 1/
√
2 ≤ q ≤ 0.8

In this sub-interval, since 0.5 ≤ 2v1, we have

f(u) =

{
φ(u), 0 ≤ u ≤ v1

2qf(qu) − φ(u − v1), v1 ≤ u ≤ 0.5
. (20)

Hence, we need to consider only the term 2qf(qu). Depending on the relations
between vn and 0.5, this sub-interval can be further divided into three smaller
sub-intervals.

(1) 0.5 ≤ v2: On solving v2 = 0.5, we obtain q =
√

3 − 1, so this sub-interval
corresponds to 1/

√
2 ≤ q ≤ √

3 − 1. Since 0.5 ≤ v2, we have qu ≤ v1 for
u ∈ [v1, 0.5], i.e. f(qu) = φ(qu). Remember φ(u) ≡ 2qφ(qu). Thus

f(u) =

{
φ(u), 0 ≤ u ≤ v1

φ(u) − φ(u − v1), v1 ≤ u ≤ 0.5
. (21)

As affirmed in [16], f(u) is a smooth function for q ≥ 1/
√

2. Hence we
approximate Θ(u) by a const c and then obtain

f(u) ≈
{

cuλ, 0 ≤ u ≤ v1

cuλ − c(u − v1)λ, v1 ≤ u ≤ 0.5
. (22)

Now we need to determine c. Let us integrate f(u) over interval [0, 0.5]
∫ 0.5

0

f(u)du = c

(∫ 0.5

0

uλdu −
∫ 0.5

v1

(u − v1)λdu

)

=
c(uλ+1|0.5

0 − (u − v1)λ+1|0.5
v1

)
λ + 1

=
c(0.5λ+1 − (0.5 − v1)λ+1)

λ + 1
= 0.5. (23)

Thus,

c =
0.5(λ + 1)

0.5λ+1 − (0.5 − v1)λ+1
. (24)

Due to λ + 1 = 1/γ,

c =
1

2γ(0.5(1/γ) − (0.5 − v1)(1/γ))
. (25)

(2) v2 < 0.5 ≤ v3: On solving v3 = 0.5, we obtain q ≈ 0.77, so this sub-interval
corresponds to

√
3 − 1 < q ≤ 0.77. At first, it can be obtained directly

f(u) =

{
φ(u), 0 ≤ u ≤ v1

φ(u) − φ(u − v1), v1 ≤ u ≤ v2
. (26)
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Then, for u ∈ [v2, 0.5], we have qu ∈ [v1, v2], i.e. f(qu) = φ(qu)−φ(qu−v1).
Thus

f(u) = 2qf(qu) − φ(u − v1)
= 2q(φ(qu) − φ(qu − v1)) − φ(u − v1), v2 ≤ u ≤ 0.5. (27)

Because 2qφ(qu − v1) = 2qφ(q(u − v2)) = φ(u − v2), we obtain

f(u) = φ(u) −
2∑

i=1

φ(u − vi), v2 ≤ u ≤ 0.5. (28)

Therefore, we can obtain the following approximation

f(u) ≈

⎧
⎪⎨

⎪⎩

cuλ, 0 ≤ u ≤ v1

cuλ − c(u − v1)λ, v1 ≤ u ≤ v2

cuλ − c
∑2

i=1 (u − vi)λ, v2 ≤ u ≤ 0.5
, (29)

where
c =

1
2γ(0.5(1/γ) − ∑2

i=1 (0.5 − vi)(1/γ))
. (30)

(3) v3 < 0.5 ≤ v4: On solving v4 = 0.5, we obtain q ≈ 0.8, so this sub-interval
corresponds to 0.77 < q ≤ 0.8. By iterations, we can obtain

f(u) ≈

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

cuλ, 0 ≤ u ≤ v1

cuλ − c(u − v1)λ, v1 ≤ u ≤ v2

cuλ − c
∑2

i=1 (u − vi)λ, v2 ≤ u ≤ v3

cuλ − c
∑3

i=1 (u − vi)λ, v3 ≤ u ≤ 0.5

, (31)

where
c =

1
2γ(0.5(1/γ) − ∑3

i=1 (0.5 − vi)(1/γ))
. (32)

4.2 0.8 < q < 1

The problem becomes very complex in this sub-interval because f(u − v1) =
φ(u − v1) does not hold for u ∈ [2v1, 0.5] so that we need to deal with not only
2qf(qu) but also f(u − v1).

Let us consider a simple case first, i.e. v1 < 0.5 − v1 ≤ v2, which corresponds
to sub-interval 0.8 < q ≤ √

2/3. We have u − v1 ∈ [v1, v2] for u ∈ [2v1, 0.5].
Hence

f(u − v1) = φ(u − v1) − φ(u − 2v1), 2v1 ≤ u ≤ 0.5. (33)

Therefore, the problem becomes

f(u) =

⎧
⎪⎨

⎪⎩

2qf(qu), 0 ≤ u ≤ v1

2qf(qu) − φ(u − v1), v1 ≤ u ≤ 2v1

2qf(qu) − (φ(u − v1) − φ(u − 2v1)), 2v1 ≤ u ≤ 0.5
. (34)
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Now we need to deal with only 2qf(qu), which has been discussed in detail
in Sect. 4.1.

For
√

2/3 < q < 1, the idea is the same but the procedure becomes more
and more complicated as q increases. Therefore, at very low rates, polynomial
approximation is not a good choice.

4.3 Simulation Results

Some examples of polynomial approximation have been included in Fig. 3. In the
simulation, set numerical approximation parameters N = 105 and δ = 10−10.
Considering the complexity, only the results for 1/

√
2 ≤ q ≤ 0.8 are reported.

Figure 3 shows that in general, the curves of polynomial approximation fit those
of numeric approximation very well. Especially, as q increases, the curves of
polynomial approximation almost coincide with those of numeric approximation.

Fig. 3. Comparisons of polynomial approximation with numeric approximation. These
results show that polynomial approximation fits numeric approximation very well.
Especially, as q increases, polynomial approximation almost coincides with numeric
approximation. (a) q = 0.725. (b) q = 0.75. (c) q = 0.775. (d) q = 0.8.
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In addition, Fig. 3(a) also shows the affirmation in [16] may fail because q > 1/
√

2
does not guarantee smooth f(u). Nevertheless, f(u) does become less irregular
as q increases.

5 Conclusion

This paper proposes a polynomial approximation method for DAC codeword
distribution of equiprobable binary sources along proper decoding paths. The
polynomial approximation fits those of numeric approximation very well.

However, when 0.8 < q < 1, the polynomial approximation becomes very
complicated as q increases. So, the future research direction is to find a simpler
approximation method in this interval.
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