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Abstract. The concept of clustering has garnered significant attention
within the field of complex networks. Numerous clustering algorithms
have been documented in the extant academic literature. However, most
of them consider static signed networks, which are not suitable for dynam-
ical networks. For dynamical signed networks, there is a class of algorithms
called cluster dynamics. Nevertheless, they regard the connection to be
time-invariant, which is a constraint. In this paper, for a kind of dynam-
ical signed networks with time-varying connections, we discuss the adap-
tive control scheme for clustering of nodes, such that the network evolves
asymptotically into a classifiable network that contains several friends’
groups with clear sign boundaries. In other words, through the careful
design of the controller for the nodes and the establishment of coupling
relationships between the nodes and their connections, we ensure that the
connection of the dynamical signed network can approximate asymptot-
ically the connection of a given classifiable network, as measured by the
concept of uniformly ultimately bounded (UUB). Finally, the simulation
is used to illustrate the validity of the method proposed in this paper.
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1 Introduction

The field of clustering in complex networks has been very active in the past
several years. Clustering is highly valuable in the analysis, design, and optimiza-
tion of complex systems in real networks and engineering [1]. So far, there have
been numerous studies and algorithms developed for detecting communities and
clustering in various types of networks [2–7]. However, the application of these
methods is not feasible for signed networks. Signed networks are particularly
important in social science research as they can represent specific social net-
works [8–11]. Clustering in signed networks is a noteworthy issue that deserves
attention. Therefore, several clustering algorithms have been proposed specifi-
cally for signed networks [12–16].

It has been observed that most of the algorithms mentioned above primarily
focus on clustering static signed networks. However, there is a need to explore the
clustering of dynamical signed networks. In Ref. [17], it was demonstrated that
a certain class of dynamical signed networks, which satisfy a specific model, can
evolve asymptotically into structural balanced networks. This suggests that the
nodes inside these networks can be categorized into one or two friends’ groups.
Furthermore, Ref. [18] provided the specific rules for changing connections in
order to achieve structural balance in the network. However, these studies pri-
marily focused on the behavior of connections and neglected the impact of node
states on the connections. In a different study by Ref. [19], it was proven that
under certain mathematical conditions, the connection subsystem of a dynamical
signed network has the capability to asymptotically achieve a specific structural
balance by coupling with the controlled node subsystem. The authors in Ref.
[20] introduced a state observer for the connection subsystem and developed a
controller utilizing the observer’s data. This controller ensures that the states of
the connection subsystem asymptotically track structural balance. Additionally,
Ref. [21] discussed the tracking problem of the connection subsystem for discrete-
time dynamical signed networks. However, these papers grouped the nodes of the
signed network only into two friends’ groups (two-clustering). How to group the
nodes of the dynamical signed network into multiple friends’ groups, it should
be regarded as the expansion of two-clustering in the above literature.

A class of algorithms based on the phases of the node was proposed in Ref.
[9,22]. Here, the phases of two nodes exhibiting positive connections exhibited a
progressive convergence, while the phases of two nodes with negative connections
had a tendency to diverge from each other. These algorithms can group the nodes
into several friends’ groups. It is noticed that the results in the above literature
[9,22] are suitable only for the nodes with one-dimensional state variables
(phase).

In some scenarios, the state of nodes in a network can be multidimensional.
This means that a one-dimensional state is not enough to fully describe how the
nodes behave dynamically. Therefore, a challenging problem arises: how can we
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group nodes with multidimensional states into different friends’ groups in signed
networks?

The clustering problem for the static signed network is discussed in Ref. [23].
The paper introduces the concept of structural hole and broker, as previously
discussed in Ref. [24]. It provides a mathematical proof that a signed network can
be classified if and only if it is an unprivileged network. The term ”unprivileged
network” is defined in Ref. [23] as a network without any brokers. Ref. [25] also
discusses the clustering problem, in which the structural hole and broker was
not considered. It is noticed that the results in the above literature [23–25] are
suitable only to the static signed network, and one can construct an unprivileged
network (classifiable network) by using the methods in these papers. However,
in the case of a dynamical signed network, it is not natural for the network
to evolve into a classifiable state. How can we make a dynamic signed network
resemble a given unprivileged network by leveraging the dynamics of its nodes?

In order to sovle the problem described above, we need to consider a dynam-
ical signed network as a large-scale system consisting of two subsystems: the
node subsystem and the connection subsystem [26].These subsystems are inter-
connected, meaning that the dynamics of the node subsystem can influence the
dynamics of the connection subsystem through their coupling relationships. This
phenomenon is evident in a multitude of real-life instances. For instance, the
speeds of motors (nodes) can affect the tension of webs (connections) in multi-
motor web-winding systems [27,28]; gamma oscillations in neurons (nodes) can
lead to synaptic facilitation (connections) in biological neural networks [29]; the
alteration in the niche breadth of species (nodes) can have an influence on the
level of competition between them (connections) within biological ecosystems
[30,31]. The goal is to determine how to make the connection subsystem track
a specific unprivileged network, which can be considered as the target for the
connection subsystem.

From the above discussion, it is seen that the state dynamics of controlled
nodes can be employed to synthesize the coupled relation in the connection
subsystem.This interconnected relationship can then influence the connection
subsystem to track the given unprivileged network (classifiable network).

Motivated by the preceding discourse, the objective of this scholarly article is
to formulate an adaptive control strategy for the nodes and construct the inter-
connected relationship inside the connection subsystem for a type of dynamical
signed networks. By implementing the adaptive controller for the nodes and
designing the coupling relationships for the connections, the network will grad-
ually evolve towards a classifiable network (unprivileged network) over time.
This means that the network will eventually be grouped into different friends’
groups, where the connections within each group are positive, but the connec-
tions between different groups are non-positive.

In comparison to previous studies on clustering of nodes, this paper has
several notable advantages. Firstly, we consider a class of time-varying dynami-
cal signed networks with the multi-dimensional nodes and synthesis of the cou-
pling relation in connection subsystem. Secondly, a specific unprivileged network
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(referred to as a classifiable network) is selected as the target for tracking. This
allows for the clustering of nodes within the network into multiple friends’ groups
(multi-clustering).

