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Abstract. There is currently a surge of interest in graph representa-
tion learning, with researchers increasingly focusing on methods and
applications involving graph neural networks (GNNs). However, tradi-
tional GNN models for static graph data analysis have limitations in
their ability to extract evolutionary patterns from dynamic graphs, which
are more commonly observed in real-world data. Additionally, existing
dynamic GNN models tend to prioritize low-frequency information while
neglecting high-frequency information. To address these limitations, we
introduce a dynamic graph neural network model that leverages graph
framelet transforms, capitalizing on the benefits of traditional wavelets in
multi-resolution analysis. The initial step involves constructing the graph
framelet transform based on graph wavelet research, subsequently imple-
menting multi-resolution graph convolution with both low-pass and high-
pass filtering. Then, we incorporate the convolution operation into a long
short-term memory (LSTM) network. As a result, we develop a dynamic
GNN model founded on the graph framelet transform, which effectively
uncovers the evolutionary information embedded within dynamic graphs.
In our experiment evaluation, we compare our model with 11 widely used
dynamic graph representation learning algorithms across three public
datasets of discrete dynamic graph representation learning tasks (encom-
passing six groups of experimental data). Our model outperforms the
alternatives in terms of accuracy on the majority of the datasets.

Keywords: graph representation learning + dynamic graph - graph
framelets transform

1 Introduction

With the rapid development of digital technologies such as the Internet, the
Internet of Things, and artificial intelligence, trillions of bytes of data are gener-
ated every day across all industries [14]. These diverse and complex data record
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various aspects of people’s daily lives. Analyzing this data and mining poten-
tially valuable information is crucial for scientific study, commerce, and other
industries [12,32]. For example, in recommendation systems, users’ preferences
can be discovered through their browsing history, resulting in targeted product
recommendations that increase shopping efficiency [8,13]. Similarly, in intelli-
gent transportation systems, road conditions can be analyzed using vehicle-to-
everything information to provide optimal path suggestions for destinations,
ultimately saving users’ time [5,7].

Since deep-learning-based data analysis methods have made significant
advancements in academia, many models that use deep learning techniques to
analyze and process different types of data are currently used in a wide range of
industries. However, the majority of these models primarily focus on Euclidean
structured data. In the era of big data, characterized by diverse data representa-
tions, there is an increasing prevalence of non-Euclidean structured graph data
represented by social networks, telecommunication networks and transportation
networks [11,22,27,31], which process data into graph forms and contain rich
relational information.

Real-world graph data does not exhibit an unchangeable static graph struc-
ture; instead, it displays an extremely complex temporal evolution, as observed in
social network graphs on Facebook and user-video interaction graphs on YouTube,
etc. These data not only contain various individual entity features but also rela-
tionships between various users that change over time, creating a dynamic graph
structure that has caught the interest of numerous academics. The work in [19]
proposes the Evolving-GCN model which uses a recurrent neural network (RNN)
to train the parameters of GCN to capture dynamic graph features. The authors of
[21] introduce an attention mechanism into dynamic graph representation learn-
ing to construct the temporal and spatial information of graph evolution at differ-
ent times. A K-Core-based model [16] is integrated into GCN and RNN to further
consider the local similar information from different aspects in the same snap-
shot of dynamic graphs, thus improving the efficiency of subsequent tasks. The
Netwalk model presented in [28] re-encodes dynamic graph data based on a deep
self-encoder, updating node features in real-time using a graph random walk. It
gathers nodes with similar features closely in space to perform graph clustering
analysis. By utilizing a node labeling function, the StrGNN model in [3] incor-
porates closed subgraph sampling for neighbor nodes of the target node within
a specific dynamic graph time window. This novel subgraph sampling approach
aims to find the shortest path between the target node and the source node. By
considering both the global and local information of dynamic graph neural net-
works in the same snapshot as well as dynamic evolution information in various
snapshots, the authors in [17] achieve the best results to date on several dynamic
graph anomaly detection benchmark datasets.

