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Abstract. The marine monitoring system is one of the frontier technologies
actively developed by major countries in the world today. The current ocean
monitoring system mainly relies on technologies such as positioning, control,
and wireless sensors. The buoy equipped with a variety of wireless sensors
continuously collects data on the ocean. However, due to natural environmental
influences and malicious tampering by the enemy, the data directly obtained by
the wireless sensor buoys may contain large errors. Therefore, we construct the
obtained original data into a tensor model, and at the same time replace the data
with larger errors into null data “0”. Based on the tensor mode-n rank, we use
the alternating direction method of multipliers (ADMM) framework, combined
with the tensor Tucker decomposition, and introduce the tensor Tucker singular
value operator to it. The overall data can be completed from the existing original
data with missing values, so as to optimize the original ocean monitoring data.
The method is compared with the data completion based on tensor Tucker
decomposition and the linear regression prediction based on principal compo-
nent analysis. Numerical experiments are given to confirm the superiority of the
proposed method.

Keywords: Marine monitoring � Wireless sensors � Tensor completion �
Tucker operator

1 Introduction

Our country is rich in marine resources. Marine environment monitoring is also one of
the necessary technical means to study marine resources, which is conducive to safe-
guarding our country’s marine rights and interests, early warning of marine natural
environmental risks, and protection of the marine environment.

The monitoring system for the marine environment mainly relies on radar satellite
positioning, system control, and wireless sensor [1] buoy technologies. Buoys equip-
ped with multiple wireless sensors are placed on the sea to continuously collect data
from the ocean, and then transfer the data to the control center for processing through
the relevant equipment. In general, data measured by buoys equipped with wireless
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sensors have multiple dimensions, including latitude and longitude, temperature,
pressure, and salinity, etc. As buoys equipped with wireless sensors are in an open
environment and highly independent, they are more susceptible to the impact of natural
environment or malicious attacks, resulting in large errors in the monitoring data
directly obtained by wireless sensors. In some target sea areas, there will also be
insufficient monitoring buoys, resulting in missing data.

At present, there are several commonly used methods to complete missing data at
home and abroad, including matrix completion [2], regression prediction based on BP
(back propagation) neural network [3], linear regression prediction based on principal
component analysis, and tensor completion based on Tucker decomposition, etc. When
there are no restrictions on matrix completion, the solution is infinite and unsolvable. It
can be seen from [4] that low rank is a prerequisite for good performance of matrix
completion. In addition, matrix completion is applicable to low-dimensional data but
cannot handle high-dimensional data. The regression prediction based on the BP neural
network depends on the number of layers of the network, the number of neurons in
each layer, and the initial value. During the training process, the calculations are
complicated and the efficiency is low. Linear regression prediction based on principal
component analysis is simple and easy to implement, but its accuracy is low, which
may cause prediction failure. Tensor completion based on Tucker decomposition
extracts the underlying structure between elements, and then extracts the principal
components to complete the missing data, but it will lose some high-dimensional
information, resulting in a large error.

In this paper, the existing buoy monitoring data is constructed into a tensor model.
Based on tensor mode-n rank related knowledge, we combine the alternating direction
method of multipliers (ADMM) framework with tensor Tucker decomposition and
introduce the Tucker singular value operator for the missing data complement to obtain
the finally optimized ocean monitoring data. During the experiment, the error between
the data after the final completion and the original data was measured using MATLAB
R2017a software to verify the effectiveness of our proposed method. For comparison,
the linear regression prediction algorithm based on principal component analysis and
the tensor completion algorithm based on Tucker decomposition are considered.

2 Linear Regression Based on Principal Component Analysis

2.1 Principal Component Analysis

The essence of multivariate principal component analysis is a statistical method for
reducing dimensions. It converts multiple relevant variables of the research object into
a set of linearly uncorrelated variables through orthogonal transformation called
principal component. The original variable can be replaced by a linear combination of
this group of principal components.

The principal component analysis method is to transform the covariance matrix of
the original random variable into a diagonal matrix in algebra. In geometry, it can be
regarded as transforming the original coordinate system into a new orthogonal coor-
dinate system that points to the orthogonal direction with the greatest variability in the
sample points, and then reduce the dimension of multidimensional variables.
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Let X ¼ ðX1;X2; . . .;XPÞT be a P-dimensional random variable, and its principal
component Zi should meet the following conditions.

(1) Zi ¼ eTi X; e
T
i ei ¼ 1, Where ei is a P*1-dimensional eigenvector.

(2) Ziði ¼ 1; 2; . . .; k; k�PÞ are not related.
(3) The value of ei makes the variance of Zi as large as possible.