The subsequent sections of this paper are structured in the following manner:
In section II, we provide the notions of dynamical signed network and classifiable
network, and put forth the framework of a dynamical signed network model.
What’s more, the coupling relationships are given. In section III, an adaptive
control scheme for nodes is proposed to make sure the network evolves into
a classifiable network overtime via coupling relationships between nodes and
connections. In section IV, the simulation example proves the validity of the
scheme proposed in this paper. In section V, the conclusion is given.

2 Concept of Classifiable Networks and the Network
Model

This paper considers a type of dynamical signed networks. Then, the concept of
dynamical signed networks is proposed.

Definition 1 (Dynamical signed network) [23]. If each connection ljk in an
undirected -connected signed network can have positive, negative or zero values,
this type of network is referred to as a dynamical signed network, with the symbol
Δ = (U,L). The set U = {j |j = 1, 2, · · · , N } denotes the sequential labels of its
N nodes, and the set L= { ljk| j, k ∈ U, j �= k} represents the collection of values
corresponding to the real-valued weighted link in the network.

Based on the definition of a dynamical signed network, it can be inferred that
the undirected dynamical signed network Δ = (U,L) adheres to the condition
ljk = lkj , j, k ∈ U , j �= k. Specifically, when j is the same as k, the notation ljj

represents the measure of self-join strength for a node. For arbitrary ljk ∈ L,
ljk > 0, ljk = 0, and ljk < 0 denote positive connection, non-connection, and
negative connection respectively.

Definition 2 (Friends’ group) [23]. In the context of a dynamical signed net-
work Δ = (U,L), a sub-network Δ′ = (U ′, L′) is considered a friends’ group if
the following conditions hold: for all nodes j, k ∈ U ′ and h ∈ V − V ′, if the
weight ljk between nodes j and k is greater than zero, and the weight ljh between
nodes j and h is less than or equal to zero.

Remark 1. (1) According to Definition 2, it can be observed that the connections
inside a given friends’ group have a positive nature, whereas the connections
between distinct friends’ groups are either negative or non-existent. (2) In the
case where all connections in the network Δ = (U,L) are positive, it follows that
U ′ = U , L′ = L, and ljk > 0 for every j, k ∈ U . In accordance with Definition 2,
every node has the maximum number of friends. Hence, it is its greatest friends’
group of itself. (3) In the case where all connections in the network Δ = (U,L)
are non-positive, each node represents a friends’ group. In this scenario, the
network possesses the highest number of friends’ groups. However, each friends’
group inside the network is characterized by a minimal amount of elements.
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Definition 3 (Classifiable network) [23]. A dynamical signed network,
denoted as Δ = (U,L), is referred to as a p-classifiable network when it con-
sists of p distinct friends’ groups. In this context, there exist p friends’ groups
denoted as Δk = (Uk, Lk), where k = 1, 2, · · · , p. These friends’ groups satisfy

the condition that U =
p⋃

k=1

Uk, L =
p⋃

k=1

Lk ∪ (
p⋃

s,t=1,s �=t

Lst), where Lst denotes

the set containing the connections between two different friends’ groups t and s.
The network is commonly referred to as a classifiable network, particularly if the
variable p is not emphasised.

Remark 2. In a p-classifiable network, the network Δ = (U,L) can be categorised
into p friends’ groups. It can be inferred that the connections among nodes inside
a given friends’ group are consistently positive, but the connections between two
distinct friends’ groups are either non-existent or negative.

From the definition of classifiable networks, it is known that not all dynamical
signed networks are classifiable. The goal of this paper is to make sure the
network evolves into a classifiable network via designing the controller for nodes
and the coupling relationships between nodes and connections. To achieve this
goal, we first look for a classifiable network, and then let the dynamical signed
network tracks this classifiable network over time. As a result, the dynamical
signed network can also be classifiable.

The description of the network model is as follow.
We consider an undirected dynamical signed network of N nodes, where both

the nodes and connections undergo dynamic changes over time. Assume that
each node can be represented by an n−dimensional vector, and the dynamical
equation governing the behaviour of node i can be mathematically written as:

żi = Aizi + Bifi(zi), i = 1, 2, · · · , N (1)

where Ai and Bi denote matrices of real numbers with dimensions n × n and
n × m respectively. zi = [zi1, zi2, · · · , zin]T represents the state variable of node
i. fi(zi) = [fi1(zi), fi2(zi), · · · , fim(zi)]T ∈ Rm. denotes a continuous vector
function, where i = 1, 2, · · · , N .

Remark 3. (I) Let Ai be defined as Ai = (
O In−1

0 OT ) and Bi be defined as Bi =

(OT 1)T , where O represents a a zero vector of order n − 1, In−1 represents a
identity matrix with order n − 1. Eq.(1) may be used to explain several chaotic
systems, including Sprott chaotic system[32], Duffing chaotic system[33] and so
on. (II) If Bi = Im, where Im denotes an identity matrix with order m, the

Eq. (1) is presented in Ref.[34–36]. (III) If Bi =
(

0 1 0
0 0 1

)T

, then the Lorenz

chaotic system, as stated in [37], may be represented by the system (1).
In order to facilitate the subsequent mathematical derivation, we will intro-

duce the notions of matrix vec operator and Kronecker product.



Adaptive Control Scheme for Clustering of Nodes 59

Definition 4 (Matrix Vec Operator) [38]. Let the matrix T ∈ Rm×n. The
vec(·) operator, which maps T onto the vector constructed of the columns of T ,
can be expressed as follows:

vec(T ) = (t11, · · · , tm1, t12, · · · , tm2, · · · , t1n, · · · , tmn)T (2)

Definition 5 (Kronecker product) [38]. Let the two matrices S ∈ Rp×q and
T ∈ Rm×n, then the Kronecker product of S and T , denoted as S⊗T ∈ Rpm×qn,
is defined as follow:

S ⊗ T=

⎛

⎜
⎜
⎜
⎝

s11T s12T · · · s1qT
s21T s22T · · · s2qT

...
...