In this paper, we propose a representation learning method for dynamic
graphs because the existing feature extraction methods for Euclidean structures
do not apply to non-Euclidean structures and the proposed models based on
static graph representation learning are unable to capture the evolution features
in dynamic graphs. GFTLSTM is a dynamic graph neural network model based
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on graph framelets transform. Given that wavelet analysis is more applicable to
changing data, we attempt to combine wavelet analysis with dynamic graphs in
the frequency domain before data reconstruction to achieve the effect of ReLLU,
after which we combine the long and short-term memory neural network model
to capture the temporal features. We validate the effectiveness of our method by
experimenting with two different parameter training methods on three bench-
mark datasets, finding that GFTLSTM outperforms the most dynamic graph
neural network models in terms of performance. Furthermore, the ablation study
and ReLU activation function comparison study also verify the model’s perfor-
mance. We summarize the contributions of this work as follows:

— We propose a dynamic graph neural network model based on graph framelets,
representing an attempt to combine dynamic graphs with wavelet theory for
processing node signals in the frequency domain.

— We consider both low-frequency and high-frequency information of the
dynamic graph in the same snapshot, combining the low-pass filter with the
high-pass filter and achieving activation functions in the frequency domain.

— As a new dynamic graph representation learning method, experiments on
three public benchmarks demonstrate that GFTLSTM can capture dynamic
information and outperform more current baseline models in dynamic graphs.

2 Dynamic Graphs

Based on how data is processed in time series, there are two main categories
of dynamic graphs. The first category, discrete dynamic graphs, records graph
data in fixed time snapshot as shown in Fig. 1(a); the second category, contin-
uous dynamic graphs, records graph data in continuous time, as illustrated in
Fig. 1(b). Based on the structure of discrete dynamic graph, they can be further
classified into the following three types according to the dynamic characteristics
of nodes and edges: (1) The first discrete dynamic graph is an ordered set of node
features and graph structure, referred to as a static graph structure with a tem-
poral signal, as shown in Fig. 2(a). In this type of dynamic graph, node features
change over time, but the graph structure remains constant across all snapshots;
(2) The second discrete dynamic graph is an ordered set of node features and
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Fig. 1. (a) discrete dynamic graphs (b) continuous dynamic graphs.
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graph structure, referred to as a dynamic graph structure with static features.
In this case, node features remain unchanged, while the graph structure evolves
over time, as seen in Fig. 2(b); (3) The third discrete dynamic graph is also an
ordered set of node features and graph structure, wherein both node features
and graph structure vary across different time snapshots. This type is known as
a dynamic graph structure with a temporal signal, as shown in Fig. 2(c);
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Fig. 2. (a) static graph with temporal signal (b) dynamic graph with static signal (c)
dynamic graph with temporal signal.

3 Multi-resolution Framelets Analysis in Dynamic
Graphs

In a specific discrete dynamic graph snapshot G, = (V;, E;,w), the graph trans-
form framework employs several frequency domain filter sets n = {a; b, ..., b”},
where a,b,n in the filter sets denote the number of low-passes, high-pass and
high-pass filters, respectively, to extract approximate information and other
details from the graph signal [10,30]. The eigenvalues and eigenvectors consist-
ing of the N nodes in dynamic graph gt are obtained from the Laplacian matrix
at each snapshot, denoted as (A, W) i where j represents the degree of signal
scaling when passing the signal into the frequency domain. When n = 1,...,r,
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the signal of node p is transformed by the low-pass filter ¢; ;, and high-pass filters
in a snapshot can be expressed as follows

@jp (v XN: ( pe (p) e (v )) (1)

(=1

e f)ﬂ( b s () 2)

