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Abstract. In this paper, a trajectory design algorithm via convex opti-
mization has been proposed for the 6-DoF asteroid powered landing
problem. The main contribution is that the algorithm combines the
time-optimal and the fuel-optimal trajectory optimization to give a fuel-
optimal trajectory in the optimal flight time. First, two constrained
nonconvex optimal control problems of the time-optimal and the fuel-
optimal are proposed, then the original nonconvex continuous-time infi-
nite dimensional problems are turned to convex discrete-time finite
dimensional optimization problems through linearization and discretiza-
tion of the nonlinear dynamics and the nonconvex state, control con-
straints. By developing the successive convexification, the final trajectory
is achieved by solving a sequence of convex fuel-optimal sub-problems
using the optimal flight time and the time-optimal trajectory given by
solving the time-optimal optimization problem in successive manner. The
validity of proposed algorithm of generating the fuel-optimal trajectory
in the optimal flight time is verified through numerical simulations for
landing on an irregular asteroid.

Keywords: Asteroid landing · Trajectory design · Time-optimal ·
Fuel-optimal · Successive convexification

1 Introduction

Landing vehicle on asteroids to obtain high resolution data and soil samples is
becoming increasingly popular in recent years. In order to successfully complete
the mission, the spacecraft must softly land at the intended landing site with
pinpoint precision. Due to the irregular shape and high rotating speed of aster-
oids, as well as the communication delay from the Earth, the problem under
investigation is to propose a reliable algorithm of fuel-optimal powered landing
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trajectory design in finite time that can be rapidly computed onboard the vehicle
without ground control.

The closed-loop control method for asteroid landing have been studied,
including the method of tracking a predesigned cubic polynomials trajectory
satisfying boundary conditions [8,9,21], the closed-loop guidance based on cur-
rent state and the state of landing site [4,6,17]. Though the closed-loop control
is widely used on real-time trajectory generation, the thrust constraint is not
included in the control formulation. The trajectory design for asteroid landing
has been posed as constrained optimal control problem, includes the indirect
method and the direct method. The indirect method [5,19,20] combines the
costate differential equations, the Pontryagin principle and the boundary con-
ditions to find the optimal solution, and the method suffers from poor conver-
gence performance. The direct method [7,10] suffers from low computation speed
because the method solves the original optimal control problem by nonlinear
programming (NLP). The two method are not suitable for real-time trajectory
generation.

In order to improve the efficiency of trajectory optimization, the trajectory
design problem is transformed into the convex optimization problem. The con-
vex optimization problem gains the advantage of low complexity, the polynomial
solution time and global convergence [14], which can be solved reliably and effi-
ciently. The convex programming approach is first applied in powered descent
guidance for Mars landing [2,3,15,16]. Especially in [15,16], the successive con-
vexification are proposed and used for trajectory optimization of the fuel-optimal
problem and free-final-time problem. The successive convexification is to solve
the original non-covex optimization problem by instead solving a sequence of
related convex sub-problems. In [18], convex optimization is used to rapidly gen-
erate time-optimal trajectories for asteroid landing. In [12], the successive con-
vexification is used for fuel-optimal trajectory design for landing on irregularly
shaped asteroids.

The convex optimization is well-developed and can be solved with custom
solvers [11]. In this paper, we aim to propose a trajectory design algorithm that
can generate a fuel-optimal trajectory in the optimal time via convex optimiza-
tion. First, we formulate the time-optimal and the fuel-optimal nonconvex tra-
jectory optimization problems, then we linearize and discretize the two problems
to cast them into convex sub-problems. Lastly, we combine the time-optimal and
the fuel-optimal trajectory optimization, and generate the trajectory by solving
the fuel-optimal optimization problem via successive convexification using the
solution of the time-optimal optimization problem solved in successive manner.

