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Abstract. This study introduces the design and modeling of nonlinear con-
troller based on the omni-wheel for mobile robot. Via/Through the dynamics
characteristics, the control scheme of Trajectory Linearization Control (TLC) is
developed. Furthermore, the proposed controller is simulated in order to verify
the effectiveness and feasibility. From the simulation results, the proposed
controller achieves superior performance such 20% better tracking error, 10%
faster transient period and converge to finite time.
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1 Introduction

The main object of this research is an omni-directional robot which is a kind of
holonomic mobile platform. The flexibility, maneuverability and highly practical
application capabilities cause why many scientists have researched about this robot [1].

In our investigation, omni-directional robot has 03 orthogonal wheels that are fixed
at each vertex of an even triangle and controlled by the DC servo motors and the main
MCU (micro-controller unit). Also, an embedded computer is utilized to calculate the
inverse kinetic and receive directives from main PC (personal computer) through LAN
(local area network). Besides, the position of the object is determined by a roof camera.
Base on this location, PC could manipulate the mission for tracking trajectory to follow
the path that is generated by the process of trajectory planning.

With the above researches, most of previous studies have been targeted on the
dynamic analysis and mechanical design. However, the dynamical model and highly
precise control to track path/trajectory have not been studied deeply. In many topics of
omni-directional dynamic models, the ideal servo motor is used to drive the motors as
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well as the responses of motor can adapts to the desired command without error [7]. In
the real condition, the dynamical constraints of servo motor could significantly affect
on the robot motion. The dynamic model and control strategies of the omni-directional
mobile robot is developed and discussed in [2] and [3]. Nevertheless, these controllers
are based on the linear control method while the robot dynamics are nonlinear.
Additionally, the feedback gain of the controllers has to be tuned to achieve system
stability for different trajectories. This is also solved by fuzzy and adaptive method in
[3]. But in a dynamic environment such as sportive applications, it is really difficult to
predetermine the trajectory and adjust the feedback gain in real-time to combine both
stability and transient response of the robot control system. Besides, [8] introduces an
adaptive control method unknowing the center of gravity (C.o.G). However, in our
scope, C.o.G could be determined via mechanical design software and considered
unchanged during working time. Friction and slip are also ignored despite being
mentioned at [9] and handled by an adaptive backstepping control method. Addi-
tionally, the feedback gain of the controllers has to be tuned to achieve system stability
for different trajectories.

In the dynamic environment such sportive applications, it is really difficult to
predetermine the trajectory and adjust the feedback gain in real time to combine both
stability and transient response of the robot control system. To achieve better perfor-
mance, it is desired that the controller for tracking trajectory could follow any given
feasible path. In this research, TLC scheme on omni-directional mobile robot which
combines nonlinear inverse kinetic duty of linearly time-varying eigen structure, is
investigated [4]. The nonlinear tracking and decoupling control by trajectory lin-
earization can be handled as the perfect gain-scheduling controller that designed at
every point on the trajectory. Therefore, the TLC provides robust stability and excellent
performance along the trajectory without interpolation of controller gains.

In Sect. 2: The kinematics, dynamics of the robot and the DC motor of omni-
directional mobile robot model is presented.

In Sect. 3: Create controller for the robot using TLC method.
In Sect. 4: Simulation test result.
In Sect. 5: Conclusion & Plan.

2 The Mathematical Model of Omni-Directional Mobile
Robot

Initially, in order to design a controller for robot, the descriptions of robot motion are
essential to be indicated with some assumptions as below.

Assumption 1: Since the electrical time constant of the motor is too small, the wheels
roll on a flat without slipping and the friction force is simplified to be represented by a
viscous damping coefficient.

Assumption 2: The unmodeled dynamics will be compensated by the feedback
controller which is based on this simplified model in the next section.
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2.1 Coordinates and Symbols

Let the mobile robot be rigid moving on the workspace. It is assumed that the world
coordinate system OwXwYwZw is fixed on the ground, and the local coordinate system
OmXmYmZm is fixed on the C.o.G (Center of Gravity) of the mobile robot as Fig. 1.