...
...

sp1T sp2T · · · spqT

⎞

⎟
⎟
⎟
⎠

(3)

Thus, the aforementioned properties hold true [38]:

(I) vec(SXT ) = (TT ⊗ S)vec(X);
(II) vec(SX+XT ) = (I ⊗ S + TT ⊗ I)vec(X);

Based on system (1), we propose a dynamical equation for nodes with control
input ui that are coupled with connections:

żi = Aizi + Bifi(zi) + d

N∑

j=1

lij(t)Gj(zj) + ui (4)

where d > 0, representing the common connection relationship strength in
the network, is a given number. The function Gj(zj), denoted as Gj(zj) =
[Gj1(zj), Gj2(zj), · · · , Gjn(zj)]T ∈ Rn, j = 1, 2, · · · , N are continuous vector
functions. The symbol ui represents the control input, whereas lij(t) represents
the weight value of the connection between node i and node j at time t.

It is observed that the weight values of the connections between the nodes in
Eq.(4) can be represented by the matrix L = L(t) = (lij(t))N×N ∈ RN×N . Let
the states vector of nodes z = [zT

1 , zT
2 , · · · , zT

N ]T ∈ Γ ⊆ RNn, where Γ is a closed
and bounded in RNn. Let f(z) = [fT

1 (z1), fT
2 (z2), · · · , fT

N (zN )]T and G(z) =
[GT

1 (z1), GT
2 (z2), · · · , GT

N (zN )]T be two continuous vector functions. The control
vector is denoted as u = [uT

1 , uT
2 , · · · , uT

N ]T . In conjunction with the matrix
Kronecker product formulation, the dynamical Eq. (4) can be reformulated as
follows:

ż = Az + Bf(z) + d(L(t) ⊗ In)G(z) + u (5)

where the notion In is used to represent an identity matrix of order n. The
matrices A = diag(A1, A2, · · · , AN ) and B = diag(B1, B2, · · · , BN ).

In this paper, we consider the time-varying connection relationships, and the
connection matrix L(t) satisfies the following Riccati dynamical equation:

L̇ = ΨL + LΨT + Φ(z) (6)

where Ψ ∈ RN×N is a real number matrix, Φ(z) ∈ RN×N denotes the coupling
relationships between the nodes and the connections.
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Remark 4. (I) If the weights of the connections are fixed, then L̇ = 0. Further-

more, when the condition Lii = −
N∑

j=1,j �=i

lij holds, the system (4) is referred

to as the time-invariant dissipative coupled complex dynamical network [39–
41]. Hence, the constant matrix denoted as L can be considered as a specific
instance of the dynamical Eq. (6). On the other hand, in the case when L̇ �= 0,
it can be inferred that the connections are subject to change over time. Con-
sequently, the system (4) can be seen as a complex dynamical network that
exhibits time-varying characteristics, as indicated by previous studies [42,43].
The literature above primarily emphasises the attributes of nodes in Eq. (5),
such as synchronisation, whereas the connections serve a secondary function.
This research, however, centres its attention on the attributes of connections
in Eq. (6), with the nodes assuming a secondary role. (II) It can be seen from
the Eq. (5) and Eq. (6) that nodes and connections are coupled via the coupling
matrix Φ(z). That is, the states of connections are affected by the change of
the states of nodes via the coupling matrix Φ(z). Therefore, we can design a
controller for nodes to make sure the network evolves into a classifiable network
over time. (III) It is important to acknowledge that the network model in Ref.
[9,22] was established only by the phases of the nodes. While, in some cases, the
state of the nodes is multi-dimensional. Hence, we consider a class of network
models with multi-dimensional nodes and synthesis of the coupling relation in
connection subsystem.

In this study, the coupling matrix Φ(z) will be considered as follow:

Φ (z) = −Ψ
(
L̂ + Ξ (z)

)
−

(
L̂ + Ξ (z)

)
ΨT , ξij=zT

i zj (7)

where constant matri L̂ is unknown, and Ξ (z)=(ξij)N×N .

Assumption 1. The vector function G(z) exhibits boundedness. In other words,
there exists a positive real number g that is known to meet the inequality
‖G(z)‖ ≤ g.

Assumption 2. The matrix pair (A,B) exhibits perfect controllability. That is,
there exists an Nm × Nn matrix R for which the Lyapunov equation presented
possesses a singular positive definite matrix solution S for any given matrix
Q > 0:

(A + BR)T
S + S(A + BR) = −Q (8)

Remark 5. For the equation shown in Eq. (8), let W=S−1 and K = RW , it
is possible to generate matrices S and R by solving linear matrix inequality
WAT + AW + BK + KT BT < 0. The details illustrated in the Ref. [44].

Assumption 3. The matrix denoted as Ψ in the context of Eq. (6) exhibits Hur-
witz stability.

Based on Assumption 3, it is evident that the matrix I ⊗ Ψ + Ψ ⊗ I likewise
possesses the property of being Hurwitz. Hence, for any given matrix Q̄ > 0,
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there exists a N2 × N2 positive definite matrix J which satisfies the following
equation:

JĀ + ĀT J = −Q̄ (9)

where Ā = I ⊗ Ψ + Ψ ⊗ I.

Assumption 4. The constant matrix L̂, which is unknown, can be denoted as:

L̂ = L∗ + μΠ (10)

where L∗ is a predetermined network connection matrix that can be classified.
The matrix Π ∈ RN×N is characterised by having bounded error. There exists an
undetermined positive quantity denoted as ε, such that the inequality ‖Π‖ ≤ ε
is satisfied. μ is commonly referred to as error coefficient.

Remark 6. In particular, we notice that L̂ = L∗ for μ = 0 in Eq. (10). In this
case, the coupling relationships Φ(z) in Eq. (7) is directly related to the given
tracking target L∗.

Lemma 1. If Assumption 4 is valid and the coupling relationships Φ(z) satisfy
condition (7), then inequality ‖Φ(z)‖ < ρ holds, where ρ is a positive constant
number.

