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Abstract. Geostatistics is a branch of statistics that focuses on spatial data sets.
Geostatistics is used for prediction in many fields such as ore mining, petroleum
geology, climate, geography, environment. CoKriging can be seen as a point
interpolation, which requires a point map as input and which returns a raster
map with estimations and optionally an error map. CoKring is a prediction
method for problems with two or more parameters, including one main
parameter. Tthe costs of installing new observational stations to observe
metropolitan air pollution sources, as PM10 (Particulate Matter), CO (Cacbon
monoxit), SO2 (Dioxit Sunfua) and NO2 (oxit Nito) concentrations are high. In
this study, analysis of air pollution of 16 stations monitored in 2018 year was
carried out. Geostatistics have been used by many researchers to effectively
predict air pollution, ore mining, and groundwater levels.
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1 Introduction

The information from the monitoring center - technical resources and environment of
Binh Duong province, network quality monitoring air environment of Binh Duong has
16 stations. This number is still too small compared to a province with a large pop-
ulation and large area. However, the investment cost for a monitor is too expensive, and
the preservation in tropical climates like Vietnam is also very difficult. The problem is
based on existing stations, forecasting for areas that have not been installed.

Vietnam is a developing country with many effective activities for economic
growth. However, in parallel with economic development, development activities are
also sources of emissions causing environmental pollution in general and air envi-
ronment in particular. In which, the main sources of air pollution include: transporta-
tion; Industrial production; construction and people living; agriculture and craft
villages; landfilling and waste treatment. The main air pollutants include: total sus-
pended dust (TSP), PM10 dust (dust � 10 µm), lead (Pb), ozone (O3); inorganic

In this article, author use the recorded PM10 concentrations at several observational stations in Binh
Duong province, employ the CoKriging interpolation method to find suitable models, then predict
PM10 concentrations at some unmeasured stations in the city. From the data set, author found the
best forecast model with the smallest forecast error to predict PM10 concentration.
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substances such as carbon monoxide (CO), sulfur dioxide (SO2), nitrous oxide (NOx),
hydrochloride (HCl), hydrofluoride (HF)…; organic substances such as hydrocarbons
(CnHm), benzene (C6H6)…; unpleasant odors such as ammonia (NH3), hydrosulfide
(H2S)…; heat, noise.

The study area is Binh Duong in Southeastern of Vietnam. It is located between 10°
51′46″–11°30′ northing and 106°20′–106°58′ easting and has the following adminis-
trative boundaries: the East borders on Dong Nai province; the West borders on Tay
Ninh province and Ho Chi Minh City; to the South, it borders on Ho Chi Minh City;
the North borders on Binh Phuoc province. And the area has more than 2694.4 km2.
Binh Duong has a fairly flat terrain. Binh Duong is located in a tropical monsoon
climate, subequatorial in nature. There are two seasons in a year, the rainy season from
May to November, the dry season from December to April of the following year.
Figure 1 shows the study area.

Figure 2 shows the geographical location of the monitoring with pollution levels.

2 Materials and Methods

Dust is a common name for solid and liquid particles, a few micrometres to half a
millimeter in diameter, settle on their own by their weight but can remain suspended in
the air for a while. PM10 dust: is dust particles with kinetic diameter � 10 µm.
Figure 2 shows the air quality monitoring stations PM10 in Binh Duong (see Table 1).
Physical noises are vibrations of sound waves of varying magnitudes and frequencies,

Fig. 1. Air monitoring network in Binh Duong province.
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arranged out of order and propagated in an elastic medium. The unit of noise mea-
surement is dB (decibel). The sources of noise are from objects with high amplitude
fluctuations, in excess of the hearing threshold (70 dB), for example: heavy machinery
in works, lightning, loud singing, etc. The noise affects the ears, then affects the central
nervous system, then the cardiovascular system, the stomach and other organs, and then
the hearing organs. To predict for areas that have not yet installed monitors, the author
uses the CoKriging method.

Fig. 2. Map of air quality monitoring stations with pollution levels.

Table 1. PM10 and dB data of air pollution stations in Binh Duong.

Stations X Y PM10 (mg/m3) dB (A)

N 696.193 1.250.098 85 52.3
NT 655.890 1.241.092 92 58.1
DT1 693.004 1.204.617 105 63.5
DT2 686.008 1.206.206 93 66.1
DT3 681.042 1.214.323 114 59.6
DT4 690.640 1.214.132 162 71.4
DT5 687.438 1.205.692 160 66.3
DT6 692.090 1.205.134 259 65.0
GT1 688.151 1.213.933 500 76.5
GT2 706.634 1.220.991 154 75.9
GT3 678.398 1.231.367 175 71.4
CN1 684.214 1.222.794 219 67.6
CN2 697.081 1.223.852 162 65.0
CN3 696.411 1.224.187 513 64.4
CN4 678.238 1.243.845 34 66.0
CN5 688.598 1.236.343 47 65.7
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The variogram c hð Þ can be defined as one-half the variance of the difference
between the attribute values at all points separated by has followed [1] and [2]

cðhÞ ¼ 1
2NðhÞ

XNðhÞ
i¼1

½ZðsiÞ � Zðsi þ hÞ�2; ð1Þ

where Z(s) indicates the value of the variable, and N(h) is the total number of pairs are
separated by a distance h.