The paper is organized as follows: Sect. 2 presents the nonconvex continuous-
time time-optimal and fuel-optimal trajectory optimization problems for asteroid
landing, Sect. 3 presents the convexification and discretization for the two prob-
lems, and outlines the successive convexification framework, Sect. 4 presents the
algorithm for generating the fuel-optimal trajectory in the optimal time and the
simulation results, Sect. 5 concludes this paper.
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2 Problem Formulation

2.1 The Dynamics

We consider the trajectory design problem as a optimal control problem of guid-
ing the vehicle from the initial state to the landing site. The spacecraft is modeled
as a rigid actuated by three reaction wheels and six identical thrusters rigidly
mounting to its body axes with a feasible range of thrust magnitude. In order
to describe the motion of the vehicle, we first define two coordinate frames: FL
coordinate frame and FS coordinate frame. FL is the asteroid-fixed frame cen-
tered at the asteroid’s center-of-mass oL, with its zL-axis pointing along the
spin axis of the asteroid, its xL-axis pointing along the asteroid’s maximum
(minimum) inertial principal axis, and the yL-axis completing the right-handed
system. FS is the vehicle-fixed frame centered at the vehicle’s center-of-mass oS ,
with its zS -axis pointing along the the vehicle’s maximum inertial principal axis,
its xS -axis pointing along the vehicle’s minimum inertial principal axis, and the
yS -axis completing the right-handed system.

We assume the fuel of the vehicle depletes at a rate proportional to the
magnitude of the thrust vector. Denoting the mass as m(t), the control thrust
as TS(t), the mass depletion is given by

ṁ(t) = −|TS,x(t)| + |TS,y(t)| + |TS,z(t)|
Isp · g0

= −‖TS(t)‖1
Isp · g0

(1)

where Isp is the vacuum specific impulse, g0 is the Earth’s standard gravity
constant.

Then we express the translational of the vehicle in the FL coordinate frame,
given the position rL(t) ∈ R

3, the velocity vL(t) ∈ R
3 and the gravitation

∇U(r) ∈ R
3, the translational motioncan be given by

ṙL(t) = vL(t) (2)

v̇L(t) = −2ωe × vL(t) − ωe × [ωe × rL(t)] +
TL(t)

m
+ ∇U(r) (3)

where ωe and TL(t) are the rotating angular velocity vector of the asteroid and
the control thrust expressed in FL coordinate frame respectively.

We use MRPs (Modified Rodrigues Parameters) σS/L(t) ∈ S3 to describe
the attitude of FL coordinate frame relative to FS coordinate frame. Given
the inertia tensorJ ∈ S

3
++, the angular velocity vector ωS(t) ∈ R

3, the torque
MS(t) ∈ R

3, the rotational motion can by given by

σ̇S/L(t) =
1
4
R(σS/L)ωS/L(t) (4)

=
1
4
R(σS/L)

[
ωS(t) − CS/Lωe

]

Jω̇S(t) = MS(t) − ωS(t) × [JωS(t)] (5)
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In Eq. (4),CS/L ∈ SO(3) is the direction cosine matrix describing the atti-
tude transformation from FL coordinate frame to FS coordinate frame, R(σS/L)
and CS/L are related to σS/L through the following relation

R(σS/L) =

⎡

⎣
1 + σ2

1 − σ2
2 − σ2

3 2(σ1σ2 − σ3) 2(σ1σ3 + σ2)
2(σ1σ2 + σ3) 1 − σ2

1 + σ2
2 − σ2

3 2(σ2σ3 − σ1)
2(σ1σ3 − σ2) 2(σ2σ3 + σ1) 1 − σ2

1 − σ2
2 + σ2

3

⎤

⎦ (6)

CS/L = E3 −
4
(
1 − σT

S/LσS/L
) [

σS/L
]× − 8

([
σS/L

]×)2

(
1 + σT

S/LσS/L
)2 (7)

where σS/L = [σ1, σ2, σ3]T , [σSL]× =

⎡

⎣
0 −σ3 σ2

σ3 0 −σ1

−σ2 σ1 0

⎤

⎦ is the skew-symmetric

matric.
With the direction cosine matrix, we can give the relation of control thrust

TL(t) and TS(t), that is

TL(t) = CL/STS(t) = C−1
S/LTS(t) = CT

S/LTS(t) (8)

2.2 The State and Control Constraints

Since the asteroid is rotating and irregular-shaped, specific constraint must be
imposed to avoid undesired collisions with the asteroid. Considering the possible
complex terrain around the landing site, a glide-slope constraint that restricts
the vehicle to fly in a cone with a cone angle of θ can meet the requirement of
avoiding collisions, then the glide-slope constraint can be given by

cosθ ≤ [rL(t) − rtf ]T ntf

‖rL(t) − rtf‖ (9)

where rtf is the landing site position, ntf is the normal vector pointing outside
the asteroid, both of them are expressed in FL coordinate frame.