Proof. We can observe from Eq. (9) and Eq. (10):

‖Φ (z)‖ =
∥
∥
∥−Ψ(L̂ + Ξ (z)) −

(
L̂ + Ξ (z)

)
ΨT

∥
∥
∥

=
∥
∥−Ψ(L∗+μΠ + Ξ (z)) − (L∗+μΠ + Ξ (z)) ΨT

∥
∥

≤ 2 ‖Ψ‖ (‖L∗ + μΠ‖ + ‖Ξ (z)‖)

≤ 2 ‖Ψ‖
⎛

⎝‖L∗‖ + ‖μΠ‖ +

√
√
√
√

N∑

i=1

N∑

j=1

(
zT
i zj

)2

⎞

⎠

≤ 2 ‖Ψ‖

⎛

⎜
⎝‖L∗‖ + |μ| ε +

√
√
√
√
√

N∑

i=1

N∑

j=1

(‖zi‖ · ‖zj‖)

2
⎞

⎟
⎠

=2 ‖Ψ‖
⎛

⎝‖L∗‖ + |μ| ε +

√
√
√
√

N∑

i=1

‖zi‖2
N∑

j=1

‖zj‖2
⎞

⎠

=2 ‖Ψ‖
(
‖L∗‖ + |μ| ε + ‖z‖2

)

(11)

Let ρ=2 ‖Ψ‖
(
‖L∗‖ + |μ| ε + ‖z‖2

)
+κ, where κ is a small positive constant num-

ber. We can obtain from Eq.(11):

‖Φ (z)‖ < ρ (12)

Lemma 1 is proved.

From inequality (12) and Lemma 1, we notice that the states of nodes ‖z‖
are bounded.



62 Q. Wang et al.

Lemma 2. If Assumption 3 and Assumption 4 hold, then ‖L‖ is bounded.

Proof. Considering the characteristics of the Kronecker product, it is possible to
express the dynamical Eq. (6) in an alternative form.

vec
(
L̇

)
= Āvec (L) + vec (Φ(z)) (13)

Based on Assumption 3, it can be inferred that Q̄ > 0 and J > 0, leading to the
following conclusion:

[
vec(L)T

Jvec (L)
]′

= vec
(
L̇

)T

Jvec (L) + vec(L)T
Jvec

(
L̇

)

=
[
Āvec (L) + vec (Φ(z))

]T
Jvec (L)

+ vec(L)T
J

[
Āvec (L) + vec (Φ(z))

]

= vec(L)T
ĀT Jvec (L) + vec(Φ(z))T

Jvec (L)

+ vec(L)T
JĀvec (L) +vec(L)T

Jvec (Φ(z))

= −vec(L)T
Q̄vec (L) +2vec(L)T

Jvec (Φ(z))

− λmin

(
Q̄

) ‖vec (L)‖2 + 2
∥
∥
∥vec(L)T

∥
∥
∥ ‖J‖ ‖vec (Φ(z))‖

(14)

Let y = vec(L)T
Jvec (L), we can obtain from (14):

y′ ≤ −λmin

(
Q̄

) ‖vec (L)‖2 + 2
∥
∥
∥vec(L)T

∥
∥
∥ ‖J‖ ‖vec (Φ(z))‖ (15)

Divide both sides of inequality (15) by 2
√

y at the same time, we obtain that:

y′

2
√

y
≤ −λmin

(
Q̄

) ‖vec (L)‖2
2
√

y
+

∥
∥
∥vec(L)T

∥
∥
∥ ‖J‖ ‖vec (Φ(z))‖

√
y

(16)

We notice λmin (J) ‖vec (L)‖2 ≤ vec(L)T
Jvec (L) ≤ λmax (J) ‖vec (L)‖2 holds,

then inequality (16) can be reformulated as:

(
√

y)′ ≤ −λmin

(
Q̄

) ‖vec (L)‖2
2y

√
y +

∥
∥
∥vec(L)T

∥
∥
∥ ‖J‖ ‖vec (Φ(z))‖

√
y

≤ − λmin

(
Q̄

) ‖vec (L)‖2
2λmax (J) ‖vec (L)‖2

√
y +

∥
∥
∥vec(L)T

∥
∥
∥ ‖J‖ ‖vec (Φ(z))‖

√
λmin (J) ‖vec (L)‖

≤ − λmin

(
Q̄

)

2λmax (J)
√

y +
‖J‖ ‖vec (Φ(z))‖

√
λmin (J)

(17)
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From Assumption 3, Assumption 4 and Lemma 1, integrating inequality (17),
we can obtain:

√
y ≤ Ce

−λmin(Q̄)
2λmax(J) t + e

−λmin(Q̄)
2λmax(J) t

∫ t

0

‖J‖ ‖vec (Φ(z))‖
√

λmin (J)
e

λmin(Q̄)
2λmax(J)vdv

≤ Ce
−λmin(Q̄)
2λmax(J) t + e

−λmin(Q̄)
2λmax(J) t

∫ t

0

2ρ ‖Ψ‖ ‖J‖
√

λmin (J)
e

λmin(Q̄)
2λmax(J)vdv

≤ Ce
−λmin(Q̄)
2λmax(J) t + e

−λmin(Q̄)
2λmax(J) t

∫ t

0

2ρ ‖Ψ‖ ‖J‖
√

λmin (J)
e

λmin(Q̄)
2λmax(J)vdv

=Ce
−λmin(Q̄)
2λmax(J) t +

4ρλmax (J) ‖Ψ‖ ‖J‖
λmin

(
Q̄

) √
λmin (J)

e
−λmin(Q̄)
2λmax(J) t ×

(

e
λmin(Q̄)
2λmax(J) t − 1

)

=Ce
−λmin(Q̄)
2λmax(J) t +

4ρλmax (J) ‖Ψ‖ ‖J‖
λmin

(
Q̄

) √
λmin (J)

×
(

1 − e
−λmin(Q̄)
2λmax(J) t

)

(18)

where C=
√

y (0), p(t) = e
−λmin(Q̄)
2λmax(J) t.

