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Abstract. Power quality conditioners were originally meant to provide
protection to electrical loads connected to the power system against
power quality disturbances. Such protection feature brings mostly intan-
gible benefits that are difficult to quantify in monetary terms. This is
the reason why some providers of power quality solutions focus more
on promote energy savings benefits rather than emphasize the protec-
tion feature at the time of advertising their products. Sometimes, the
energy savings are exaggerated and inflated with the aim to present
a more convincing argument to the customers about why they should
acquire a particular solution. This technical paper present presents two
formulas that determine the theoretical maximum energy savings that
can be achieved when a power quality conditioner targets current har-
monics within an industrial facility. In particular, the formulas predict
the maximum amount of harmonic active power that can be recovered
by power quality conditioners (e.g. harmonic active power filter) in a
three-wire three-phase system that contains linear and nonlinear loads.
The upper bound of the harmonic active power is the total harmonic
apparent power. The upper bound is given in function of the Total Har-
monic Distortion of the current and the voltage measured at the point
of common coupling and total apparent power of the loads.

Keywords: Active power filter · Energy savings · Harmonic active ·
Power power quality conditioner

1 Introduction

Due to the huge proliferation of loads of the nonlinear type, nowadays the most
common voltage distortions encounter in power systems are related with har-
monics, inter-harmonics, notching and noise [1,2]. Power quality solutions as
passive harmonic filters and active power filters were originally meant to protect
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electrical devices from waveform distortions in the supplied voltage. Economi-
cally speaking, due to their protective feature, power quality solutions produce
mostly intangible benefits to a particular industrial facility. Those savings are
related with the minimization of production down-times and the damage reduc-
tion with the consequent lifetime increase of the electrical devices [2]. Indeed, it
is very difficult to assign a hard value to such savings and thus they are consid-
ered as soft savings. This is the reason why, presently many of the power filter
suppliers or representatives choose as sales strategy to promote the energy cost
reduction rather than the protection feature [3]. Due to the economical challenges
imposed over the current times, it is becoming every single time more and more
difficult to get financial resources allocated to maintenance and improvement of
existing processes. Therefore, power quality solutions that advertise the return
of the investment in some finite amount of time makes a particular power quality
conditioner device easier to sell. The former sales strategy offers an easy justifi-
cation that pursuits to convince controllers or financial officers in charge of the
purchase approval to accept the acquisition of a particular power quality condi-
tioner. Consequently, many vendors of harmonic mitigation solutions embellish
or inflate the energy savings that can be achieved. Sometimes energy savings on
the range of 20% to 30% are claimed, when the true is that the energy savings
are much smaller [4].

Many power filters vendors use the kVA instead of kW as method to make
claims about significant energy reductions [3]. Equipment that improves or
reduce the THDU or THDI can reduce the kVA demanded but have very lit-
tle effect on the kWs consumed by the facility from the utility point of view.
Real energy saving means a reduction on the real kW or kWh that a partic-
ular industrial facility demands. The energy required to do actual work (e.g.
mechanical, heating, etc.) cannot be eliminated from the electrical costs unless
a second energy source is installed locally [4]. Thus, if a device states to save
energy on a power system, the only energy that can be saved is the energy wasted
in losses through the power system. An important part of such losses are the
power line losses. The former arise out due to the power dissipation produced
in the line resistance due to the flow of fundamental and harmonics currents
from the utility to the customer facility through the feeder and the distribution
transformer. In this paper the focus will be solely on the power line losses due to
harmonics currents. The power dissipated in the line resistance due to the flow
of current harmonics is largely due to the harmonic active power (PH) produced
by the nonlinear loads/power converters [12]. The humble goal of this paper is
to provide an easy to apply formula to estimate the amount of energy that can
be saved if a particular power quality conditioner (e.g. harmonic power filter)
processes or transforms the harmonic active power produced by nonlinear loads.
In particular, in this paper the formula that determines the upper bound of the
harmonic power that can be processed is given in function of the THDU, THDI
and the total apparent power Se of the loads measured at the point of common
coupling (PCC) of the facility. Moreover, based on some practical experience, a
very likely range where the true value of the harmonic power resides is given in
function the upper bound.
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2 Studied Power System