=1

]p

where we exploit the Chebyshev polynomial approximation for the filters & and
B(m). The process of projecting the original signal f to ¢;, and ¢}, can be
denoted as < p; p, f > and < @7 . f >, respectively, to obtain the final wavelet
coefficients v;, and w;,. Since the data used for deep learning training is in
tensor form, the transformation of the graph signal can be achieved by the signal
decomposition operator W and the signal reconstruction operator V, described
as

W:{Wr,j|I':1,...,n;j:1,...J}U{W(),j} (3)
Woaif =T (277L) f (4)
Wiif = TF (28H-10) 79 (281 722) - 1 (275 2) f (5)

where j = 2....J, TX is the r-degree Chebyshev polynomial, £ is the graph Lapla-
cian matrix, K is a constant satisfying Apaz < 257, Wo s f = {vsp} ey, are the
low-pass coefficients and W, ;f = {w;P}pth are high-pass coefficients of f, r
is the number of high-pass filters. When the signal in the frequency domain is
reconstructed, the reconstruction operator V is an arrangement reorganization

of W.

4 Dynamic Graph Neural Network Model Based
on Graph Framelets Transform

A graph neural network is a powerful deep learning method. Most existing graph
neural networks, such as GCN [9] and GAT [26], are based on spatial model-
ing. These models use spatial message passing to calculate information from
neighboring nodes, then converge and integrate information from source to tar-
get nodes through graph convolution techniques. They are trained by multi-
layer network stacking, ultimately achieving full graph feature learning. How-
ever, graph convolution models in the spatial domain are essentially low-pass fil-
ters and shallow graph convolution operations do not effectively propagate node
labels. Deep graph convolution stacking can lead to excessive feature smoothing,
and after multiple training iterations, similar information is sharpened more than
once, making it difficult to distinguish between different classes of nodes. Using
the Fourier transform to pass the signal into the frequency domain is another
modeling technique. The spatial domain signal is projected onto the Fourier basis
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to determine the magnitude of the signal in the spectrogram. After performing
a series of operations, the signal is transmitted back into the spatial domain
by the inverse Fourier transform indiscriminately. This frequency domain-based
data analysis and modeling method has significant limitations for non-smooth
signals with frequencies that change over time.
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Fig. 3. The framework of GFTLSTM.

Due to the aforementioned shortcomings of modeling based on the spatial
and frequency domains, we consider the wavelet transform, which is not only
suitable for handling non-smooth signal characteristics (also a feature of dynamic
graphs) but can also compensate for the drawbacks of the Fourier transform. We
construct a frequency convolution model for dynamic graph signal extraction,
GFTLSTM, based on the wavelet transform principle. The model structure is
shown in Fig. 3. First, we project the spatial domain signal onto the wavelet
basis, then filter the low-frequency and high-frequency signals differently and
further compress the signal in the frequency space using the Shrinkage function
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while denoising. The final step is to merge the filtering results with a long short-
term memory neural network to capture the evolving features and relationships
in dynamic graphs.

4.1 Multi-resolution Graph Convolution Based on Graph Framelets
Transform

Based on the above graph framelets transform steps, we can perform convolution
operations in the frequency domain space, formulated as follows:

1% (Shrink‘age (diag 9) (WX;))) X, = X, W (6)

V (Shrinkage (diag 0) (Wh;,l))) = hy W (7)

where X € RV*? represents the node feature in dynamic graphs at the current
moment t, W € d x d denotes the trainable weight matrix, Xt/ is the input
feature matrix at this snapshot ¢ after the transformation of the weight matrix
W, 6 is a network filter that multiplies each component value with the frequency
domain framelet coefficients WX, and Wh;_, to achieve the filtering operation,
Shrinkage denotes the signal compression function.