Because
−λmin(Q̄)
2λmax(J) < 0 holds, we obtain e

−λmin(Q̄)
2λmax(J) t → 0, t → 0. At the same

time, we notice that y = vec(L)T
Jvec (L), therefore:

‖L‖ ≤
√

y

λmin (J)
(19)

From the result shown in inequality (19), we know that ‖L‖ is bounded. The
proof of Lemma 2 has been completed.

Furthermore, from inequalities (17), (18), and (19), we obtain:

‖L‖ → 4ρλmax (J) ‖Ψ‖ ‖J‖
λmin

(
Q̄

)
λmin (J)

, t → 0 (20)

The proof presented above provides evidence for the boundedness of ‖L‖. Never-
theless, due to the lack of knowledge about the value of ρ in Eq. (20), the upper
bound of ‖L‖ remains uncertain. Let us consider the existence of an unknown
positive number H such that the inequality ‖L‖ ≤ H holds. Let Ĥ denotes the
estimation of H, and H̄ = Ĥ − H denotes the estimation error of H.

3 Main Results

Let L∗ denotes a given classifiable network connection matrix and L̄ = L −
L∗ denotes the error between connection relationships in the dynamical signed
network and a given classifiable network. By utilising Eq. (6) and Eq. (10), we
can get the error dynamical equality.
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vec( ˙̄L) = vec
(
L̇

)

= vec
(
ΨL + LΨT + Φ (z)

)

= vec(Ψ
(
L̄+L∗) +

(
L̄+L∗)ΨT

− Ψ
(
L̂ + Ξ (z)

)
−

(
L̂ + Ξ (z)

)
ΨT )

= vec
(
ΨL̄+L̄ΨT

)
+vec

(
ΨL∗+L∗ΨT

)

− vec
(
Ψ

(
L̂ + Ξ (z)

)
−

(
L̂ + Ξ (z)

)
ΨT

)

= Āvec
(
L̄

)
+Āvec (L∗) − Āvec

(
X̂ + Ξ (z)

)

(21)

Let us examine the expansion error closed loop system under consideration.

ż = Az + Bf(z)+d(L(t) ⊗ In)G(z) + u

vec
(

˙̄L
)

=Āvec
(
L̄

)
+Āvec (L∗) − Āvec

(
L̂ + Ξ (z)

)

˙̂
H =T

(
z, Ĥ

)
(22)

u =u
(
z, Ĥ

)

Control Goal. Consider a dynamical signed network composed of Eq. (5) and

Eq.(6). The state vector Y =
(
zT , vec

(
L̄

)T
, Ĥ

)T

of the expansion error closed-
loop system, as depicted in Eq. (22), achieves uniform ultimate boundedness
(UUB) by the design of the controller u

(
z, Ĥ

)
and the adaptive law T

(
z, Ĥ

)
.

In this study, the idea of uniform ultimate boundedness (UUB) is introduced

for the state vector Y =
(
zT , vec

(
L̄

)T
, Ĥ

)T

of the dynamical signed network as
mentioned in Ref. [38].

Definition 6 (Uniform Ultimate Boundedness). The state vector Y =
(
zT , vec

(
L̄

)T
, Ĥ

)T

exhibits uniform ultimate boundedness (abbreviated as UUB
) in relation to a closed ball Ω if for a given t0 ≥ 0, d > 0, there exists T (t0)
satisfying the following condition:

‖Y (t0)‖ ≤ d ⇒ ‖Y (t)‖ ∈ Ω, t ≥ t0+T (t0) (23)

Remark 7. If the state vector Y =
(
zT , vec

(
L̄

)T
, Ĥ

)T

in the dynamical signed
network is UUB, then the states of the network are bounded for t ≥ t0+T (t0).
It means that the error between the connections of the dnetwork and the given
classifiable network is bounded. At this moment, the dynamical signed network
should also be classifiable. That is, the network’s nodes can be categorized into
multiple friends’ groups.
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To attain the aforementioned control goal, the subsequent control scheme is
suggested for Eq. (5):

u = BRz − Bf (z) + v (24)

where v = − 1
2α−1

1 S−1z
∥
∥JĀ

∥
∥

(∥
∥
∥vec (L∗) + Ĥ

∥
∥
∥
)

− Ĥd ‖S‖ √
ngS−1sgn (z), and

the adaptive law ˙̂
H satisfies:

˙̂
H = −min

(
λmin

(
Q̄

)

λmax (J)
,
λmin (Q)
λmax (S)

)

Ĥ + α2

(
α−1
1

∥
∥JĀ

∥
∥ ‖z‖2 + 2d ‖z‖ ‖S‖ √

ng
)

(25)

Let sgn (z) =
{ z

‖z‖ , z �= 0
0, z=0

denotes sign function. α1 and α2 are two adjustable

constants. Matrices S, R and J can be obtained from Eq. (8) and Eq. (9).

Theorem 1. Let us consider the dynamical signed network consisting of Eq.
(5) and Eq. (6). If the Assumptions 1–4 and the coupling relationships in
Eq. (7) are satisfied, then it can be concluded that the state vector denoted as

Y =
(
zT , vec

(
L̄

)T
, Ĥ

)T

of the expansion error closed loop system is UUB when
the controller given by Eq.(24) and the adaptive law described in Eq. (25) are
employed.