Corresponding to the eigenvector ei, the eigenvalue is ki; k1 � k2 � � � � � kP � 0,
thus the cumulative contribution rate of the i-th principal component is defined as

ci ¼
Pi

k¼1 kkPP
k¼1 kk

ð1Þ

If the cumulative contribution rate of the first i factors exceeds the set threshold, the
first i factors are selected as the principal components. At this time, the number of
factors is reduced from P to i, and they are not related to each other.

2.2 Linear Regression Prediction

The expression of the classical linear regression analysis prediction method [5] is

Y ¼ f ðB; ZÞ ð2Þ

where B is the parameter variable of the prediction model, Z is the principal component
independent variable obtained from Sect. 2.1, and Y is the dependent variable that
needs to be predicted.

In the prediction process, the fitting value at time t is set to bYt and the difference
between the actual value Yt and the fitting value bYt is

vt ¼ Yt � bYt ¼ Yt � f ðB; ZtÞ; t ¼ 1; 2; . . .; n
minQ ¼ Pn

t¼1 v
2
t

ð3Þ

For linear regression prediction, the expression is shown in (4).

Y ¼ BZ ¼ b0 þ b1z1 þ � � � þ bnzn ð4Þ

where B ¼ ½b0; b1; . . .; bn�; Z ¼ ½z1; z2; . . .; zn�. The specific algorithm is as follows and
the final calculation error expression of the algorithm is

RSE ¼ 10 � log 10ð bY � X
��� ���= Xk kÞ; dB ð5Þ
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3 Tensor Decomposition Related Knowledge

Tensors are mathematical tools for studying high-dimensional data, and can be seen as
a higher-order generalization of one-dimensional vectors and two-dimensional matri-
ces. In the era of information technology explosion today, more and more attention is
paid to it. It makes great contribution to several research fields such as high-
dimensional signal processing, data mining and machine learning.

3.1 Tensor Representation

Tensor in this paper refers to a multi-dimensional array, in which one-dimensional
vectors and two-dimensional matrices belong to special tensors. The different dimen-
sions of a tensor are called the tensors’ mode. The tensor model constructed in this
paper is a three-dimensional form. When it is expressed as a vector, the mode-1 vector
is a column vector, the mode-2 vector is a row vector, and the mode-3 vector is a depth
vector. When it is expressed as a matrix, the slices corresponding to a certain dimension
of the tensor are expanded and arranged into a long matrix. The matrix representation
on the n-mode is called mode-n matrix expansion of the tensor [6].

3.2 Tensor Rank and Tucker Decomposition

There are multiple definitions of the rank of tensors, which lead to a variety of low rank
tensor decomposition methods. The definition of the rank of the tensor is mainly
divided into CP rank and mode-n rank, and the low rank tensor decomposition methods
determined therefrom are CP decomposition and Tucker decomposition. This paper
uses mode-n rank and Tucker decomposition, so only these two methods are described.

The mode-n rank of a tensor refers to the number of maximally linearly indepen-
dent groups of its expansion matrix in the mode-n form, which is denoted as ranknðaÞ.

Algorithm 1 Linear regression prediction based on principal component analysis (Linear-
PCR)
Input: Initial data X and principal component threshold 

1. Standardize X .
2. Remove the rows that contain missing values in the initial data X to form new data 'X .
3. Perform principal component analysis on 'X , find feature values and feature vectors, ap-

ply equation (1) to make i greater than threshold , and finally obtain principal compo-
nent Z .

4. The regression analysis method is used to regress the dependent variable on the principal 
component Z , and the regression model shown in equation (4) is obtained.

5. Substituting the dependent variable of missing values into the model to obtain standardized 

prediction data Y .

6. Inverse standardization of Y .
7. Compute the RSE (Relative square error).

Output: Predictive value Y and the RSE
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Tucker decomposition, also known as high-order singular value decomposition
(HOSVD), is essentially a high-order principal component analysis [7]. For a known
tensor a 2 RI1�I2�����IN , the mathematical expression of its tucker decomposition is

a ¼ G�1 Uð1Þ �2 Uð2Þ �3 � � � �N UðNÞ

a ¼ PJ1
j1¼1

PJ2
j2¼1 � � �

PJN
jN¼1 gj1;j2;...;jN ðuð1Þj1 	 uð2Þj2 	 � � � 	 uðNÞjN Þ ð6Þ

where G 2 RJ1�J2�����JN is the core tensor, UðnÞ 2 RIn�Jn indicates that the tensor a 2
RI1�I2�����IN corresponds to the nth order orthogonal transformation matrix (also called
factor matrix), and the core tensor G is calculated as follows.