Furthermore, in order to fulfill the goal of pinpoint landing, we hope the
optical camera on the vehicle can track the landing site during the landing
process, therefore, a FOV constraint which keeps the landing site within the
FOV (field-of view) of the vehicle is introduced. Given the FOV angle β, the
installation position vector of vision sensor ρS , and the line-of-sight direction
dS , the FOV constraint can be given by

cosβ ≤
[−CS/L(rL(t) − rtf ) − ρS

]T
dS

‖ − CS/L(rL(t) − rtf ) − ρS‖‖dS‖ (10)

Moreover, we must keep the mass of the vehicle always remains above the
dry mass mdry, the mass constraint is given as

mdry ≤ m(t) (11)
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For the control constraint, the magnitude of thrust vector is constrained to
lie within the interval [Tmin, Tmax], while the magnitude of torque is constrained
to less then Mmax, thus the control can be given by

Tmin ≤ ‖TS(t)‖∞ ≤ Tmax (12)

‖MS(t)‖∞ ≤ Mmax (13)

2.3 Problem Statement

For the trajectory design problem for asteroid powered landing, we can empha-
size the problem as a nonconvex continuous-time free-final-time problem to
achieve the trajectory of the optimal flight time tf , the time-optimal cost func-
tion can be given by

minimize
tf , TS

tf (14)

If the flight time tf can be estimated in advance, we can emphasize the
problem as a nonconvex continuous-time two-point boundary problem to achieve
the fuel-optimal trajectory during the time interval [0, tf ]. Noted that the fuel
consumption is the mass variation, so the fuel-optimal cost function is given by

minimize
TS

∫ tf

0

α‖TS(t)‖1 dt (15)

where α = 1
Isp·g0

is a constant.
Both the time-optimal optimization problem and the fuel-optimal optimiza-

tion problem are subject to the dynamics in Eqs. (2–6), the state and control
constraint in Eqs. (9–13), and the boundary conditions as below.

rL(0) = r0, vL(0) = v0, σS/L(0) = σ0, ωS(0) = ω0, m(0) = minit (16)

rL(tf ) = rtf , vL(tf ) = vtf , σS/L(tf ) = σtf , ωS(tf ) = ωtf , mdry ≤ m(tf )
(17)

where [r0, v0, σ0,ω0] is the initial state, [rtf , vtf , σtf ,ωtf ] is the terminal
state.

3 Convex Formulation

In the section, we develop convex formulation for the time-optimal and fuel-
optimal nonconvex optimization problems. Since both the two problems are
nonconvex continuous-time infinite dimensional optimization problems, we must
cast the original problems into a convex discrete-time finite dimensional opti-
mization problem through convexification and discretization, then the convex
problem is used as the sub-problem solved in successive manner to draw the
optimal trajectory.
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3.1 Convexification

Since the non-convexity of the original problem is mainly caused by the non-
linearity of dynamics and the FOV constraint, we take the way of linearization
of dynamics and the FOV constraint to do convexification. First, we define the
state vector x(t) =

[
rL(t)T , vL(t)T , ωS(t)T , σS/L(t)T

]T ∈ R
12 and control

vector u(t) =
[
TS(t)T , MS(t)T

]T ∈ R
6, so we the express the dynamics in Eqs.

(3–6) to the as the vector-valued function by

dx(t)
dt

= X [x(t),u(t)] =
[
ṙL(t)T , v̇L(t)T , ω̇S(t)T , σ̇S/L(t)T

]T
(18)

Given a reference trajectory including the state, the control and the mass
{x̂(t), û(t), m̂(t)}, we can linearize Eq. (18) with first-order Taylor expansion
directly for the fuel optimal problem. The linearized system for the fuel-optimal
optimization problem can given as

ẋ(t) = A(x̂, û)x(t) + B(x̂, û)u(t) + C(x̂, û) (19)

A(x̂, û) =
∂X (x,u)

∂x
|x̂,û ∈ R

12×12

B(x̂, û) =
∂X (x,u)

∂u
|x̂,û ∈ R

12×6

C(x̂, û) = X (x̂, û) − A(x̂, û)x̂ − B(x̂, û)û ∈ R
12

For the time-optimal optimization problem, since the flight time tf is
unknown, we cast Eq. (18) in terms of normalized trajectory time τ = t

tf
∈ [0, 1].