Proof. Consider the subsequent positive definite function:

V =
1
2
α−1
1 vec(L̄)T Jvec(L̄) + zT Sz +

1
2
α−1
2 H̄2 (26)

Then, the orbit derivative of V can be formulated as:

V̇ =
1
2
α−1
1 vec( ˙̄L)T Jvec(L̄)+

1
2
α−1
1 vec(L̄)T Jvec( ˙̄L) + żT Sz+zT Sż + α−1

2 H̄
˙̂

H

=
1
2
α−1
1

[
Āvec(L̄) + Āvec(L∗)

]T
Jvec(L̄) − 1

2
α−1
1

[
Āvec(L̂ + Ξ(z))

]T

Jvec(L̄)

+
1
2
α−1
1 vec(L̄)T J

[
Āvec(L̄) + Āvec(L∗)

] − 1
2
α−1
1 vec(L̄)T J

[
−Āvec(L̂ + Ξ(z))

]

+ (Az + Bf(z) + d(L(t) ⊗ In)G(z) + u)T Sz + α−1
2 H̄

˙̂
H

+ zT S(Az + Bf(z) + d(L(t) ⊗ In)G(z) + u)

=
1
2
α−1
1 vec(L̄)T ĀT Jvec(L̄) +

1
2
α−1
1

[
Āvec(L∗) − Āvec(L̂ + Ξ(z))

]T

Jvec(L̄)

+
1
2
α−1
1 vec(L̄)T JĀvec(L̄) +

1
2
α−1
1 vec(L̄)T J

[
Āvec(L∗) − Āvec(L̂ + Ξ(z))

]

+ zT AT Sz + zT SAz + (BRz + d(L(t) ⊗ In)G(z) + v)T Sz

+ zT S(BRz + d(L(t) ⊗ In)G(z) + v) + α−1
2 H̄

˙̂
H
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= −1
2
α−1
1 vec(L̄)T Q̄vec(L̄) + 2zT S(d(L(t) ⊗ In)G(z) + v)

+ α−1
1 vec(L̄)T J

[
Āvec(L∗) − Āvec(L̂ + Ξ(z))

]

+ zT (AT S + RT BT S + SA + SBR)z + α−1
2 H̄

˙̂
H

= −1
2
α−1
1 vec(L̄)T Q̄vec(L̄) − zT Qz + α−1

1 vec(L − L∗)T JĀvec(L∗)

− α−1
1 vec(L − L∗)T JĀvec(L∗ + μΠ + Ξ(z))

+ 2zT S(d(L(t) ⊗ In)G(z) + v) + α−1
2 H̄

˙̂
H

= −1
2
α−1
1 vec(L̄)T Q̄vec(L̄) − zT Qz + α−1

1 vec(L)T J
[−Āvec(μΠ) − Āvec(Ξ(z))

]

− α−1
1 vec(L∗)T J

[−Āvec(μΠ) − Āvec(Ξ(z))
]

+ 2dzT S(L(t) ⊗ In)G(z) + 2zT Sv + α−1
2 H̄

˙̂
H

≤ −1
2
α−1
1 vec(L̄)T Q̄vec(L̄) − zT Qz + α−1

1

∥
∥
∥vec(L)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖vec(μΠ)‖

+ 2dzT S(L(t) ⊗ In)G(z) + α−1
1

∥
∥
∥vec(L)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖vec(Ξ(z))‖

+ α−1
1

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖vec(μΠ)‖ + α−1

2 H̄
˙̂

H

+ α−1
1

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖vec(Ξ(z))‖ + 2zT Sv

≤ −λmin(Q̄)
2

α−1
1

∥
∥vec(L̄)

∥
∥2 − λmin(Q)‖z‖2

+ α−1
1 |μ| H ∥

∥JĀ
∥
∥ ‖vec(Π)‖ + α−1

1 H
∥
∥JĀ

∥
∥ ‖z‖2

+ α−1
1 |μ|

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖vec(Π)‖ + α−1

1

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖z‖2

+ 2d
∥
∥zT

∥
∥ ‖S‖ H

√
ng + 2zT Sv + α−1

2 H̄
˙̂

H

≤ − λmin(Q̄)
2λmax(J)

α−1
1 vec

(
L̄

)T
Jvec

(
L̄

) − λmin(Q)
λmax(S)

zT Sz

+ α−1
1 (Ĥ − H̄)

∥
∥JĀ

∥
∥ ‖z‖2 + α−1

1 |μ|
∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ε

+ α−1
1 |μ| H ∥

∥JĀ
∥
∥ ε + α−1

1

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖z‖2

+ 2(Ĥ − H̄)d
∥
∥zT

∥
∥ ‖S‖√

ng + 2zT Sv + α−1
2 H̄

˙̂
H

≤ −min(
λmin(Q̄)
λmax(J)

,
λmin(Q)
λmax(S)

)[
1
2
α−1
1 vec(L̄)T Jvex(L̄)

+ zT Sz] − min(
λmin(Q̄)
λmax(J)

,
λmin(Q)
λmax(S)

)α−1
2 H̄Ĥ

+ α−1
1 |μ|

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ε + α−1

1 |μ| H ∥
∥JĀ

∥
∥ ε

+ α−1
1

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ‖z‖2+α−1

1 Ĥ
∥
∥JĀ

∥
∥ ‖z‖2
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+ 2Ĥd
∥
∥zT

∥
∥ ‖S‖ √

ng + 2zT Sv}
+ H̄{α−1

2
˙̂

H − α−1
1

∥
∥JĀ

∥
∥ ‖z‖2 − 2d

∥
∥zT

∥
∥ ‖S‖√

ng

+ α−1
2 min(

λmin(Q̄)
λmax(J)

,
λmin(Q)
λmax(S)

)Ĥ}

≤ −min(
λmin(Q̄)
λmax(J)

,
λmin(Q)
λmax(S)

){1
2
α−1
1 vec(L̄)T Jvec(L̄)

+ zT Sz+
1
2
α−1
2 H̄2}+ min(

λmin(Q̄)
λmax(J)

,
λmin(Q)
λmax(S)

)
1
2
α−1
2 H2

+ α−1
1 H |μ|∥∥JĀ

∥
∥ ε + α−1

1 |μ|
∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ε

= −min(
λmin(Q̄)
λmax(J)

,
λmin(Q)
λmax(S)

)V (t)

+ min(
λmin(Q̄)
λmax(J)

,
λmin(Q)
λmax(S)

)
1
2
α−1
2 H2 + α−1

1 H |μ|∥∥JĀ
∥
∥ ε

+ α−1
1 |μ|

∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ε (27)

And the inequality (27) can be written as:

V̇ (t) ≤ −ζV (t) + ω (28)

where ω=1
2ζα−1

2 H2 + α−1
1 H |μ|∥∥JĀ

∥
∥ ε+α−1

1 |μ|
∥
∥
∥vec(L∗)T

∥
∥
∥

∥
∥JĀ

∥
∥ ε and ζ =

min(λmin(Q̄)
λmax(J) ,

λmin(Q)
λmax(S) ).

