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Abstract. Aiming at the contradiction between the convergence rate
and steady state mean square error of adaptive filter based on Maxi-
mum Versoria Criterion (MVC), this paper introduces the multi-convex
combination strategy into MVC algorithm, and proposes a multi-convex
combination MVC (MCMVC) algorithm. Simulation results show that
compared with the existing MVC algorithm, MCMVC algorithm can
select the best filter more flexibly under different weight change rates,
and thus it has faster convergence speed and stronger tracking ability.
Moreover, compared with the existing multi-convex combination max-
imum correntropy criterion (MCMCC) algorithm, MCMVC algorithm
not only ensures the tracking performance, but also has lower exponen-
tial computation and steady-state error.
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1 Introduction

At present, adaptive filters have been widely used in signal processing and
machine learning. With the development of linear adaptive filters, many linear
adaptive filtering algorithms have been proposed, the most common of which are:
least mean square (LMS) algorithm [1], affine projection algorithm (APA) [2] and
recursive least squares (RLS) algorithm [3]. Although the above algorithms have
the advantage of good performance in Gaussian noise environment, there is still
a problem of performance degradation under non-Gaussian noise.

Therefore, many linear adaptive filtering algorithms against non-Gaussian
noise have been proposed, such as least mean fourth (LMF) algorithm based on
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gradient [4], least mean p-power (LMP) algorithm [5] and recursive least p-norm
(RLP) algorithm [6]. In recent years, the concepts of entropy, mutual information
and correntropy in information theory have been applied in the field of adaptive
filtering, among which the maximum correntropy criterion (MCC) algorithm [7]
and minimum error entropy (MEE) algorithm [8] have attracted wide attention
due to their strong robustness to non-Gaussian environments. The common point
of MCC and MEE algorithms is that when the error is outliers, the superposition
of weight updating is almost zero, which makes the algorithm resistant to non-
Gaussian impulse noise.

However, since the default Gaussian kernel function in the MCC algorithm is
not the optimal, Chen et al. proposed generalized maximum correntropy criterion
(GMCC) by using generalized Gaussian density function as cost function in [9].
GMCC algorithm can be used in various non-Gaussian noise environments and it
includes the original correntropy with a Gaussian kernel as a special case. Later,
in [10], Huang et al. proposed maximum versoria criterion (MVC) algorithm
in which the versoria function is used as cost function. Compared with GMCC
algorithm, MVC algorithm not only avoids the high exponential function, but
also has lower steady-state error and stronger resistance to non-Gaussian inter-
ference. However, MVC algorithm with invariable step-size has the contradiction
between the convergence rate and steady state mean square error.

Therefore, this paper introduces the multi-convex combination strategy into
MVC algorithm, and proposes a multi-convex combination adaptive filtering
algorithm under non-Gaussian noise, namely MCMVC algorithm. Different from
the traditional multi-convex combination strategy [11], the proposed MCMVC
algorithm uses MVC to update the mixing factor indirectly, so it has strong
robustness against various non-Gaussian noises.

In addition, in order to improve the convergence speed of MCMVC algorithm,
the corresponding weight transfer scheme for non-Gaussian noise is presented.
Simulation results show that in non-stationary system identification scenarios
the proposed algorithm not only has good performance in the presence of non-
Gaussian noise, but also has better tracking performance and convergence per-
formance.

2 Adaptive Filtering Algorithm Based on Maximum
Versoria Criterion

Considering the system identification model, the unknown system is modeled
as a linear finite length unit impulse response filter. Therefore, the ideal output
signal for an unknown system is

d(i) = u(i)T W0 + v(i), (1)

where v(i) is noise interference, i represents the number of iterations, superscript
T represents the vector transpose operation, u(i) ∈ Rm represents the input
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vector of the unknown system, usually defined as: u(i) ∈ [u(i), u(i − 1), . . . ,
u(i + m − 1)]T , m represents the filter length, and W0 represents the unknown
weight vector to be estimated.