The second-order stationary conditions [3] and [4] one obtains

E½ZðsÞ� ¼ l;

And the covariance

Cov½ZðsÞ; Zðsþ hÞ� ¼ E½ðZðsÞ � lÞðZðsþ hÞ � lÞ� ¼ CðhÞ: ð2Þ

The most common models are spherical, exponential, Gaussian, and pure nuclear
effects [5] and [2]. Cross-validation technique is used to check the completeness and
validity of the model.

The correlation coefficient r2 shows the estimate and the true value. The most
appropriate variogram was chosen based on the highest correlation coefficient.

Cokring: Recall that parameter d = 2 is the dimension of our geological domain D of
interest, n > 2 is the number of sampling places/locations si 2 D, and k > 1 is the
number of pollutants under investigation.

Generally, suppose that at each spatial location si we observe k > 1 variables Zj,
described by a data matrix M of size k � n as follows:

M ¼

Z1ðs1Þ Z1ðs2Þ � � � Z1ðsiÞ � � � Z1ðsnÞ
� � � � � � � � � � � �
Zjðs1Þ Zjðs2Þ � � � ZjðsiÞ � � � ZjðsnÞ
� � � � � � � � � � � �
Zkðs1Þ Zkðs2Þ � � � ZkðsiÞ � � �ZkðsnÞ

0
BBBBBB@

1
CCCCCCA
; ð3Þ

for j = 1, 2, …, k, and i = 1, 2, …, n.
We predict Z1(s0), the value of variable Z1 at unobserved location s0.
Given the fact that the target variable Z1 occurs with other variables (call co-located

variables), we explore the possibility of improving the prediction of variable Z1 by
taking into account the correlation of Z1 with the other variables.

Definiton 1 [6, 7]. The cokriging model of prediction takes the form

Ẑ1ðs0Þ ¼
Xk
j¼1

Xn
i¼1

wjiZjðsiÞ

¼ w11Z1ðs1Þþ � � � þw1nZ1ðsnÞþ � � � þwk1Zkðs1Þþ � � � þwknZkðsnÞ: ð4Þ
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Assuming that the sampling area is relatively homogeneous, i.e. distinct sampling
points si have different values Zj(si) but their expectation are the same, we denote

lj ¼ E½ZjðsiÞ� ¼ E½ZjðsÞ�;

for each pollutant j = 1, …, k; for all i = 1, …, n, and for any sampling point s 2 D.
We will examine ordinary co-kriging (the extension of ordinary kriging of a single
variable to two or more variables). The expectation vector of k variables Zj then is

E½ZðsÞ� ¼
E½Z1ðsÞ�
E½Z2ðsÞ�

..

.

E½ZkðsÞ�

0
BBB@

1
CCCA ¼

l1
l2
..
.

lk

0
BBB@

1
CCCA ¼ l:

We want the predictor Ẑ1ðs0Þ to be unbiased, that is E½Ẑ1ðs0Þ� ¼ l1, where

E½Ẑ1ðs0Þ� ¼
Xk
j¼1

Xn
i¼1

wjiE½ZjðsiÞ� ¼
Xn
i¼1

w1il1 þ � � � þ
Xn
i¼1

wkilk

¼ w11E½Z1ðs1Þ� þ � � � þw1nE½Z1ðsnÞ� þ � � � þwk1E½Zkðs1Þ� þ � � � þwknE½ZkðsnÞ�:
ð5Þ

Definiton 2 [6, 7]. The mean squared error (MSE) of prediction of Z1 is given by.

E fZ1ðs0Þ � Ẑ1ðs0Þg2
h i

¼ R2
1: ð6Þ

Therefore, to get E½Ẑ1ðs0Þ� ¼ l1 we must have the followings

Xn
i¼1

w1i ¼ 1;
Xn
i¼1

w2i ¼ 0; � � � ;
Xn
i¼1

wki ¼ 0: ð7Þ

Co-kriging for Two Pollutants
Let’s assume k = 2, in other words, we observe variables Z1 and Z2 (e.g. PM10 and dB
in our sample data) and we want to predict Z = Z1.

Lemma 1 [6, 7]. The variance R2
1 ¼ E½fZ1ðs0Þ � Ẑ1ðs0Þg2� has expansion.