Activation functions for signal compression are typically applied in the spa-
tial domain, which means the signal must be transferred back to the spatial
domain without any loss before using the activation function. The conven-
tional processing approach found in most activation functions does not meet
our requirement for multi-resolution data analysis. In contrast, applying differ-
ent filters to low-frequency and high-frequency signals in the frequency domain
and then transferring them back to the spatial domain using the reconstruction
operator accommodates the need for multi-resolution analysis while maintain-
ing good performance. As shown in Fig. 3, three signal decomposition operators
W = {Wp.2; Wi 1, W12} are obtained after portraying the signal with j = 1,2
in a high-pass filter, followed by a low-pass filter and a high-pass filter. If the
dimension of each decomposition operator is N x N, then WXl e R3Nxd After
filtering the signal in the frequency domain through filter 6, the signal compres-
sion function soft — shrinkage and hard — shrinkage are used instead of the
activation function to truncate the high-frequency components. The reconstruc-
tion operator V = (W)T is then used to transfer the signal to the spatial domain.
We perform the following signal compression function Shrinkage

Shrinkage — soft (r) = sgn (z) (|z| = \) .,V € R (8)
Shrinkage — hard (z) = z (|Jz| — \),Vz € R (9)

4.2 Long Short-Term Memory Neural Network

One of the recurrent neural network models is the long short-term memory net-
work (LSTM), which is primarily utilized to address gradient vanishing and gra-
dient explosion issues during the training of long sequences [6]. We combine the
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graph convolution operation with the long short-term memory neural network,
the multiplication operation of the input matrix X; and temporal information
hi—1 with the weight matrix W in the long and short-term memory network is
replaced by the multi-resolution graph convolution based on the graph framelets
transform. The specific processing is shown as follows:

ip =0 (Wai ¥ gX¢ + Whi x ghi—1 + wei © ¢i—1 + b;) (10)

fr =0 Wap*gXe + Whg* ghi—1 4+ wei © ci—1 + by) (11)

¢ = fr ©ci—1 + iy © tanh (Wie ¥ g Xy + Wie * ghy—1 + be) (12)
o =0 (on * gXt + Who * ghtfl + Weo ® Ct—1+ bo) (13)

hi = oy © tanh (ct) (14)

where *g represents the convolution operation, which is the graph framelets
transform, b is the bias matrix, ¢;_; represents the internal state of the previous
snapshots, recording all the historical information in the time sequence up to
the previous snapshot; i; serves as an input gate to retain important data and
reduce the amount of information being input for unimportant data; f; acts
as a forget gate, selectively forgetting information about the internal state of
the previous snapshots, while remembering crucial information; ¢; indicates the
internal state at the current snapshot, updating the information that needs to
be recorded. The role of the output gate o; is to control how much information
needs to be output to the external state h; from the internal state c; at the
current snapshot.

5 Experiments

5.1 Datasets

To evaluate the performance of the proposed GFTLSTM, we conduct experi-
ments using three public datasets: Chickenpox Hungary [20], Pedal Me Deliveries
[20], Wikipedia Math [20].

Chickenpox Hungary: This is a spatiotemporal dataset about officially
reported cases of chickenpox in Hungary between 2005 and 2015, with nodes
being counties, edges indicating adjacencies between counties, and a prediction
target of the number of illnesses in the following week.

Pedal Me Deliveries: This is a dataset about the number of weekly bicy-
cle package deliveries by Pedal Me in London during 2020 and 2021. Nodes in
the graph represent geographical units and edges are proximity-based mutual
adjacency relationships.

Wikipedia Math: This is a dataset about the popular mathematics topics on
Wikipedia where the edges denote the links from one page to another and the
features describe the number of daily visits between 2019 and 2021 March.
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5.2 Experiment Settings

We conduct experiments on each of the three dynamic graph datasets using
two training methods: incremental and cumulative. For the incremental training
method, we perform the Shrinkage — hard function, while for the cumulative
training method, we use the Shrinkage — soft function.

Incremental Training Method: The losses and training weights are updated
for each time series snapshot in the dynamic graph.

Cumulative Training Method: The losses in each temporal snapshot in the
dynamic graph are accumulated and then backpropagated.