The system output error is defined as

e(i) = d(i) − u(i)T W (i − 1), (2)

where W (i − 1) is the weight vector for the i − 1-th iteration.
The generalized versoria function as a cost function can be expressed as [10]

J(W (i − 1)) = E[
1

1 + τ |e(i)|p ], (3)

where E represents the expectation operation, p > 0 represents the shape param-
eter of the generalized versoria function, τ = (2α)−p, and α > 0 represents the
radius of the circle generated by versoria function. From (3), the gradient of the
cost function of the generalized versoria function can be obtained as

∇J(W (i − 1)) = τp
1

(1 + τ |e(i)|p)2 |e(i)|p−1sign(e(i))u(i). (4)

According to the random positive gradient principle of the adaptive algo-
rithm, the weight coefficient update formula based on maximum versoria crite-
rion is [10]

W (i) = W (i − 1) + η1
1

(1 + τ |e(i)|p)2 |e(i)|p−1sign(e(i))u(i), (5)

where η1 = τp is the step-size. When p = 2, the weight update formula of the
standard MVC algorithm can be obtained

W (i) = W (i − 1) + η1
1

(1 + τe2(i))2
e(i)u(i). (6)

3 Multi-convex Combination Maximum Versoria
Criterion Algorithm

According to Eq. (6), the overall weight vector and output of MCMVC algorithm
can be expressed as

Weq(i) =
∑L

k=1
vk(i)Wk(i), (7)

yeq(i) =
∑L

k=1
vk(i)yk(i), (8)
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where vk(i) represents the mixing factor and satisfies
∑L

k=1 vk(i) = 1, yk(i) =
u(i)T Wk(i), k = 1, 2 . . . L represents the output of the partial filter, Wk(i) rep-
resents the weight of the k-th partial filter, namely

Wk(i) = Wk(i − 1) + μk
1

(1 + τek
2(i))2

ek(i)u(i), (9)

where μk represents the step size of the k-th partial filter.
In MCMVC algorithm, the setting of the mixing factor vk(i) uses a softmax

activation function that enhances the stability of the multi-convex combination
filter, namely

vk(i) =
exp(αk(i))

∑L
j=1 exp(αj(i))

, k = 1, 2 · · · L, (10)

where αk(i) is updated by maximizing the versoria function. The updated expres-
sion of improved αk(i) is as follows

αk(i + 1) = αk(i) + μα

2τ
∂f(eeq(i))

∂αk(i)

= αk(i) + μα

2τ
∂f(eeq(i))

∂vk(i)
∂vk(i)
∂αk(i)

,

= αk(i) + μαvk(i)(yk(i) − yeq(i))
eeq(i)

(1+τeeq
2(i))2

(11)

where f(eeq(i) = 1
1+τeeq

2(i) ) is the expression of versoria function, μα is the
update step of αk(i), and μα � μ1. In (11), in order to prevent MCMVC algo-
rithm from stopping, limit the range of αk(i) to [−ε, ε], where ε = 1/2ln(101−L).

In MCMVC algorithm, this paper proposes a weight transfer scheme suitable
for non-Gaussian noise environment, which accelerates the convergence perfor-
mance of the combined filter. The weight transfer scheme transfers a part of
the weight coefficient of the combined filter to the filter which is worse than the
combined filter. The weight of the improved k-th partial filter can be expressed
as

Wk(i + 1) = βWk(i) + μi
1

(1 + τek
2(i))2

ek(i)u(i) + (1 − β)Weq(i), (12)

where β is the smoothing factor. The use condition of Eq. (12) is that the com-
bined filter is obviously superior to the partial filter, and its judgment is based
on the versoria estimator of the filter. Therefore, this paper defines the versoria
estimator of partial filters and combined filters as follows

ver(ek(i)) = 0.9ver(ek(i − 1)) + 0.1
1

1 + τek
2(i)