The subsequent outcome can be derived using the process of integration
applied to Eq. (28).

V (t) ≤ V (0)e−ζt + e−ζt

∫ t

0

ωeζθdθ

= V (0)e−ζt − ω

ζ
e−ζt +

ω

ζ
≤ V (0)e−ζt +

ω

ζ

(29)

Consider a closed ball Ω as follow: Ω =
{(

zT , vec(L̄), H̄
) ∣
∣
∣V (t) ≤ τ + ω

ζ

}
. It’s

easily seen that for any given positive number τ > 0, if t ≥ − 1
ζ ln τ

V (0) , we can
obtain:

∥
∥vec(L̄)

∥
∥ ≤

√

2α1(τ +
ω

ζ
)/λmin(J) (30a)

‖z‖ ≤
√

(τ +
ω

ζ
)/λmin(S) (30b)

H̄2 ≤ 2α2(τ +
ω

ζ
) (30c)

Let Y =
(
zT , vec

(
L̄

)T
, Ĥ

)T

. From the Definition 6 and inequalities (30), it’s
seen that the state vector Y is UUB. Theorem 1 is proved.
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Remark 8. It can be seen from (30) that the error of connection relationships
(6) is related to α1, α2, ω, and ζ. Hence, a more in-depth examination will be
provided in the subsequent sections.

(I) For
∥
∥vec(X̄)

∥
∥: Based on Eq. (30a), it can be observed that if the parameter

ζ is fixed, the magnitudes of α1 and ω have an positive relationship with
the magnitude of

∥
∥vec(X̄)

∥
∥. However, a decrease in the magnitude of α1

may lead to an increase in the magnitude of ω and an increase in the
gain of the controller in Eq. (24). Conversely, a larger magnitude of α2

may lead to a greater increase in the adaptive law gain as shown in Eq.
(25). Therefore, it is imperative to select the parameters α1 and α1 in a
comprehensive manner.

(II) For ‖z‖: Based on Eq. (30a), it can be observed that if the parameter ζ
is fixed, an increase in the magnitudes of α1 and α2 leads to a decrease
in the magnitude of ω. Furthermore, when the magnitude of ω decreases,
the magnitude of ‖z‖ also decreases. Nevertheless, larger magnitudes of
α1 and α2 may lead to a greater increase in the gain of the adaptive law
in Eq. (25). Hence, it is crucial to select the parameters α1 and α2 in a
comprehensive manner.

(III) For H̄2: Based on Eq. (30c), it can be observed that if the parameter ζ
is fixed, a decrease in the magnitudes of α2 and ω leads to a decrease in
the magnitude of H̄2. In addition, a larger magnitude of α1 may lead to a
decrease in the magnitude of ω. Nevertheless, a decrease in the magnitude
of α2 lead to an increase in the magnitude of ω. A larger magnitude of α1

may lead to a larger magnitude of the vector
∥
∥vec(X̄)

∥
∥. Therefore, it is

imperative to select the parameters α1 and α2 in a comprehensive manner.

4 Simulation Example

MATLAB is used to provide the simulation in this paper. In this study, we
examine an undirected dynamical signed network consisting of 50 nodes, denoted
as N = 50. Each node in the network is associated with Lü′s chaotic attractor
[45]. Therefore, the dynamical equation governing the behaviour of node i can
be mathematically represented as:

żj = Ajzj + Bjfj(zj) (31)

where zj = [zj1 zj2 zj3 ]T denotes the states of the node j. Matrix Aj =⎡

⎣
−36 36 0
0 20 0
0 0 −3

⎤

⎦, matrix Bj =

⎡

⎣
0 0
1 0
0 1

⎤

⎦. Vector function fj(zj) =
[−zj2zj3

zj1zj2

]

,

j = 1, 2, · · · , N .
The dynamical equations of the nodes and the connections are expressed in

the forms of (5) and (6). What’s more, we choose the coupling relationships
shown in (7).

The simulation parameters in this paper are selected in the following manner:
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(I) The common connection relationship strength d = 0.01, α1=100, α2=100.
(II) According to the following steps to generate a classifiable network L∗ ran-

domly:

Step 1. Give a groups data γi(γi ∈ Rbi , i = 1, 2, · · · , a) randomly (the states of
the a groups nodes). Choose function rand to generate γi, such that the elements
of these vectors γt

i are within [1, 2], [3, 4], [5, 6] respectively, where i = 1, 2, · · · , a,
t = 1, 2, · · · , bi. Choose a = 3, b1 = 20 and b2=b3= 15 in this paper.

Step 2. Let ljk
mn denotes the connection between the node j in the group m

and the node k in the group n, where m,n = 1, 2, · · · , a, j, k = 1, 2, · · · , bi. Use
the following methods to generate a classifiable network connection matrix L∗:

ljk
mn =

{
γj

mγk
n ,m = n, j �= k

round(s) ∗
∣
∣
∣γ

j
fγk

h

∣
∣
∣ ,m �= n

(32)

where s = −rand(1).
Use θ1 = rand(N, 1) to generate a random vector, and let Θ1 = θ1θ

T
1 , Θ1 ∈

RN×N . Choose Θ = 2 ∗ (Θ1 − 0.5E), where E =

⎡

⎢
⎢
⎢
⎣

1
1
...
1

⎤

⎥
⎥
⎥
⎦

N×1

× [ 1 1 · · · 1 ]1×N .

Therefore, each element in matrix Θ belongs to [−1, 1]. Let μ= 0.5. We can get
L̂ with Eq. (10).

Generate a Hurwitz matrix Ψ with the following steps:

Step 1. Generate n (n = N
2 ) second-order Hurwitz matrices Λi =

(
ai bi

ci di

)

,

i = 1, 2, · · · , n randomly. That is, ai +di < 0 and aidi − bici > 0 hold. Construct
an N order block diagonal matrix Λ = diag(Λ1,Λ2, · · · ,Λn).