The following mathematical notations are utilized to depict this system:

– L: the distance between driving motor and C.o.G of the robot
– m: the weight of robot
– I: the moment inertia of robot
– R: the radius of driving wheels
– n: gear ratio between motor and wheel
– w ¼ w1 w2 w3½ �T : the angular velocities of the 1st, 2nd and 3rd wheel

respectively
– wm ¼ wm1 wm2 wm3½ �T : the angular velocities of the 1st, 2nd and 3rd motor

correspondingly
– vT ¼ vw1 vw2 vw3½ �T : the tangential velocity of the 1st, 2nd and 3rd wheel

respectively

Then, the location of robot is expressed in the world coordinate as following

2

3

2

3

1

6

Wheel

Fig. 1. Model of an omni-directional mobile robot
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– Wr ¼ Wx Wy W/
� �T : the position of the robot’s C.o.G

– Wv ¼ Wvx Wvy Wv/
� �T

: the robot’s velocities consisting of linear velocities and
angular velocity

Moreover, some system parameters are illustrated in the local coordinate which
attached to the body of robot.

– mr ¼ mx my m/½ �T : the position of the robot’s C.o.G
– /: the rotational angle between the XW and the Xm axis
– mv ¼ mvx mvy mv/½ �T : the robot’s velocities including linear velocities and

angular velocity
– f ¼ f1 f2 f3½ �T : the traction forces of the wheels.

2.2 Robot Kinematics

The relationship between tangential velocity at each wheel and velocity of the robot
based on the Fig. 2.

vw1
vw2
vw3

2
4

3
5 ¼

1 0 L
� 1

2

ffiffi
3

p
2 L

� 1
2 �

ffiffi
3

p
2 L

2
4

3
5

mvx
mvx
mv/

2
4

3
5 ð1Þ

We have,

w ¼ vT
R

ð2Þ

wm ¼ nw ð3Þ

Since the driving motor is directly attached to the omni wheel, from Eq. (1), (2) and (3)
the relationship between the rotational velocities of the motors and its velocities is
determined as
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As a result, with the matrix transformation WRm from the local coordinate to the
world coordinate, the kinematic equation of the system could be re-written as

Wv ¼ WRm
mv ¼ WRm

R
n

BT
� ��1

wm ð5Þ
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Where, WRm ¼
cos/ � sin/ 0
sin/ cos/ 0
0 0 1

2
4

3
5.

2.3 Robot Dynamic

The acceleration of the point with respect to the world coordinate system OwXwYwZw

a!P=OW
¼ a!Om=OW

þ a!P=Om

� �
OmXmYmZm

þ 2w!OW � v!P=Om

� �
OmXmYmZm

þ w!
�
� r!P=Om

þ w!OW � v!P=Om

ð6Þ

Where,

– a!
P=OW

: the acceleration of point P, the point on the robot, with respect to the frame
OW ;

– a!Om=OW
: the acceleration of the frame Om with respect to the frame OW ;

a!P=Om

� �
OmXmYmZm

: the acceleration of point P with respect to the frame Om,

a!P=Om

� �
OmXmYmZm

¼ 0;

– 2w!OW � v!P=Om

� �
OmXmYmZm

: the Coriolis acceleration, 2w!OW � v!P=Om

� �
OmXmYmZm

¼ 0;

– w!
�
� r!P=Om

: the Euler acceleration, w!
�
� r!P=Om

¼ 0;
– w!OW � v!P=Om

: the centripetal acceleration;

– w!¼ /
�
k
!
;

– v!P=Om
¼ mvx i

!þ mvy j
!
;

– w!� v!
P=Om

¼ r k
!� mvx i

!þ mvy j
!� �

¼ rmvx j
!� rmvy i

!
;

So, rewrite the Eq. (6)

a!P=OW
¼ a!Om=OW

þ rmvx j
!� rmvy i

! ð7Þ

Applying Newton’s law

X
F
!¼ m a!P=OW

ð8Þ

Projecting the Eq. (8) onto OmXm, OmYm, OmZm axis respectively

FX ¼ m mvx
�
�rmvy

� �
ð9Þ

FY ¼ m mvy
�

þ rmvx
� �

ð10Þ
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T ¼ I mv/
�

ð11Þ

Obtaining the dynamical performance of the omni mobile robot based on the Eq. (9),
(10) and (11), we have

mvx
�
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�

mv/
�

2
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Where, H ¼
1
m 0 0
0 1

m 0
0 0 1

I

2
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3
5

In [5], the dynamic characteristics of each DC motor can be demonstrated as

La
dia
dt

þRaia þ kbwm ¼ u ð13Þ

Jm wm
� þDmwm þ Rf

n
¼ ktia ð14Þ

Where,

– u is the applied armature voltage;
– ia is the armature current;
– La is the armature inductance;
– Ra is the armature resistance;
– kb is the back emf constant;
– kt is the motor torque constant;
– Jm is the equivalent inertia at the armature including both the armature inertia and

the load inertia referred to the armature such as gear train, wheel, etc.;
– Dm is the equivalent viscous damping at the armature including both the armature

viscous damping and the load viscous damping referred to the armature such as gear
train, wheel, etc.