2.1 Scenario Definition

In order to study the energy savings potential due to the processing of current
harmonics, some power definitions and the establishment the electrical quanti-
ties that are measured on a particular power system become necessary. Figure 1
shows the sketch of the studied circuit where three-phase symmetrical voltages
with harmonic background distortion supply the power system through a dis-
tribution transformer [5]. The voltage at the secondary of the transformer is
U1 = 230 V RMS, 50 Hz with a background distortion at the fifth harmonic U5
250 Hz and seven harmonic U7 350 Hz. The impedance of the distribution feeder
and transformer referred to the secondary of the transformer is represented by
the equivalent components RS and LS [2]. The loads are balanced and consist
on linear loads with ohmic inductive-behavior represented by the passive elec-
trical elements RL and LL (e.g. induction motors) and nonlinear loads (NLV)
(e.g. three phase passive diode rectifiers with smoothing DC-Link capacitor).
The equivalent circuit can be seen in Fig. 2.

2.2 Voltages and Currents at the Coupling Point

In presence of nonlinear loads in the power system, the voltage at the PCC
(UN) contains a component at the fundamental ux1 with fundamental frequency
w1 = 2 · π · f1 and harmonic voltages uxh with frequencies at integers multiples
of the fundamental frequency (possible also non-integers when interharmonics
are considered) leading to harmonic frequencies wh = 2 · π · h · f1. Therefore,
the voltage at the PCC referred to the neutral point N can be mathematically
written as in (1) to (3) [6]:

unu = uu1 + uuh =
√

2 · U1 · sin(ω1t + α1) +
∞∑

h=2

√
2·Uh · sin(hω1t + αh) (1)

unv = uv1 + uvh =
√

2 · U1 · sin(ω1t + α1 − 2π

3
)

+
∞∑

h=2

√
2 · Uh · sin(hω1t + αh − h

2π

3
) (2)

unw = uw1 + uwh =
√

2 · U1 · sin(ω1t + α1 +
2π

3
)

+
∞∑

h=2

√
2 · Uh · sin(hω1t + αh + h

2π

3
) (3)

Where the terms expressed with capital letters Uh denote the RMS voltage
quantity of the individual component. The total RMS voltage Ue of each phase
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Fig. 1. Industrial power grid with linear and nonlinear loads connected to a utility
power system through a power transformer.
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considering all the components (fundamental and harmonics) was defined by
Emanuel in [7] following the approach of Buchholz [8] and can be calculated as:

Ue =
√

U2
1 + U2

H =

√√√√U2
1 +

∞∑

h=2

U2
h (4)

Where the harmonic voltage contribution is:

UH =

√√√√
∞∑

h=2

U2
h (5)

The currents draw from the power system will have the same frequency compo-
nents as the voltages at the PCC, thus the three phase currents can be expressed
as in (6) to (8):

iu = iu1 + iuh =
√

2 · I1 · sin(ω1t + β1) +
∞∑

h=2

√
2 · Ih · sin(hω1t + βh) (6)

iv = iv1 + ivh =
√

2 · I1 · sin(ω1t + β1 − 2π

3
)

+
∞∑

h=2

√
2 · Ih · sin(hω1t + βh − h

2π

3
) (7)

iw = iw1 + uwh =
√

2 · I1 · sin(ω1t + β1 +
2π

3
)

+
∞∑

h=2

√
2 · Ih · sin(hω1t + βh + h

2π

3
) (8)

Where capital letters Ih denote the current RMS quantity of the individual
frequencies. The effective current of each phase considering the fundamental
and harmonic frequencies can be calculated with an expression similar to (4)
leading to:

Ie =
√

I21 + I2H =

√√√√I21 +
∞∑

h=2

I2h (9)

IH =

√√√√
∞∑

h=2

I2h (10)

The total harmonic voltage and current distortion are defined as [9]:

THDU =
UH

U1
=

√
(
Ue

U1
)2 − 1 (11)

THDI =
IH
I1

=
√

(
Ie
I1

)2 − 1 (12)
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3 Apparent Power Resolution for Nonsinusoidal
Three-Wire Three Phase System

Considering that all the loads are connected to the PCC, any potential har-
monic power that could processed and recovered later by and active power filters
depends necessarily of the total voltage Ue that supplies the loads and the cur-
rent Ie that such loads draw from the main power system. Therefore, the starting
point for the calculation of the harmonic power limit that can be recovered is
the total apparent power of the loads.