R2
1 ¼ E½fZðs0Þ � l1g2� � 2

Xn
i¼1

w1iE½ðZ1ðs0Þ � l1Þ ðZ1ðsiÞ � l1Þ�

� 2
Xn
i¼1

w2iE½ðZ1ðs0Þ � l1Þ ðZ2ðsiÞ � l2Þ� þ
Xn
i¼1

Xn
j¼1

w1iw1jE½ðZ1ðsiÞ � l1ÞðZ1ðsjÞ � l1Þ�

þ
Xn
i¼1

Xn
j¼1

w2iw2jE½ðZ2ðsiÞ � l2ÞðZ2ðsjÞ � l2Þ� þ 2
Xn
i¼1

Xn
j¼1

w1iw2jE½ðZ1ðsiÞ � l1ÞðZ2ðsjÞ � l2Þ�:

ð8Þ
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Proof. See in Sect. 5.4 [8] or [3].

Theorem 1 [6, 7]. Consider the following optimization model min R2
1 where.

R2
1 ¼ E½fZðs0Þ �

Xn
i¼1

w1iZ1ðsiÞ �
Xn
i¼1

w2iZ2ðsiÞg2�:

The above optimization model is converted into a kriging system of linear equations

Gw ¼ c; ð9Þ

where vectors w,c have dimensions (2n + 2) � 1 and G has dimension
(2n + 2) � (2n + 2).

If the multivariate covariance model is strictly positive definite and if there is no data
duplication, the optimal weights will be obtained via the vector

w ¼ G�1c:

Proof. See (Paul, 2011) or (Webster, 2007, Sect. 10.4).

Algorithm for Coping with Unmeasured Data Points:
For this realistic data, we got m = 16 good data points. The main idea of the linear

kriging in (4) is that the predicted value Ẑ1ðs0Þ ¼
P2
j¼1

P16
i¼1

wjiZjðsiÞ ¼ w11Z1ðs1Þþ � � � þ
w116Z1ðs16Þþw21Z2ðs1Þþ � � � þw216Z2ðs16Þ, wji � 0 at certain unknown point s0 in
fact is just a convex combination of 16 observed value at Z(si) at m = 16 monitoring

points, where the weights wi fulfill
P16
i¼1

w1i ¼ 1;
P16
i¼1

w2i ¼ 0.

Algorithm 1 Progressively Imputation
INPUT: a finite set V0 of all n designed monitoring sites, 
V = {s1, s2, ··· ,sm} of observable sites (m ≤ n), V V0,
a k × m data matrix M of k observable factors (monitored at m sites), modified from data 

matrix (3).
OUTPUT: the fully updated set V of n known sites with available data, from which obser-

vation Z(s) at any location s CH(V) (the convex hull of V ) is estimated by Equation (4)
If m = n stop, else proceed to next step. 
while m < n do
1. Select a site s0 V0\V (an unmeasured site) 
2. Set up the system (9) from data M and s0
3. Compute the weight vector w = G−1 c
4. Calculate the predicted value at s0
5. Update V := V {s0}; update m = |V|; update data matrix M;
end while 
return The full network V of all observable sites.
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3 Results and Discussions

Anisotropy was tested by comparing variations in several directions 0°, 45°, 90°, and
135° with an angle tolerance of �45° used to detect anisotropy.

Figure 3 and 4 show fitted variogram for the parameters of PM10 and dB,
respectively; and Fig. 5 shows fitted variogram for the parameters of both PM10 and
dB, allfound by the isotropic-based Gaussian model, see Table 2.

Fig. 3. Fitted variogram for the parameter PM10.

Fig. 4. Fitted variogram for the parameter dB.
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Figure 3 shows fitted variogram for the parameter PM10. Gaussian model shows
the best fitted omnidi-rectional variogram of air pollution obtained based on cross-
validation. The variogram values are presented in Table 2.

Fig. 5. Fitted variogram for two the parameter.

Table 2. Isotropic variograms values of PM10, dB and two parameters

Data set and model Estimates of parameters RSSa r2 C
C0 þC

Nugget (m) Sill (m) Range A
C0 C0 + C (m)

PM10 (n = 16)
Linear
Gaussian
Spherical
Exponential

10
800
10
10

2.735
32700
26130
31120

2.1482
17754
21100
43200

5.66e08
5.05e08
5.79e08
6.04e08

0.351
0.413
0.335
0.309

11374.376
0.976
1
1

dB (n = 16)
Linear
Gaussian
Spherical
Exponential

7.4884
0.1
0.1
6.2

45.936
32.96
32.5
83.4

26391
9058.6
10590
120840

3390
3789
3832
3477

0.364
0.289
0.289
0.347

0.837
0.997
0.997
0.926

PM10 and dB (n = 16)
Linear
Gaussian
Spherical
Exponential

207.33
0.1
0.1
0.1

277.15
258.8
256.4
258.5

26390.5
2684.7
3020
4500

658459
615456
620895
631622

0.01
0.087
0.092
0.058

0.252
1
1
1

RSSa is the sum of squares of the residuals from the fitted function.
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Thus, from the stations s1, s2,…, s16 we find the best interpolation model based on

RSS (RSS ¼ Pn
i¼1 e

2
i ¼

Pn
i¼1 ðZi � bZiÞ2Þ, r2 and C/(C0 + C). Using the models found,

we forecast for stations, where missing data occurred.
RSS represents the fit of the model to the data set, the lower the RSS indicates the

better the model fits the data. r2 is the fit of the model to the data; this value is not as
strong as the Residual SS value.