Applying the chain rule to the left side of Eq. (18), we can obtain

dx(t)
dt

=
dx(t)
dτ

dτ

dt
(20)

We define the time dilation between τ and t as λ, where λ � dt
dτ , so the

Eq. (20) turns to

ẋ(τ) =
dx(τ)

dτ
= λX [x(τ),u(τ)] (21)

Given a reference trajectory including the state, the control, the mass and the
time dilation

{
x̂(t), û(t), m̂(t), λ̂

}
for the time-optimal optimization problem,

we approximate Eq. (21) by first-order Taylor expansion, the linearized dynamics
for the time-optimal optimization problem can given as

ẋ(τ) = Gλ(τ)λ + Gx(τ)x(τ) + Gu(τ)u(τ) + Gc(τ) (22)
Gλ(τ) = f [x̂(τ), û(τ)] ∈ R

12

Gx(τ) = λ̂
∂f (x,u)

∂x

∣
∣
x̂(τ),û(τ) ∈ R

12×12

Gu(τ) = λ̂
∂f (x,u)

∂u

∣
∣
x̂(τ),û(τ) ∈ R

12×6

Gc(τ) = −Gx(τ)x̂(τ) − Gu(τ)û(τ) ∈ R
12
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By the definition of the time dilation λ, we can get λ = tf , so the time-optimal
cost function in Eq. (14) turns to

minimize
λ, TS

λ (23)

For the glide-slope constraint and the FOV constraint, they can be expressed
as the following equivalent form

‖Cex(t) − Cextf‖ ≤ nT
tfCe

cosθ
[x(t) − xtf ] (24)

‖CS/LCe(r(t) − rtf ) + ρS‖ +
dT

S
cosβ‖dS‖

[
CS/LCe(r(t) − rtf ) + ρS

] ≤ 0 (25)

where Ce = [E3, 03×9] ∈ R
3×12, xtf =

[
rT

tf , vT
tf , σT

tf ,ωT
tf

]T

is the terminal
state.

For the fuel-optimal optimization problem, the glide-slope constraint in
Eq. (24) is in the convex form of second-order cone, but the FOV constraint
in Eq. (25) is nonlinear, so we linearize the left side of Eq. (25) by first-order
Taylor expansion to make it convex, that we have

q (x̂)′ x(t) + q (x̂) − q (x̂)′ x̂(t) ≤ 0 (26)

q (x) = ‖f(x)‖ +
dT

S
cosβ‖dS‖f(x) ∈ R

q (x)′ =
f (x)T

‖f(x)‖f(x)′ +
dT

S
cosβ‖dS‖f(x)′ ∈ R

1×12

f (x) = CS/LCex(t) − CS/LCextf + ρS ∈ R
3

f (x)′ = CS/LCe +
∂

[
CS/LCex(t)

]

∂σ
Cσ ∈ R

3×12

where Cσ = [03×9, E3] ∈ R
3×12.

For the time-optimal optimization problem, the glide-slope constraint and
FOV constraint share the same form in Eqs. (25) and (26), we just need replace
t with τ .

For the control constraint, the left side of Eq. (12) Tmin ≤ ‖TS(t)‖∞ is
nonconvex. Given T̂S(t) ∈ û(t), we can use the following convex relation for the
thrust constraint.

Tmin ≤ T̂S,j(t)
|T̂S,j(t)|

TS ,j(t) ≤ Tmax j = x, y, z (27)

where TS(t) = [TS ,x(t), TS ,y(t), TS ,z(t)]
T .
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3.2 Successive Convexification

After convexification for the original problems, they have been turned to convex
optimization problems. The convex problem can be regarded as a sub-problem
solved in successive convexification process, so we can we indirectly solve the orig-
inal nonconvex optimization problems by instead solving a sequence of related
convex sub-problems, and the sub-problem in each iteration can be solved by
second-order cone programming. First, we do discretization for the time-optimal
and the fuel-optimal convex optimization problems.