3.1 Total Apparent Power

Equations (4) and (9) lead to the total apparent power:

Se = 3 · Ue · Ie (13)

The apparent power can be squared and expanded as in [10]:

S2
e = 9 · U2

e · I2e = 9 · (U2
1 + U2

H) · (I21 + I2H)

= (U2
1 · I21 ) + (U12 · I2H) + (U2

H · I21 ) + (U2
H · I2H)

= (9 · U2
1 · I21 ) + (9 · U2

1 · I2H) + (9 · U2
H · I21 ) + (9 · U2

H · I2H)

= (9 · S2
1) + (9 · D2

I ) + (9 · D2
U) + (9 · S2

H)

= (3 · S1)2 + (3 · DI)2 + (3 · DU)2 + (3 · SH)2

= (Se1)2 + (DeI)2 + (DeU)2 + (SeH)2

(14)

Equation (14) can be written as:

S2
e = S2

e1 + S2
eN [V 2 · A2] (15)

The first term in (15) is the square of the fundamental (50 Hz) apparent power
Se1:

Se1 = 3 · S1 = 3 · U1 · I1 (16)

Se1 = 3 ·
√

(P1)2 + (Q1)2 (17)

Se1 = 3 ·
√

{U1 · I1 · cos(βh − αh)}2 + {U1 · I1 · sin(βh − αh)}2 [V · A] (18)

The second term in (15) is the square of the nonfundamental apparent power
SeN , defined as following [11]:

SeN =
√

(DeI)2 + (DeU)2 + (SeH)2 [V · A] (19)

Where:
DeI = 3 · DI = 3 · U1 · IH [V · A] (20)

is the total current distortion power. The distortion power results from the prod-
uct of the voltage at the fundamental and currents at different harmonic frequen-
cies. The expression contains only oscillatory terms with an average value of zero,
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therefore DeI produces just reactive power and its units is fundamentally Var.
Most of the times, the distortion power DeI makes the largest contribution to
the magnitude of SeN. Moreover:

DeU = 3 · DU = 3 · UH · I1 [V · A] (21)

is the total voltage distortion power. The voltage distortion power is the product
of harmonic voltages at different frequencies and the current at the fundamental
frequencys. It follows that DeU, as DeI, produces only reactive power leading to
Var as unit. Finally, the smallest of all the terms in (3.5) is the total harmonic
apparent power SeH:

SeH = 3 · SH = 3 · UH · IH [V · A] (22)

The harmonic apparent power can be characterized by two important com-
ponents [11]:

S2
eH = P 2

H + D2
eH [V 2 · A2] (23)

We recall that the active power Px is equal to the average value of the instan-
taneous power px = vx · ix over a time window for the averaging equal to one
grid voltage period. It is granted that if we consider a three phase system, the
contribution of each phase to the active power needs to be considered. With the
last arguments on mind, the total harmonic active power PH is formally defined
as [12]:

PH =
∫ 1

f1

0

{
puh + pvh + pwh

}
dt (24)

PH =
∫ 1

f1

0

{
(uuh · iuh) + (uvh · ivh) + (uwh · iwh)

}
dt (25)

PH = 3 ·
∞∑

h=2

UH · IH · cos(βh − αh) [W ] (26)

Which has an average value different from zero due to the product of currents
and voltages at the same frequency. Actually, this one is the only one component
of the apparent power than can be processed later to recover energy from the
harmonics present in the power system. The term DeH is defined as harmonic
distortion power and results from the product of harmonic voltages and currents
at different frequencies. The consequence is that DeH contains only oscillatory
terms and thus produces only reactive power:

DeH =
√

(SeH)2 − (PH)2 [V · A] (27)
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3.2 Apparent Power Components as Functions of THD

The different components that form the total apparent power (14) can be
expressed as functions of the total harmonic voltage and current distortion
THDU and THDI [12]. This can be achieved by multiplying and dividing each
term by the factor Se1. For instance, take the total current distortion power DeI
in equation (20):

DeI = 3 · U1 · IH = Se1 · 3 · U1 · IH
3 · U1 · I1

= Se1 · IH
I1

= Se1 · THDI (28)

A similar procedure can be carried out with the total voltage distortion power
DeU and the harmonic apparent power SeH:

DeU = 3 · UH · I1 = Se1 · 3 · UH · I1
3 · U1 · I1

= Se1 · UH

U1
= Se1 · THDU (29)

SeH = 3 · UH · IH = Se1 · 3 · UH · IH
3 · U1 · I1

= Se1 · UH

U1
· IH

I1
= Se1 · THDU · THDI (30)

Replacing (28), (29) and (30) in (19) leads to:

SeN = Se1 ·
√

(THDI)2 + (THDU)2 + (THDU · THDI)2 [V · A] (31)

Substituting (31) in (15) results in:

Se = Se1 ·
√

1 + (THDI)2 + (THDU)2 + (THDU · THDI)2 [V · A] (32)

4 Determination of the Limits or Bounds for PH

From the discussion at chapter 3, it was concluded that the only single power
component from the nonfundamental apparent power that do not produce reac-
tive power is the harmonic active power PH. Therefore, the limit of the power that
can be recovered from harmonics is going to be determined by the magnitude of
PH. From (26), it can be seen that this quantity depends on the magnitude of
each harmonic voltage, current harmonic and the phase angle difference between
them. To the best of our knowledge, it is not possible to express the power PH
returned by the nonlinear loads to the power system in terms of THDU and
THDI at the point of common coupling directly. However, Eq. (23) relates PH
with SeH, here rewritten in a different way:

SeH =
√

P 2
H + D2

eH [V · A] (33)

Equation (30) gives a defined value for SeH in terms of THDU and THDI.
The question is how to related the limit or upper bound of PH knowing the value
of SeH, issue that is not trivial. Let us to define the following terms:
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a1 = P 2
H (34)

a2 = D2
eH (35)

Thus (33) becomes:

SeH =
√

a1 + a2 (36)

It is straight forward to demonstrate the following inequality [13]:

√
a1 + a2 ≤ √

a1 +
√

a2 (37)

Replacing (34), (35) and (36) in the inequality (37), the following expression
is obtained:

SeH ≤
√

P 2
H +

√
D2

eH (38)

Moreover, the following mathematical expression holds [14][15]:
√

a2 = |a| (39)

Using (39), Eq. (38) becomes:

SeH ≤ |PH| + |DeH| (40)

It follows:

|PH| ≥ SeH − |DeH| (41)

The value of SeH is by the definition given in Eq. (22) always a positive
number [11]. Therefore the maximum absolute value that PH can reach will
necessary be equal to SeH when DeH is equal to zero. The former will be the most
optimistic scenario of the amount of harmonic power that can be transformed.
Indeed having a network with DeH = 0 V ar is not a practical case, due to the
fact that in general SeH > DeH > PH, so we are in the safe side if we claim that
the upper bound for PH is the SeH magnitude. Therefore, any potential energy
saving that can be achieved by transforming harmonic active power is going to
be upper bounded by SeH. If we aim to calculate the energy savings potential in
percentage that can be achieved by processing or transforming harmonic active
power, the ratio SeH

Se1
can be used. Equation (30) leads to the following SeH

Se1
ratio

expression:

SeH

Se1
= THDU · THDI (42)

The former equation implies that the harmonic active power recovery limit
related to the fundamental apparent power Se1 = 3·S1 is going to be bounded by
the product of THDU · THDI. For instance if in a particular industrial facility
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the THDU is 8% (which is already the maximum limit impose by the standard
IEC 61000-2-4 for facilities class 2) and the THDI is 60% (which is a typical
THDI in many cases [12]), the energy savings potential in percentage related to
the fundamental apparent power of the facility is bounded by:

SeH

S1
=

8
100

· 60
100

· 100% = 4.8% (43)

Most of the times the fundamental apparent power Se1 = 3 · S1 cannot
be measured without a power analyzer that separates the different frequencies
contained in the measured voltages and currents through Fourier Analysis. Most
of the times what is available is the TRUE RMS value of currents and voltages
that can be acquired easily with typical multimeters. The TRUE RMS value
considers several frequency components in a range 45 Hz to ten’s of kHz all at
once. Instruments measuring the TRUE RMS are for instance the FLUKE 175
[16] or the power meter SIEMENS SENTRONPAC 3200 [17]. If the former is
the case, the electrical quantity that is available is the total apparent power Se.
In order to related SeH to the total apparent quantity Se, let us square Eq. (30)
to obtain a new equation:

S2
eH = S2

e1 · (THDU · THDI)2 (44)

If (44) is divided by the square of (32), it follows automatically that:

S2
eH

S2
e

=
(THDU · THDI)2

1 + (THDI)2 + (THDU)2 + (THDU · THDI)2
(45)

SeH

Se
=

√
(THDU · THDI)2

1 + (THDI)2 + (THDU)2 + (THDU · THDI)2
(46)

If the energy savings potential due to harmonic active power is calculated
using (46) with THDU = 8% and THDI = 60 %, as in Eq. (43), the limit of
the harmonic active power that can be recovered related to the total apparent
power of the facility is given by:

SeH

Se
=

√
(0.08 · 0.6)2

1 + (0.6)2 + (0.08)2 + (0.08 · 0.6)2
= 4.1% (47)

In the above examples the standard IEC 61000-2-4 was referenced to set the
THDU to 8%, where a total voltage distortion of 8% is the maximum value
allowed for an industrial facility. Nonetheless, the standard IEC 61000-2-4 do
not define a maximum value for the THDI. The value of THDI varies typically
between 5% and 120% [12]. Furthermore, if the industrial facility needs to comply
with the standard IEEE 519-1992 which impose more severe restrictions on the
THDU and THDI than the IEC 61000-2-4 norm, the harmonic power recovery
potential is reduced. The IEEE Standard 519-1992 defines a maximum THDU of
5% for low voltage power systems (<69 kV). The IEEE Standard 519-1992 defines
the maximum TDDI (TDDI is equal to THDI when the facility operates almost
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at 100% load) in function of the ratio of the maximum short circuit current at
the PCC ISC and the maximum current load at the fundamental frequency IL
[2]. If the maximum allowed TDDI= 20% is taken, the limit of the harmonic
active power that can be recovered according to (46) is reduced to:

SeH

Se
=

√
(0.05 · 0.2)2

1 + (0.2)2 + (0.05)2 + (0.05 · 0.2)2
= 0.97% (48)

5 Simulation Validation

In order to confirm the theoretical derivations stated in Sects. 3 and 4, simula-
tions are carried out. The simulation is performed in Simulink using elements of
the Simscape Electrical Specialized Library. The scenario simulated is similar to
the one depicted in Fig. 1 with the parameters stated in Table 1. The behavior
of the voltages at PCC and the currents drawn from the power system can be
seen in Fig. 3 and Fig. 4 respectively.

Table 1. Simulation parameters

Description Value

Power System Fundamental U1 = 230 V, 50 Hz

Voltage Background Distortion U5 = 4.6 V, 250 Hz

U7 = 2.07 V, 350 Hz

Power Transformer 2 MVA, Imp. 5%, X/R = 20

Linear Load (Resistive-Inductive) P1 = 700 kW; Q1 = 100 kVAR

Nonlinear Load 700 kW, Passive Diode Bridge +
Smoothing Capacitor

The components up to the 13th harmonic of the measured voltages uxn at
the coupling point and the currents ix drawn from the power systems, with x
x ∈ u, v, w can be seen in Tables 2 and 3 respectively. The effective value of
the voltage and current UE and IE are also written in the tables. Based on the
results of Tables 2 and 3 and Eqs. (13) to (32), it is possible to calculate each of
the components of the apparent power under nonsinusoidal conditions leading
to the results in Table 4.

The real absolute harmonic active power that can be recovered or trans-
formed is PH = 3712W measured in the simulation. Let us test the boundaries
determined by the Eq. (42). Taking the THDU = 7.92% and THDI = 26.73%
from Tables 2 and 3, the equation predicts the upper bound of the amount of
harmonic active power that can be recovered as:

SeH

Se1
=

7.92
100

· 26.93
100

· 100% = 2.13% (49)
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Fig. 4. Currents drawn from the power system iu, iv, iw.