The hyperparameters in the model are summarized in Table 1, where epoch
denotes the total number of training iterations; hidden/NVN denotes the number
of neurons in the intermediate layers; Ir denotes the learning rate; dropout(p) is a
function that randomly deactivates the neurons with probability p; A is used as a
threshold value to control the affected signal components. In the high-frequency
coefficients, the value of all signal components is set to 0 if their absolute value
is less than the threshold value, thus compressing the signal.

Table 1. Experiment Settings.

Datasets Training methods | Epoch | Hidden NN | Lr Dropout(p) | A

Chickenpox Hungary | Incremental 100 200 0.0001 | P=0.3 le—4
Chickenpox Hungary | Cumulative 100 32 0.01 P=0.3 le—4
PedalMe London Incremental 100 200 0.0001 | P=0.3 le—2
PedalMe London Cumulative 100 32 0.0001 | P=0.3 le—4
Wikipedia Math Incremental 100 200 0.0001 | P=0.3 le—4
Wikipedia Math Cumulative 100 32 0.01 P=0.3 le—4

5.3 Evaluation Metrics

We use mean squared error (MSE) and standard deviation as the evaluation
metrics. MSE is the expected value of the squared difference between the sample
estimate and the true sample value which can be defined as

i=1
Ly = % ZN: (g — 0:)° (15)

where o = {o1,...,0n} represents the model’s output and ¢; denotes the true
sample values. The precision of the data is indicated by the standard deviation,
which is a measure of the dispersion around the average value, described as
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where T denotes the sample average value and x; is the i-th sample data. A high
standard deviation indicates that most of the values are different from their
average value, conversely, they are close to the average value.

5.4 Performance Comparison

Using supervised learning methods, the dynamic graph data are input into our
model in a specific temporal sequence, and then the prediction results for the
next snapshot are output. The experiments are repeated 10 times for each dataset
under two different training methods, and the prediction results of other models
are compared longitudinally. MSE is introduced to evaluate the performance of
the model and the standard deviation is calculated for auxiliary validation. The
experiment results are shown in Table 2.

Table 2. The predictive performance of GFTLSTM and other spatiotemporal neural
networks evaluated by average mean squared error and standard deviations around the
average mean squared error from 10 experiment repetitions.

Chickenpox Hungary PedalMe London Wikipedia Math

Incremental Cumulative Incremental Cumulative Incremental Cumulative
DCRNN [15] 1.124 £0.015 |1.123+0.014 |1.463 +0.019 |1.450+0.024 |0.679 +£0.020 |0.803 + 0.018
GConvGRU [23] |1.128+£0.011 | 1.1324+0.023 |1.622+0.032 | 1.944 +£0.013 |0.657 £ 0.015 | 0.837 & 0.021
GConvLSTM [23] |1.121 +0.014 |1.1194+0.022 |1.442+0.028 | 1.433 £0.020 |0.777 £0.021 |0.868 & 0.018
GC-LSTM [4] 1.115+£0.014 |1.116 +0.023 |1.455+0.023 |1.468 +0.025 |0.779 £0.023 |0.852 + 0.016
DyGrAE [24,25] |1.1204+0.021 |1.118 £0.015 |1.455+0.031 | 1.456 £0.019 |0.073 £0.009 |0.816 & 0.016
EGCN-H [19] 1.113 £0.016 |1.104 +0.024 |1.467 +0.026 |1.436 +0.017 |0.775+0.022 |0.857 £ 0.022
EGCN-O [19] 1.124 £0.009 |1.11940.020 |1.491+0.024 |1.430+0.023 |0.750 £0.014 |0.823 +0.014
A3T-GCN [1] 1.114 £ 0.008 |1.119+0.018 |1.469 +0.027 |1.475+0.029 |0.781 £0.011 |0.872+0.017
T-GCN [29] 1.117+£0.011 |1.111£0.022 |1.479+0.012 |1.4814+0.029 |0.764+0.011 | 0.846 + 0.020
MPNN LSTM [18] | 1.116 4 0.023 | 1.129 +0.021 |1.485+0.028 | 1.458 £0.013 |0.795+0.010 |0.905 4 0.017
AGCRN [2] 1.120+£0.010 |1.116 £0.017 |1.469+0.030 |1.46540.026 |0.788+0.011 | 0.832+ 0.020
GFTLSTM 1.099+£0.001 | 1.067 +0.012 | 1.437 £+ 0.027 | 1.401 + 0.096 | 0.708 £ 0.013 | 0.653 £+ 0.027