Selecting the Best-Fit Model [7]: The model that uses interpolation is called optimal
if it has the lowest error forecast. Few following statistics (integrated in GS+) can be
used to explain the output of the model.

First, the residual sum of squares (RSS): a small RSS indicates a tight fit of the
model to the data.

Second, the coefficient of determination, r2: not strong for fitting the model as RSS,
but used to look at the impact of change in the model parameters.

Third, the proportion C/(C0 + C) statistic provides a measure of the proportion of
sample variance (C0 + C) that is explained by spatially structured variance C.

This value will be 1.0 for a variogram with no nugget variance (where the curve
passes through the origin).

Conversely, it will be 0 where there is no spatially dependent variation at the range
specified, i.e. where there is a pure nugget effect.

Correlation coefficients are used to measure how strong a relationship is between

two variables ðr ¼ n
P

xyð Þ�ð
P

xÞð
P

yÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n
P

x2�ð
P

xÞ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n
P

y2�ð
P

yÞ2
q Þ.

Model checking: Selecting the right model for the data based on the results:
regression coefficient, correlation coefficient and interpolation values, besides error
values are standard error (SE) and standard error prediction (SE prediction) (Table 3).

Figure 6 shows the results of checking the error between the actual value and the
estimated value using the cokriging method. The regression coefficient and the cor-
relation coefficient are approximately equal to 1, the standard error is small (close to
zero). Thus, the selected model is a suitable interpolation (Fig. 7).

From Fig. 8 and Fig. 9 show estimated errors of predicting PM10 concentrations
2D and 3D in Binh Duong by the discussed cokriging method. This shows that forecast
areas close together have small forecast errors. Using the CoKriging interpolation
method, we can predict air pollution levels for areas that have not yet installed mon-
itoring points.

Based on the forecast map in Figs. 8 and 9, we can predict the air pollution
concentration at locations around the air monitoring stations. Positions in the same
color have a small prediction error. Through the use of CoKriging spatial interpolation

Table 3. Result testing parameters of the model.

Coefficient regression Coefficient correlation SE SE Prediction

1.044 0.994 0.021 5.440
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model, we can predict air pollution levels for areas that have not yet installed air
monitors. The higher the density of monitoring stations, the easier it is to choose the
interpolation model and the more reliable the interpolation results and vice versa.

The prediction results of the model also have some limitations in terms of fore-
casting error. The reason is that in addition to the PM10 pollutant, there are other
pollutants in the air such as TSP, CO, SO, NO2, PM25.

Fig. 6. Error testing result of prediction PM10.

Fig. 7. Cross-Validation (CoKriging) of PM10.
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4 Conclusion

CoKriging application to forecast PM10 concentration results in low error between
estimated value and actual value. Therefore, the study shows that the efficiency and
high reliability of geostatistics to build spatial prediction models. There is no way we
can find the best model, only by experiment. The author must test all models, change
the model parameters and finally choose the model that fits the data, the model with the
lowest prediction error. When building the model, we should pay attention to the
outliers, which will determine the error of the model, so we have to deal with them.

The following are the predicted results using other methods. Figure 10 shows the
results of PM10 concentration prediction by the distance inverse method, which results
in high predictive error 68,926. Figure 11 shows the results of PM10 concentration

Fig. 8. The Cokriging interpolation method in 2D space.

Fig. 9. The Cokriging interpolation method in 3D space.
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prediction by Kriging method giving high predictive error 71,912. The prediction error
by CoKriging method in this paper is 5,440. Thus, the Cokriging method used in this
paper to predict PM10 concentrations is consistent with the data.

Up to now, there has been no research on air pollution forecasting using CoKriging
spatial interpolation method in the country. Domestic studies only stop at the level of
data simulation [9, 10] or Kriging interpolation as in the article: [11, 12]. The data
simulation method leads to high errors, the geographical spatial correlation has not
been evaluated, and the relationship between the secondary parameters affecting the
main parameters to be forecasted. The Kriging method only provides a predictive
model for data with exactly one pollutant, when in fact many pollutants are related to
each other.

Fig. 10. Inverse distance weighting method.

Fig. 11. Kriging method
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