, (13)

ver(eeq(i)) = 0.9ver(eeq(i − 1)) + 0.1
1

1 + τeeq
2(i)

. (14)

When ver(eeq(i))/ver(ek(i)) ≥ γk and γk > 1, the weight coefficient transfer
can be performed using Eq. (12). Through a lot of experiments, when γk and β
take 2 and 0.8 respectively, the algorithm achieves the best transfer effect. Then,
the implementation process of the MCMVC algorithm is shown in Algorithm 1.
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Algorithm 1. Implementation Process of MCMVC Algorithm
Initialization:
Parameter: μα, ε, β, τ , L, γk, μk, k = 1, 2, · · ·, L.
Initialization: αk(0) = 0, vk(0) = 1/L, Wk(0) = 0, k = 1, 2, · · ·, L, ver(ek(0)) = 0,
ver(eeq(0)) = 0.
Computation:
while i ≥ 1 do
(1) Compute partial filter output: yk(i) = Wk

T (i)u(i) , k = 1, 2 · · · L;
(2) Compute partial filter error: ek(i) = d(i) − yk(i) , k = 1, 2 · · · L;

(3) Compute combined filter output: yeq(i) =
L∑

k=1

vi(i)yi(i);

(4) Compute combined filter error: eeq(i) = d(i) − yeq(i);
(5) Compute versoria estimator of the filter:
ver(ek(i)) = 0.9ver(ek(i − 1)) + 0.1 1

1+τek
2(i)

, k = 1, 2 · · · L;

ver(eeq(i)) = 0.9ver(eeq(i − 1)) + 0.1 1
1+τeeq

2(i)
;

(6) Update partial filter weight vector:
if γk ≤ ver(eeq(i))/ver(ek(i))
Wk(i + 1) = βWk(i) + μi

1

(1+τek
2(i))2

ek(i)u(i) + (1 − β)Weq(i);

else
Wk(i+1) = Wk(i) + μk

1

(1+τek
2(i))2

ek(i)u(i);

(7) Update mixing factor:

αk(i + 1) = αk(i) + μαvk(i)(yk(i) − yeq(i))
eeq(i)

(1+τeeq
2(i))2

|ε−ε;

vk(i+1) = exp(αk(i+1))
∑L

j=1 exp(αj(i+1))
, k = 1, 2 · · · L;

(8) Update combined filter weight vector: Weq(i + 1) =
∑L

k=1 vk(i + 1)Wk(i + 1).
End

4 Simulation

In this section, the convergence and tracking performance of MCMVC algorithm
are analyzed and compared with MVC and MCMCCC algorithms [12] via sim-
ulations of non-stationary linear system identification. In the simulation, the
length of the identification system and the length of the adaptive filter are both
set to 32; the input signal is a Gaussian white noise sequence with zero mean
and variance 1. For noise v(i), this paper uses mixed noise model to simulate
non-Gaussian noise with impulse noise, which can be expressed as

v(i) = (1 − ς(i))A(i) + ς(i)B(i), (15)

where ς(i) is 0.04, B(i) is a Gaussian noise with zero mean and variance 15, and
four different noises are considered for A(i) as follows: (1) Gaussian noise with
zero mean and variance 0.25; (2) Uniform noise distributed in {−0.5, 0.5}; (3)
Laplacian noise with zero mean and variance 1; (4) Binary distribution noise
distributed in {−0.5, 0.5} with equal-probability, that is p(x = 0.5) = p(x =
0.5) = 0.5.
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This paper introduces different weight vector change rates through the ran-
dom walk model. The random walk model can be expressed as

W0(i + 1) = W0(i) + q(i), (16)

where the initial value of ideal weight W0(i) is generated randomly within the
range of [−1, 1], q(i) represents the random zero mean vector with indepen-
dent and identical distribution, its positive definite auto-correlation matrix is
Q = E[q(i)qT (i)]. Tr(Q) is the measurement of the velocity of weight vector. In
addition, q(i) is considered to be an independent gaussian distribution.