Step 2. Choose an N order reversible real matrix. Let Ψ=λ ∗ DΛD−1, where
λ=5.

Choose Q = 0.05 ∗ INn×Nn, Q̄ = 0.01 ∗ IN2×N2 . In the simulation, the corre-
sponding parameters can be obtained as follow: we choose the continuous vec-
tor function Gj(zj) = [5 cos(zj1zj2zj3), 5 cos(zj1zj2zj3), 5 cos(zj1zj2zj3)]T , j =
1, 2, · · · , 50. Matrices R, S, and J can be obtained from the Lyapunov equations
shown in Eq. (8) and Eq. (9). Then we can obtain g = 61.24, λmin(Q̄) = 0.01,
λmin(Q) = 0.05, λmax(J) = 0.46, λmax(S) = 0.33. Choose the initial states of
nodes z(0) = 10∗ (rand(1, N)−0.5E) and the initial connections matrix L(0) =

ω+ωT , where ω= 2 ∗ (rand(N) − 0.5E) and E =

⎡

⎢
⎢
⎢
⎣

1
1
...
1

⎤

⎥
⎥
⎥
⎦

N×1

× [ 1 1 · · · 1 ]1×N .

Therefore, it implies that the initial states of nodes and the elements of the initial
connections matrix belong to [−5, 5] and [−2, 2] respectively. Choose Ĥ(0) = 0.1.

The simulation results are shown as follows.
From Fig. 1, we notice that associated with the controller for the nodes,

the states of the nodes rapidly approach to zero and oscillate within a small
amplitude.
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In Fig. 2, it’s seen that the connections inside the network consisting of (5)
and (6) can be categorized into three friends’ groups. From the composition
rules of the network, we can know that the nodes of the network can also be
categorized into three friends’ groups. In other words, the network is classifiable
at the moment.

Fig. 1. The state response curves of nodes

Fig. 2. The state response curves of the connections
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In Fig. 3, each curve represents the error between the connection and the
target. We notice that the errors approach to zero and are bounded over time
after an oscillation. That is, the connections of the network can track the target
in the sense of UUB.

From Fig. 4, we notice that the estimate value Ĥ are monotonically decreasing
and bounded.

Fig. 3. Response curves of state error L̄ of connections

From Fig. 1, Fig. 2, Fig. 3, it can be observed that the dynamical signed net-
work’s connections have the ability to track a given classifiable network L∗. This
is achieved by the implementation of a controller for nodes and the coupling
relationships between nodes and connections. The coupling relationships Φ(z)
are of significant importance in this context.

What’s more, from Fig. 1, Fig. 2, Fig. 3, when the states of connections track
a given classifiable network, the states of nodes in Fig. 1 oscillate with smaller
amplitude, while the states of the connections in Fig. 2 remain stable. It implies
that the states of the connections have robustness.

From Fig. 1 and Fig. 3, we notice that when the states of connections track
a given classifiable network, the states of nodes in Fig. 1 oscillate with smaller
amplitude. In the context of biology, this phenomenon can serve as a rationale for
the assertion that “Gamma oscillations can induce synaptic facilitation within
biological neural networks.”
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Fig. 4. The time response curve of estimate value Ĥ

In order to observe the results of this experiment more intuitively, we use the
method proposed in Ref. [23] to draw the clustering of the nodes when the net-
work reaches stability (track a classifiable network) with the controller. Firstly,
we grouped the nodes into m groups according to the connection matrix, so
that the connections between the nodes in the same friends’ group are posi-
tive and the connections between different friends’ groups are negative or zero.
Assume that mi denotes the number of nodes in the group i (i = 1, 2, · · · ,m).
Use the function rand to assign values for the nodes of group i, denoted as ai

f ,
f = 1, 2, · · · ,mi:

ai
f = 10 ∗ (−1)randi([1,2]1,1)rand(1, 1) (33)

In order to maximize visibility, we employ a strategy of grouping nodes within
a specific range based on their affiliation within the same friends’ group.

Step 1. Utilise the provided function to compute the coordinates of the x-axis,
y-axis, and z-axis for the first node Ai

1 = (xi
1, y

i
1, z

i
1) within each group:

xi
1 =

∣
∣ai

1

∣
∣

yi
1 = 10 ∗ rand(1, 1)

zi
1 = xi

1 (34)

Step 2. The coordinates of the remaining groups of nodes are produced in the
following manner:

xi
s =

ai
s

max(|ai
r|)

+
⌊
xi
1

⌋

yi
s = yi

1 − 2 + 4 ∗ rand(1, 1)

zi
s = xi

1 (35)

where i = 1, 2, · · · ,m, s = 2, 3, · · · ,mi and r = 1, 2, · · · ,mi.
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Fig. 5. The clustering of the nodes in dynamical signed networks

The observation of Fig. 5 reveals the presence of three distinct friends’ groups,
each characterised by a clearly defined boundary. The relationships within the
same friends’ group exhibit positive connections, while the connections between
distinct friends’ groups are either negative or non-existent.

5 Conclusion

This research considers the dynamical signed network as a large-scale system
consisting of the dynamical node subsystem and the dynamical connection sub-
system. The primary focus is on examining the dynamical clustering problem
pertaining to the nodes. In contrast to algorithms that treat nodes as one-
dimensional state variables, we consider the multi-dimensional nodes coupled
with the connections. In this study, we have mathematically formulated a dynam-
ical model for a dynamical signed network. Furthermore, we have rigorously
demonstrated that the connections within this network can effectively resemble
a predetermined classifiable network in the sense of UUB. This achievement has
been accomplished by the design and implementation of a controller specifically
tailored for the node subsystem. The network has the capability to dynamically
evolve into many friends’ groups, which is facilitated by the controller for the
node subsystem. If the nodes inside the network can be categorized into one
or two distinct friends’ groups, then the network exhibits structural balance.
Furthermore, it should be noted that the nodes and connections in the network
are mutually coupled, meaning that the state dynamics of the node subsystem
can have an impact on the dynamics of the connection subsystem through their
coupling relationships. Hence, the configuration of the interconnections and the
relationships among the nodes are of utmost importance.
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