Table 2. Measured voltages [V] (Magnitudes in RMS)

h u v w

1 227.6 ∠ 177.7◦ 227.6 ∠ 57.7◦ 227.6 ∠ −62.3◦

5 14.82 ∠ 191.8◦ 14.82 ∠ −48.2◦ 14.82 ∠ 71.8◦

7 7.48 ∠ −73.5◦ 7.48 ∠ 166.5◦ 7.48 ∠ 46.5◦

11 3.8 ∠ −33.8◦ 3.8 ∠ 86.2◦ 3.8 ∠ 206.2◦

13 2.84 ∠ 41.7◦ 2.84 ∠ −78.3◦ 2.84 ∠ 161.7◦

Ue 228.3 228.3 228.32

THDU 7.92% 7.92% 7.92%
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Table 3. Measured currents [A] (Magnitudes in RMS)

h u v w

1 2002 ∠ 167.3◦ 2002 ∠ 47.3◦ 2002 ∠ -72.7◦

5 481.54 ∠ 268.1◦ 481.54 ∠ −28.1◦ 481.54 ∠ 148.1◦

7 211.34 ∠ -33◦ 211.34 ∠ −87◦ 211.34 ∠ 153◦

11 72.11 ∠ -56.5◦ 72.11 ∠ 176.5◦ 72.11 ∠ −63.5◦

13 45.6 ∠ 131.9◦ 45.6 ∠ −11.9◦ 45.6 ∠ -63.5◦

Ie 2072 2072 2072

THDI 26.73% 26.73% 26.73%

Table 4. Components of the apparent power calculated based on Tables 2 and 3

Quantity Unit Value

Se VA 1419100

S1 VA 1367000

SeN VA 381160

Pe1 = 3 · P1 W 1344500

Qe1 = 3 ·Q1 Var 246760

DeI Var 365390

DeV Var 108260

SH VA 28939

PH W 3712

DeH Var 28700

If SeH and Se1 are read directly from the simulation results in Table 4, the former
ratio can be directly calculated as:

SeH

Se1
=

28939V A

1367000V A
· 100% = 2.12% (50)

It is possible to observe the very good agreement between the results of (49) and
(50). Moreover, Eq. (49) suggest that the upper bound (O) of harmonic active
power that can be recovered (DeH = 0 V ar) is:

]O(PH) = Se1 · cos(0) · THDU · THDI = 28939W (51)

The bound predicted by Eq. (51) is clearly above the real PH = 3712W
measured in simulation proving that Eq. (42) is correct. It is possible to infer
that the real amount of harmonic active power that can be recovered will be in
the range 0 < PH < O(PH). Probably a most realistic range for the amount of
harmonic active power that can be recovered is between 0.1 · O(PH) < PH <
0.5 · O(PH) due to the fact that in most cases DeH is different from 0. On the
other hand, Eq. (46) based on the total apparent power leads to the same results:
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SeH

Se
=

√
(0.0792 · 0.26)2

1 + (0.26)2 + (0.0792)2 + (0.0792 · 0.26)2
= 2.03% (52)

From the simulation results in Table 4, it is possible to calculate:

SeH

Se
=

28939V A

1419100V A
· 100% = 2.04% (53)

Equation (46) agrees very well with the simulation results as is demonstrated
by the same output of equations (52) and (53). The amount of harmonic active
power that can be recovered related to the total apparent power is:

O(PH) = Se · cos(0) ·
√

(THDU · THDI)2

1 + (THDI)2 + (THDU)2 + (THDU · THDI)2
(54)

O(PH) = 1419100VA · cos(0) · 2.03% = 28935W (55)

Leading to the same result as Eq. (51) and proving the correctness of (46).

6 Conclusions

This paper has shown the derivation of two formulas (42) and (46) that determine
the maximum amount of harmonic active power (PH) that can be recovered in a
three-wire three-phase system that contains linear and nonlinear loads. The har-
monic active power recovery could be performed by a power conditioner device
such as harmonic active power filter. The upper bound (O) of the harmonic
active power O(PH) is SeH. The upper bound is given in function of the Total
Harmonic Distortion of the currents (THDI) and the voltage (THDU) measured
at the point of common coupling (PCC), the fundamental apparent power Se1
and total apparent power Se of the loads. Probably the realistic range of the
real amount of PH that can be recovered is 0.1 · O(PH) < PH < 0.5 · O(PH). For
example, if in a particular industrial facility, the THDU is 8% (which is already
at the maximum limit imposed by the standard IEC 61000-2-4 for facilities class
2) and the THDI is 60% which is typical for many cases, the maximum saving
potential in percentage by processing harmonic active power will be bounded by
4.10%. Where it is in highly probable that most realistic value will be between
the 0.4% and 2.05%.
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