Fig. 1. Performance of different algorithms when A(i) is Uniform noise

Fig. 2. Performance of different algorithms when A(i) is Gaussian noise

Figures 1, 2, 3 and 4 show the tracking performance comparison between
MCMVC algorithm and MVC algorithm with corresponding step size under four
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non-Gaussian noise environments. The number of combined filters in MCMVC
algorithm is L = 4, the step size parameters are μ1 = 0.1, μ1 = 0.03, μ1 = 0.015
and μ1 = 0.005, the parameter μα is 5, and the parameter τ is 0.12. In addition,
when the number of iterations are 4000 ≤ i ≤ 5000 and 8000 ≤ i ≤ 9000, weight
vectors are added to Tr(Q1) = 10−6 and Tr(Q1) = 10−7 respectively.

Fig. 3. Performance of different algorithms when A(i) is Laplacian noise

Fig. 4. Performance of different algorithms when A(i) is Binary noise

According to Fig. 5, when the noise A(i) is uniform noise, the change process
of the four mixing factors of MCMVC algorithm can be seen. At different weight
change rates, MCMVC algorithm can adaptively select partial adaptive filters
with optimal performance, so that the performance of the algorithm shows the
performance of the optimal filter. For example, after the weight vector Tr(Q1)
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is added, MCMVC algorithm first selects the adaptive filter with the optimal
performance step size μ2, then selects the adaptive filter with the optimal per-
formance step size μ3 to play the main role, finally, when the stable state is
reached, the adaptive filter with the optimal performance step size μ4 plays the
main role.

Figure 6 shows performance comparison of weight transfer method for
MCMVC algorithm when A(i) is uniform noise. It can be seen from the graph
that in the convergence stage and the convergence stage after the weight vector
changes, the MCMVC algorithm with β = 1 has faster tracking speed than the
MCMVC algorithm with β = 0.8. The weight transfer method transfers part of
the weight of the combined filter to the filter with worse performance than the
combined filter, so the convergence speed of the multi-convex combined filter is
further improved.

Fig. 5. Four mixing factors of MCMVC algorithm when A(i) is Uniform noise

Fig. 6. Performance comparison of weight transfer method for MCMVC algorithm
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Figure 7 shows the performance comparison between MCMCC algorithm and
MCMVC algorithm when A(i) is uniform noise. Among them, the step parame-
ters of MCMCC algorithm are μ1 = 0.1, μ2 = 0.03, μ3 = 0.015 and μ4 = 0.005.
The step parameters of MCMVC algorithm are μ1 = 0.03, μ2 = 0.01, μ3 = 0.005
and μ4 = 0.001. In all the algorithms, parameter μα is taken as 5. In addi-
tion, when the number of iterations is 8000 ≤ k ≤ 9000, the weight vector
Tr(Q1) = 10−6 is added to the weight change rate. As can be seen from Fig. 7,
MCMVC algorithm is composed of MVC algorithms with low steady-state error
and no exponential operation. Therefore, compared with MCMCC, MCMVC
algorithm has lower steady-state error and exponential computation.
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Fig. 7. Performance comparison between MCMVC and MCMCC algorithms when A(i)
is Uniform noise

5 Conclusions

In this paper, the multi-convex combination strategy is combined with MVC
algorithm, and MCMVC algorithm is proposed to overcome the contradiction
between the convergence speed and the steady-state error of MVC algorithm.
Simulation results show that compared with MVC algorithm, MCMVC algo-
rithm can adaptively select the optimal performance filter under different weight
change rates, and therefore has faster convergence speed and stronger tracking
ability. At the same time, compared with MCMCC algorithm, MCMVC algo-
rithm has lower exponential computation and steady-state error while guaran-
teeing tracking performance.
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