For the fuel-optimal optimization problem, we discretize the time domain
t ∈ [0, tf ] into N equal intervals with the time increment Δt, the temporal
nodes are

tk = kΔt, k = 0, 1, 2, ..., N (28)

We conduct the zero-order-hold control in each discrete time interval, and
denote x(k) = x(tk), u(k) = u(tk), m(k) = m(tk). Denoting the ith iteration in
the successive convexification by superscript i, we replace the reference trajectory
{x̂(t), û(t), m̂(t)} with i−1th successive solution

{
xi−1(k), ui−1(k), mi−1(k)

}
,

then the discrete-time mass depletion and dynamics for the fuel-optimal opti-
mization problem can be given by

mi−1(k + 1) = mi−1(k) − α‖Ti−1
S (k)‖1Δt (29)

xi(k + 1) = Āi(k)xi(k) + B̄i(k)ui(k) + C̄i(k) (30)

Āi(k) = φA(Δt) = eΔtA(xi−1,ui−1)

B̄i(k) =
∫ Δt

0

φA(Δt − ξ)B(xi−1,ui−1) dξ

C̄i(k) =
∫ Δt

0

φA(Δt − ξ)C(xi−1,ui−1) dξ

The discretized cost function for the fuel-optimal optimaization problem turns
to

minimize
TS

N−1∑

k=0

α‖Ti
S(k)‖1Δt (31)

For the time-optimal optimization problem, we discretize the normalized time
domain τ ∈ [0, 1] into N equal intervals, the temporal nodes are

τk =
k

N
, k = 0, 1, 2, ..., N (32)

Denotingx(k) = x(τk),u(k) = u(τk) andm(k) = m(τk), and replacing the ref-
erence trajectory

{
x̂(t), û(t), m̂(t), λ̂

}
with

{
xi−1(k),ui−1(k),mi−1(k), λi−1

}
,

the discrete-timemass depletion dynamics for the time-optimal optimization prob-
lem can be given by

mi−1(k + 1) = mi−1(k) − λi−1

N
α‖Ti−1

S (k)‖1 (33)
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xi(k + 1) = Ḡi
x(k)xi(k) + Ḡi

u(k)ui(k) + Ḡi
λ(k)λi + Ḡi

c(k) (34)

Ḡi
x(k) = φ̄(τk+1 − τk) = e(τk+1−τk)G

i−1
x (k)

Ḡi
u(k) =

∫ τk+1

τk

φ̄(τk+1 − ξ)Gi−1
u (k) dξ

Ḡi
λ(k) =

∫ τk+1

τk

φ̄(τk+1 − ξ)Gi−1
λ (k) dξ

Ḡi
c(k) =

∫ τk+1

τk

φ̄(τk+1 − ξ)Gi−1
c (k) dξ

The discrete-time state constraints and control constraints for both the fuel-
optimal and the time-optimal optimization problems share the following relation.

‖Cexi(k) − Cexi(N)‖ ≤ nT
tfCe

cosθ

[
xi(k) − xi(N)

]
(35)

q
[
xi−1(k)

]′
xi(k) + q

[
xi−1(k)

] − q
[
xi−1(k)

]′
xi−1(k) ≤ 0 (36)

Tmin ≤ T i−1
S,j (k)

|T i−1
S,j (k)|T

i
S,j(k) ≤ Tmax j = x, y, z (37)

‖Mi
S(k)‖∞ ≤ Mmax (38)

where xi(N) is the terminal state.
In addition, in order to make the successive convexification work, we must

ensure that the problem remains bounded and feasible throughout sequence
iteration. Therefore, we introduce virtual control and trust regions.

The virtual control is used to eliminate the artificial infeasibility caussed by
the linearization for the dynamics and the FOV constraint, we augment virtual
control Vi

x(k) ∈ R
12 and V i

f (k) ∈ R+ to the dynamics in Eqs. (30, 34) and
constrains in Eq. (36), we can obtain

xi(k + 1) = Āi(k)xi(k) + B̄i(k)ui(k) + C̄i(k) + Vi
x(k) (39)

xi(k + 1) = Ḡi
x(k)xi(k) + Ḡi

u(k)ui(k) + Ḡi
λ(k)λi + Ḡi

c(k) + Vi
x(k) (40)

q
[
xi−1(k)

]′
xi(k)+q

[
xi−1(k)

]−q
[
xi−1(k)

]′
xi−1(k) ≤ V i

f (k), V i
f (k) ≥ 0 (41)

The trust regions is to ensure the linearization can capture the nonlinearity
of the original problems and keep the problem remain bounded, which make the
trajectory not significantly deviate from the previous iteration. To do so, we first
define the state deviation between the ith iteration and the i − 1th iteration as

δxi
k = xi(k) − xi−1(k) (42)