G ¼ a�1 U
ð1ÞT �2 U

ð2ÞT �3 � � � �N UðNÞT ð7Þ

In the above Eq. (6) and (7), �n represents the n-mode product operator, and its
expression is

bi1;i2;...;in�1;j;inþ 1;...;iN ¼
XIn

in¼1
ai1;i2;...;iN cj;in

b ¼ a�n C; a 2 RI1�I2�����IN ;C 2 RJ�In
ð8Þ

A 	 B is the outer product, and its expression is

½A 	 B�m;n;p;q ¼ am;nbp;q;A 2 RM�N ;B 2 RP�Q ð9Þ

3.3 Tensor Completion

The essence of tensor completion is to solve the following convex optimization
problem [8].

min
Xn

i¼1
lirankðXiÞ ! min

Xn

i¼1
li Xik k�

subject to PXðvÞ ¼ PXðaÞ
ð10Þ

where Xik k represents Frobenius norm, which is defined as

Xk k ¼ ð
XI1

i1¼1

XI2

i2¼1
� � �

XIN

iN¼1
xi1;i2;...;iN x

�
i1;i2;...;iN Þ

1=2 ¼ X;Xh i1=2;X 2 RI1�I2�����IN

ð11Þ

v is the intermediate tensor variable, X refers to the set of non-missing values in
tensor a. Xi represents the mode-n expansion matrix of v. li is a constant set in
advance, and needs to satisfy Eq. (12) and li ¼ 1=3 in this paper.
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li � 0;
Xn

i¼1
li ¼ 1 ð12Þ

Based on tensor tucker decomposition to complete the data, the principle is to use
an iterative method to decompose the original tensor a with the missing data, and then
reorganize it into a new tensor ba to achieve the purpose of tensor completion. The
specific algorithm is as follows.

Algorithm 2 Tensor completion based on Tucker decomposition (Tucker com-
pletion)
Input The original tensor , rank 1 2, , , Nk k k... and the maximum number of
iterations Max .

1. Set 0, 1 tensor S and meet

(13).

2. Set initial and satisfy

(14).

3. Repeat Max times
4. for n=1: N

(15).

5. end
6. Update core tensor G :

(16).

7. Update intermediate tensor :
(17).

8. Update estimated tensor 
(18).

9. Compute the RSE.

Output: Estimated tensor and the RSE

The above Algorithm 2 removes some minor components in the process of com-
pleting data, which reduces its performance when completing data with more detailed
features. Therefore, this paper introduces a tensor completion method based on mode-n
rank, and on this basis, introduces the tensor Tucker singular value operator. The
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essence of performing tensor completion based on mode-n rank is to minimize the
mode-n rank ranknðaÞ of tensor a. The singular value of the tensor expansion matrix is
used to update the intermediate variable v for iterative estimation, and then the missing
value of the tensor is completed. In the iterative process, the framework used is the
alternating direction multiplier method (ADMM) [9], which combines with the relevant
characteristics of tensor Tucker decomposition. The tensor tucker singular value
operator TDs 
ð Þ is introduced and is defined as follows.

v � Gð1 : r1; 1 : r2; . . .; 1 : rNÞ �1 U
ð1Þð:; 1 : r1Þ �2 � � � �N UðNÞð:; 1 : rNÞ ð19Þ

where ri ¼ sumðdiagðmaxðri � s; 0ÞÞÞ and TDs 
ð Þ meets the following theorem [10].

TDsðyÞ ¼ argmin
v

1
2

v� yk k2F þ s vk k� ð20Þ

Similar to the matrix singular value operator TDs 
ð Þ in [10], it can be seen that the
tensor Tucker singular value operator is the optimal solution to the tensor comple-
mentation convex optimization problem, and because it uses high-dimensional tensor
data structure, it can improve the utilization of tensor high-dimensional structure.

In this algorithm, the equation of TDs 
ð Þ can be rewritten as

v ¼ argmin
l
2

v� ðaþ 1
l
yÞ

����
����
2

F

þ s vk k� ð21Þ

From Eq. (20), the intermediate variable v can be solved as

v ¼ TD1
l
ðbaþ y

l
Þ ð22Þ

The values of estimated tensor ba and auxiliary variable ym can be calculated from it.
The specific algorithm is as follows.
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Algorithm 3  Tensor completion based on mode-n rank and Tucker operator 
(Mode-n and Tucker completion) 
Input：：The original tensor , the maximum number of iterations Max and pa-
rameter 

1.  Set 0, 1 tensor S  and meet equation (13). 
2.  Set initial 0  and satisfy equation (14). 

3.  Set auxiliary variable  and the elements are all “0”. 
4.  for 1: Max
5.     Update intermediate tensor  : 

(23). 