Since the electrical time constant is negligible comparing to the mechanical time
constant, we could achieve

dia
dt

¼ 0 ð15Þ

Substituting the Eq. (15) into the Eq. (14), we have

ia ¼ 1
Ra

u� kbwmð Þ ð16Þ
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From the Eqs. (4), (12), (14) and (16), we get the dynamics equation of the system in
the body frame in respect to the supplied voltage to the motor u ¼ u1 u2 u3½ �T

G
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�
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�
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0

2
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3
5� HBBT n2
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Ra

� � mvx
mvy
mv/

2
4

3
5

þ HB n
R

kt
Ra

u1
u2
u3

2
4

3
5

ð17Þ

Where, G ¼ IþHBBTJm n2
R2.

3 Controller Design

In the previous works [6], three speed controllers of the driving motor were inde-
pendently installed in omni-directional mobile robot. Like almost omni-directional
robots, the signal control of each motor controller is established by the inverse dynamic
of the robot model. In fact, most of mobile robots could not track the desired following
path because the open-loop controller exists inevitable errors. The errors should be
eliminated or reduced to zero.

Designing a controller design bases on TLC, which is showed in this section. TLC
has been proven to be a successful technique in nonlinear decoupling, disturbance
reduction and following path [2, 4, 7]. TLC is considered as the ideal gain-scheduling
controller to track point on the path. The controller consists of two loop parts. The
inside loop is the hardware constraints of controller to obey the control command from
the outside loop. The outside loop modifies the position of robot based on the infor-
mation of the vision system. The first part is the feedforward controller, which is
formulated to automatically tuning the parameters of a system by mean of dynamic
inversion. The second part is a feedback controller, which forces the robot to return to
the reference trajectory.

Fig. 2. The structure of proposed controller using TLC for the omni mobile robot
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3.1 Outer Loop Control

Through the kinematic Eq. (5), based on the desired trajectory WxðtÞ Wy tð Þ / tð Þ� �T ,
the nominal velocity of the system might be calculated as

mx
�

my
�

/
�

2
664

3
775 ¼

cos/ sin/ 0
� sin/ cos/ 0

0 0 1

2
4

3
5

Wx
�

Wy
�

/
�

2
664

3
775 ð18Þ

The linearization of the function about the equilibrium point is then given by:

_xi ¼ fi x1; x2; :::; xn; u1; u2; :::; umð Þ
� Pn

j¼1

@fi
@xj

			
xj¼xj

xj � xj
� �þ Pm

j¼1

@fi
@uj

			
uj¼uj

uj � uj
� � ð19Þ

Where,

– x1; x2; :::; xn; u1; u2; :::; um: the states and inputs;
– x1; x2; :::; xn; u1; u2; :::; um: the equilibrium points;

From the Eq. (18) and the Eq. (19), we have

x1
� ¼ Wx

�
¼ cos/mvx � sin/mvy ¼ f1

Wx;Wy;/; mvx;
mvy;/

�� �
ð20Þ

x2
� ¼ Wy

�
¼ cos/mvx � sin/mvy ¼ f2

Wx;Wy;/; mvx;
mvy;/

�� �
ð21Þ

x3
� ¼ /

�
¼ f3

Wx;Wy;/; mvx;
mvy;/

�� �
ð22Þ

Furthermore, we define several mathematical notations for tracking purpose

ex
ey
e/

2
4

3
5 ¼

Wx
Wy
/

2
4

3
5�

Wx
Wx
/

2
4

3
5 ð23Þ

dmvx
dmvy
dmv/

2
4

3
5 ¼

mvxcom
mvycom
mv/com

2
4

3
5�

mvx
mvy
mv/

2
4

3
5 ð24Þ

Linearizing Eq. (20), (21), (22) about the nominal trajectory WxðtÞ Wy tð Þ / tð Þ� �T
and mvx mvy mv/

� �T
based on the Eq. (19), we have

ex
� ¼ � sin/mvx � cos/mvy

� �
e/ þ cos/dmvx � sin/dmvy ð25Þ
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ey
� ¼ cos/mvx � sin/mvy