Then we introduce the following constraint
[
δxi

k

]T
δxi

k ≤ Δi
k (43)
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where Δi
k ∈ R+ is the square of the trust region radius, the corresponding trust

region center is located at xi−1(k).
Adding the penalty term about trust regions and virtual control to the cost

function in Eq. (23) and (31), we can obtain

minimize
λ, T

J i [λ] = λi + Wx‖Vi
x‖1 + Wf‖Vi

f‖1 + WΔ‖Δi‖1 (44)

minimize
T

J i [T(k)] = α‖Ti‖1Δt + Wx‖Vi
x‖1 + Wf‖Vi

f‖1 + WΔ‖Δi‖1 (45)

where Ti =
[
Ti

S(0)T , ... ,Ti
S(N − 1)T

]T , Vi
x =

[
Vi

x(0)T , ... ,Vi
x(N − 1)T

]T ,

and Vi
f =

[
V i

f (0) , ... , V i
f (N)

]T

, Δi =
[
Δi

0 , ... ,Δi
k , ... ,Δi

N

]T , Wx and Wf are
the weight for virtual controls, WΔ is the weight for the trust region.

3.3 Convex Sub-problem

In this section, we summarize the convex sub-problem which is solved repeat-
edly by the successive convexification method for the time-optimal and the fuel-
optimal optimization problems. The summary of the convex subproblem is pro-
vided as below.

Problem 1. Convex discrete-time time-optimal convex optimization sub-
problem

minimize
λ, T

J i [λ] = λi + Wx‖Vi
x‖1 + Wf‖Vi

f‖1 + WΔ‖Δi‖1

subject to

mi−1(k + 1) = mi−1(k) − λi−1

N
α‖Ti−1

S (k)‖1

xi(k + 1) = Ḡi
x(k)xi(k) + Ḡi

u(k)ui(k) + Ḡi
λ(k)λi + Ḡi

c(k) + Vi
x(k)

‖Cexi(k) − Cexi(N)‖ ≤ nT
tfCe

cosθ

[
xi(k) − xi(N)

]

q
[
xi−1(k)

]′
xi(k) + q

[
xi−1(k)

] − q
[
xi−1(k)

]′
xi−1(k) ≤ V i

f (k), V i
f (k) ≥ 0

[
δxi

k

]T
δxi

k ≤ Δi
k ‖Mi

S(k)‖∞ ≤ Mmax

Tmin ≤ T i−1
S,j (k)

|T i−1
S,j (k)|T

i
S,j(k) ≤ Tmax j = x, y, z

mi(0) = minit xi(0) =
[
rT
0 , vT

0 , ωT
0 , σT

0

]T
(46)

mdry ≤ mi(N) xi(N) =
[
rT

tf , vT
tf , ωT

tf , σT
tf

]T
(47)

Problem 2. Convex discrete-time fuel-optimal convex optimization sub-
problem

minimize
T

J i [T(k)] = α‖Ti‖1Δt + Wx‖Vi
x‖1 + Wf‖Vi

f‖1 + WΔ‖Δi‖1
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subject to

mi−1(k + 1) = mi−1(k) − α‖Ti−1
S (k)‖1Δt

xi(k + 1) = Āi(k)xi(k) + B̄i(k)ui(k) + C̄i(k) + Vi
x(k)

‖Cexi(k) − Cexi(N)‖ ≤ nT
tfCe

cosθ

[
xi(k) − xi(N)

]

q
[
xi−1(k)

]′
xi(k) + q

[
xi−1(k)

] − q
[
xi−1(k)

]′
xi−1(k) ≤ V i

f (k), V i
f (k) ≥ 0

[
δxi

k

]T
δxi

k ≤ Δi
k ‖Mi

S(k)‖∞ ≤ Mmax

Tmin ≤ T i−1
S,j (k)

|T i−1
S,j (k)|T

i
S,j(k) ≤ Tmax j = x, y, z

mi(0) = minit xi(0) =
[
rT
0 , vT

0 , ωT
0 , σT

0

]T

mdry ≤ mi(N) xi(N) =
[
rT

tf , vT
tf , ωT

tf , σT
tf

]T

where Eqs. (46) and (47) are the discrete boundary condition to be enforced in
each iteration.