6.     Update estimated tensor  :

(24). 

7.     Update auxiliary variable my  : 

(25). 

8.  end 
9.  Compute the RSE. 

Output：Estimated tensor  and RSE 

Among them s ¼ 1
q.

4 Experimental Verification

This experiment selects the relevant data of the Argo Real-time Data Center of China
(taken from some data in the number 0469). The dimensions of selected data are
latitude and longitude, pressure, temperature and salinity. Each dimension has 12 data,
and there are 60 in total. This data is constructed as a three-dimensional tensor
a 2 R6�2�5. Among them, the first 24 data belong to the latitude and longitude
dimensions, and the last 36 data belong to the dimensions of pressure, temperature and
salinity. Randomly select 1–20 of these 36 data (step size is 1) as null data “0”, use it to
simulate missing data or tamper with data, that is, construct tensor S: � a and then
complete it with tensor. Perform 10 experiments respectively to calculate the final
average error.
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The initial data of the experiment as shown in Table 1 below.

4.1 Convergence Experiment

During the experiment, randomly set the S tensor of 6 empty data (two in each of the
three dimensions), and then complete the tensor of the missing data, and explore the
convergence of Algorithm 3.

The missing position of the tensor data and the RSE of the data completion using
Algorithm 3 are shown in Table 2, and the convergence of RSE is shown in Fig. 1.

In this experiment, there are 6 missing data (two in each of the three dimensions),
and ADMM iteration is performed 1000 times. As can be seen from Fig. 1, in the
iterative process, the RSE of data after tensor completion gradually converges, reaching
stability after about 350 iterations, indicating that Algorithm 3 has convergences well
for tensor data completion.

Table 1. Initial data of longitude, latitude, pressure, temperature and salinity

Longitude 110.119 110.114 110.125 109.944 109.849 109.786
109.637 109.403 109.128 108.813 108.534 108.334

Latitude 17.810 17.837 17.865 18.193 18.437 18.610
18.707 18.798 18.846 18.814 18.750 18.641

Pressure (DBAR) 1025.200 1063.900 1064.100 1064.000 1064.900 1065.500
1064.800 1065.000 1064.700 1064.500 1065.300 1064.800

Temperature (DEG C) 5.022 4.913 4.847 4.845 4.957 4.993
5.012 5.031 4.941 4.938 4.901 4.921

Salinity (PSU) 34.638 34.636 34.638 34.638 34.638 34.634
34.636 34.632 34.637 34.638 34.637 34.638

Table 2. Random missing positions and completion data

Missing position Completion value

Pressure (DBAR) 3 992.300
5 992.900

Temperature (DEG C) 9 4.972
10 4.972

Salinity (PSU) 1 34.574
5 34.608
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4.2 Comparative Experiment of Data Completion Effect

This experiment also applies three algorithms to complete the missing data tensor
S: � a. During the experiment, the missing values are randomly set. In order to make
the experimental results more credible, the number of missing data ranges from 1 to 20.
Each time a new missing value is added, the last missing value is guaranteed to be
unchanged, thereby simulating the effect of initial data tensor completion under dif-
ferent missing degrees. The completion process of each proportion value is iterated 50
times, and finally find the average. The experimental results are shown in Fig. 2.

Fig. 1. The RSE during the tensor completion iteration

Fig. 2. Comparison of the completion effects of three tensor completion algorithms

Completion of Marine Wireless Sensor Monitoring Data 653



It can be seen from Fig. 2 that as the value of “0” in the initial tensor data (that is,
the missing value or tampered value in the ocean monitoring data) increases, the RSE
after completing the data through the tensor also becomes larger and larger. Overall,
compared with the other two algorithms, the tensor completion Algorithm 3 proposed
in this paper has a relatively ideal effect on the completion of the monitoring data of
marine wireless sensors. In addition, in the process of missing data from 1 to 10, data
completion effect is better.

5 Conclusion

In this paper, the marine wireless sensor monitoring data is constructed into a three-
dimensional tensor. Using the high-dimensional characteristics of the tensor, the tensor
Tucker decomposition operator is introduced on the basis of the traditional tensor
mode-n rank completion algorithm. After compared with data completion based on
tensor Tucker decomposition and linear regression prediction based on principal
component analysis, it is proved that this proposed algorithm can effectively improve
the accuracy of tensor completion data, and its convergence is well, which is of great
significance for the optimization of monitoring data of marine wireless sensors.
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