The bolded values in Table 2 indicate the best experiment results of the var-
ious prediction models. It can be observed that the GFTLSTM model proposed
in this paper outperforms most of the comparison models in processing discrete
dynamic graph data and achieves the best results in most experiments. Although
the GFTLSTM model doesn’t achieve state-of-the-art results in the Wikipedia
Math dataset using the incremental training method, it still outperforms the
majority of the models. This demonstrates that the GFTLSTM model can bet-
ter capture the evolutionary features of dynamic graphs, providing a valuable
reference for dynamic graph representation learning.

5.5 Ablation Study

Ablation experiments are conducted to verify the effectiveness of the Shrinkage
function introduced in the frequency domain space to replace the spatial domain
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activation function ReLU in the model. In these experiments, GFTLSTM-S rep-
resents the model proposed in this paper after removing the Shrinkage — soft
and Shrinkage — hard functions. After conducting 10 trials, the experiment
results are presented in Table 3.

Table 3. The predictive performance of GFTLSTM-S evaluated using average mean
squared error and standard deviations around the average mean squared error from 10
experiment repetitions.

Chickenpox Hungary PedalMe London Wikipedia Math

Incremental

Cumulative

Incremental

Cumulative

Incremental

Cumulative

GFTLSTM-S

1.103 £ 0.002

1.078 £ 0.009

1.449 £ 0.020

1.569 £ 0.167

0.717 £ 0.019

0.669 &+ 0.017

As shown in the table above, the MSE of the experiment results exhibits vary-
ing degrees of improvement after removing the Shrinkage function in the fre-
quency domain space. This result indicates that the model performance becomes
worse, which verifies the usefulness of introducing the Shrinkage function to the
model.

5.6 Comparison Experiment

To further verify the effectiveness of multi-resolution analysis in the model, the
ReLU activation function is introduced in the spatial domain and the Shrinkage
function in the frequency domain is removed to obtain the GFTLSTM_R model.
The experiment results are shown in Table 4 after 10 repetitions.

Table 4. The predictive performance of GFTLSTM_R evaluated by average mean
squared error and standard deviations around the average mean squared error from 10
experiment repetitions.

PedalMe London
Incremental
1.472 +0.031

Wikipedia Math
Incremental
0.720 £ 0.014

Chickenpox Hungary

Cumulative
0.658 + 0.018

Cumulative
1.466 + 0.119

Cumulative
1.080 + 0.012

Incremental
1.103 4+ 0.003

GFTLSTM_R

As shown in Table4, a comparison of the performance of the GFTLSTM
model as detailed in Table 2 shows that the value of GFTLSTM_R in terms of
MSE or standard deviation metrics also increases, indicating that the experiment
results become worse again. Therefore, for the discrete dynamic graph dataset,
better results are obtained by using the Shrinkage function in the frequency
domain space instead of ReLLU as the activation function. This verifies the value
of using the Shrinkage function for multi-resolution analysis in dynamic graphs.
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Conclusion

In this work, we propose a general framework for dynamic graph representation
learning, representing a first attempt to combine wavelet analysis theory, multi-
resolution analysis and dynamic graphs. We evaluate the model’s effectiveness on
several dynamic graph datasets. In future work, we hope to apply the model to
dynamic graph structures with static features, dynamic graph structures with
temporal signals, and continuous dynamic graphs within specific application
scenarios. This will further verify the model’s generality across various dynamic
graph representation learning tasks.
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