3.4 Algorithm

In this paper, we propose two problems, the time-optimal convex optimization
problem and the fuel-optimal optimization problem. The fuel-optimal optimiza-
tion problem is assumed to be a fixed flight time optimization problem, that
means the algorithm should determine the optimal flight time tf which yields
minimum fuel consumption over the landing process. The algorithm for solving
the time-optimal optimization problem can provide the estimation of the optimal
flight time, so we combine the time-optimal optimization and the fuel-optimal
optimization for trajectory design. First, we solve the convex discrete-time time-
optimal optimization sub-problem (Problem 1) in the successive manner to give
the optimal flight time λ and the time-optimal trajectory. The flight time for the
fuel-optimal optimization problem is tf = λ. Making the obtained time-optimal
trajectory as the initial reference trajectory, then the fuel-optimal trajectory is
achieved by solving the convex discrete-time fuel-optimal convex optimization
sub-problem (Problem 2) through successive convexification. The algorithm is
shown in Algorithm 1.

Algorithm 1. Algorithm for asteroid landing trajectory design

(i) Initialization
Input the vehicle parameters, the initial condition

[
rT
0 , vT

0 , ωT
0 , σT

0

]T and

the terminal condition
[
rT

tf , vT
tf , ωT

tf , σT
tf

]T

, the initial reference trajec-

tory {x0(k),u0(k),m0(k), λ0}, the maximum iteration number Niter and an
acceptable state trajectory deviation εx.
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(ii) Successive Optimization Loop
a) Calculate the coefficient matrices Ḡ0

x(k), Ḡ0
u(k), Ḡ0

λ(k), Ḡ0
c(k),

q
[
x0(k)

]′, q
[
x0(k)

]
by using Eqs. (22, 26, 34), then compute x1(k) and

all the state constraints that x1(k) needs to satisfy in Eqs. (35, 37, 38,
40, 41) with {x0(k),u0(k),m0(k), λ0}.
If i ≤ Niter (i ≥ 1)

If ‖δxi‖∞ ≥ εx

(1) solve Problem 1 and compute J i [λ] by convex optimization
(2) store the successive solution {xi(k),ui(k), λ} compute mi(k) by using

Eq. (33).
(3) make xi(k), ui(k), mi(k), λi be the new reference trajectory x̂(t),

û(t), m̂(t), λ̂, then calculate the coefficient matrices Ḡi
x(k), Ḡi

u(k),
Ḡi

λ(k), Ḡi
c(k), q

[
xi(k)

]′, q
[
xi(k)

]
by using Eqs. (22, 26, 34), and give

xi+1(k) and all the state constraints that xi+1(k) needs to satisfy in
Eqs. (35, 37, 38, 40, 41).

(4) return step (1) to compute J i [λ] and solve Problem 1.
else

Stop and compute mi(k), store {xi(k),ui(k),mi(k), λi}
end

end
b) Make tf = λi, calculate the coefficient matrices Ā0(k), B̄0(k), C̄i(k),

q
[
x0(k)

]′, q
[
x0(k)

]
by using Eqs. (19, 26, 30), then compute x1(k) and

all the state constraints that x1(k) needs to satisfy in Eqs. (35, 37–39,
41) with {xi(k),ui(k),mi(k)}.
If j ≤ Niter (j ≥ 1)

If ‖δxj‖∞ ≥ εx

(1) solve Problem 2 and compute Jj [T(k)] by convex optimization
(2) store the successive solution {xj(k),uj(k)} and compute mj(k) by

using Eq. (29).
(3) let xj(k), uj(k) and mj(k) be the new reference trajectory x̂(k), û(k)

and m̂(k), then calculate the coefficient matrices Āj(k), B̄j(k), C̄j(k),
q
[
xj(k)

]′, q
[
xj(k)

]
by using Eqs. (19, 26, 30), and give xj+1(k) and

all the state constraints that xj+1(k) needs to satisfy in Eqs. (35,
37–39, 41).

(4) return step (1) to compute Jj [T(k)] and solve Problem 2.
else

Stop and compute mj(k), output {xj(k), uj(k), mj(k)}
end

end
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4 Simulation Results

In this section, we present simulation results to examine our algorithm. The
simulation is carried in MATLAB software using convex programming (CVX)
and the solver SDPT3 4.0. We study the trajectory landing on asteroid 4769
Castalia. The diameter and density for the asteroid are 1.4 km and 2100 kg/m3,
the rotation period is 4.095 h, the GM is 94m3/s2. The polyhedron gravitation
method [13] is adopted to calculate the asteroid gravity using a shape model
with 2048 vertices and 4092 faces the shape model data can be downloaded from
[1]. The parameters for the vehicle are given in Table 1.

Table 1. The vehicle parameters

Parameters Values

Initial moment of inertia J =

⎡
⎢⎣

2940 0 0

0 2758 0

0 0 1974

⎤
⎥⎦ kg · m2

Mass of vehicle minit = 1400 kg mdry = 1000 kg

Thrust and Torque Tmin = 2 N Tmax = 20 N Mmax = 0.2 Nm

Vision sensor parameters ρS = [0.9, 0, −1.0]T dS = [0, 0, −1.0]T

β = 25 deg

Glide-slope θ = 15 deg

Vacuum specific impulse Isp = 225 s

Earth’s standard gravity constant g0 = 9.80665 m/s2

To start the successive convexification, we first do a simulation of the time-
optimal convex sub-problem just considering the dynamics and convex control
constraints with a reference state x0

k = N−k
N x0 + k

N xf , k = 0, 1, ..., N , and use
the obtained solution as the initial reference trajectory {x0(k), u0(k),m0(k), λ0}.
The initial state and terminal state for the vehicle are given as follows.

r0 = [−237.554, −7.151, 1255.3]T m v0 = [1.423, 1.376, 0.698]T m/s

ω0 = [0, 0, 0]T rad/s σ0 = [0.1004, 0.0111, −0.3537]T

rtf = [0, 0, 289.3730]T m vtf = [0, 0, 0]T m/s

ωtf = [0.0001, 0.0001, 0.0005]T rad/s σtf = [0.0882, −0.0784, −0.3791]T

Given the acceptable state trajectory deviation εx, when ‖δxi
k‖∞ ≤ εx, the

sequence iteration stops, and the solution of the last iteration is the optimal
trajectory. We set εx = 10−3, the simulation results of state and control, angle
of glide-slope and FOV, mass depletion and the trajectories for the time-optimal
optimization problem and the fuel-optimal optimization problem (using the sim-
ulation results of the time-optimal problem as the initial reference trajectory and
the flight time) are given in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10.
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Fig. 1. The position rL Fig. 2. The velocity vL

Fig. 3. The angular velocity ωS Fig. 4. The MRPs σS/L

Fig. 5. The thrust TS Fig. 6. The torque MS
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Fig. 7. The angle of the glide-slope Fig. 8. The angle of the FOV

Fig. 9. The mass depletion Fig. 10. The trajectory for landing on
asteroid

For solving time-optimal optimization problem, the time dilation is λ =
502.1388, the iteration number is 7, the cut-off state deviation ‖δxi

k‖∞ is
4.0920×10−6, the CPU time is 78.1218s. Making tf = λ and using the obtained
time-optimal trajectory as the initial reference trajectory for solving fuel-optimal
optimization problem, the iteration number is 4, the cut-off state deviation
‖δxi

k‖∞ is 1.5202 × 10−4, the CPU time is 56.4646s, and the fuel-optimal opti-
mization problem uses less fuel to obtain a more stable trajectory than that of
the time-optimal optimization problem as can be seen from Figs. (1-10), the fuel
consumption for the time-optimal optimization problem is 6.9303kg while the
fuel consumption for the fuel-consumption optimization problem is 1.3654kg.
The simulation results indicate that the trajectory design algorithm combining
the time-optimal and the fuel-optimal optimization problems solved by succes-
sive convexifcation is feasible and reliable, the calculation speed is relatively fast,
which can be extended to onboard real-time calculation.
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5 Conclusions

In this paper, a trajectory design algorithm via convex optimization has been
proposed to solve the problem of 6-DoF asteroid powered landing. The aster-
oid landing problem is reformulated as a constrained optimal control problem,
with the nonlinear translational and rotational dynamics, the nonconvex state
and control constraints. Two optimization problems of the time-optimal and
fuel-optimal are considered, through linearization and discretization of nonlinear
dynamics and nonconvex constraints, the nonlinearity and dimension of the orig-
inal problems are reduced, then successive convexification is developed to solve
the two optimization problems. In the algorithm, the trajectory design combines
the time-optimal and the fuel-optimal trajectory optimization, the trajectory is
given by solving the fuel-optimal optimization problem via successive convex-
ification using the flight time and time-optimal trajectory obtained by solving
the time-optimal optimization problem in successive manner. Simulations are
conducted in order to examine the proposed algorithm. The simulation results
indicate that the trajectory design algorithm is capable of generating optimal
solutions (the fuel-optimal trajectory in the optimal flight time) for asteroid
powered landing with relatively fast computational speed. Consequently, the
proposed algorithm can be extended to onboard applications.
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