� �
e/ þ sin/dmvx þ cos/dmvy ð26Þ

e/
� ¼ dmv/ ð27Þ

From Eq. (25), (26) and (27), we have
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�
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�
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�
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4
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5 ð28Þ

where,

A1 ¼
0 0 � sin/mvx � cos/mvy
0 0 cos/mvx � sin/mvy
0 0 0

2
4

3
5; B1 ¼

cos /ð Þ � sin /ð Þ 0
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0 0 1
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Later, the PI (Proportional-Integral) controller is designed to stabilize the system
performance

dmvx
dmvy
dmv/
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5 ¼ �KP1
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R
ex tð ÞdtR
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2
4

3
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From the Eq. (28) and (29), we get

xo
� ¼ Acloxo ð30Þ

Where,

xo ¼

R
ex tð ÞdtR
ey tð ÞdtR
e/ tð Þdt
ex tð Þ
ey tð Þ
e/ tð Þ

2
6666664

3
7777775
;

Aclo ¼ O3 I3
�B1KI1 A1 � B1KP1


 �
;

O3 is the 3� 3 zero matrix;
I3 is the 3� 3 identity matrix;

ð31Þ

Design KP1 and KI1 to achieve the desired closed-loop tracking error dynamics

Aclo ¼ O3 I3
diag �a111 �a121 �a131½ � diag �a112 �a122 �a132½ �


 �
ð32Þ
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Where a1j1 [ 0, a1j2 [ 0, j ¼ 1; 2; 3 are the coefficients of the desired closed-loop
characteristic polynomial of each channel.

Based on the desired response and tracking error, we choose the suitable poles, and
then define the coefficients of the desired closed-loop characteristic polynomial.

From Eq. (31) and Eq. (32), we get the gain KP1 and KI1 of the controller

KI1 ¼ �B�1
1 diag �a111 �a121 �a131½ �

KP1 ¼ B�1
1 A1 � diag �a112 �a122 �a132½ �ð Þ ð33Þ

The tracking command for the inner loop is given by

mvxcom
mvycom
mv/com

2
4

3
5 ¼

mvx
mvy
mv/

2
4

3
5þ

dmvx
dmvy
dmv/

2
4

3
5 ð34Þ

3.2 Inner Loop Control

By using the kinematic Eq. (17), we can get the nominal values of control voltages for

the driving motors owing to the nominal velocities of the system mvx mvy mv/
� �T
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5 ¼ HB n

R
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� ��1
G
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�
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ð35Þ

Additionally, the below quantities are mathematically defined

emvx
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emv/
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3
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mv/
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5 ð37Þ

Linearizing along the nominal trajectories mvx mvy mv/
� �T

and u1 u2 u3½ �T
based on the Eq. (19) in the similar procedure to outer loop control, so we attain the
tracking error dynamics of inner loop
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emvx
�

emvy
�

emv/
�

2
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du1
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Where,

A2 ¼ G�1
0 mv/ mvy

�mv/ 0 mvx
0 0 0

2
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3
5� G�1HBBT n2

R2 Dm þ ktkb
Ra

� �
;

B2 ¼ G�1HB kt
Ra

n
R ;

Similarly, we design a PI controller in order to stabilize the tracking error:
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From the Eq. (38) and (39), we get:

xi
� ¼ Aclixi ð40Þ

Where,

xi ¼

R
emvx tð ÞdtR
emvy tð ÞdtR
emv/ tð Þdt
emvx tð Þ
emvy tð Þ
emv/ tð Þ

2
666666664

3
777777775
;

Acli ¼
O3 I3

�B2KI2 A2 � B2KP2


 �
;

O3 is the 3� 3 zero matrix;

I3 is the 3� 3 identity matrix;

ð41Þ

Design KP2 and KI2 to achieve the desired closed-loop tracking error dynamics

Acli ¼ O3 I3
diag �a211 �a221 �a231½ � diag �a212 �a222 �a232½ �


 �
ð42Þ

Where a2j1 [ 0, a2j2 [ 0, j ¼ 1; 2; 3 are the coefficients of the desired closed-loop
characteristic polynomial of each channel.
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Based on the desired response and tracking error, we choose the suitable poles, and
then define the coefficients of the desired closed-loop characteristic polynomial.

From Eq. (41) and Eq. (42), we get the gain KP2 and KI2 of the controller

KI2 ¼ �B�1
2 diag �a211 �a221 �a231½ �

KP2 ¼ B�1
2 A2 � diag �a212 �a222 �a232½ �ð Þ ð43Þ

Finally, the control input voltage to the motors is computed as

u1
u2
u3

2
4

3
5 ¼

du1
du2
du3

2
4

3
5þ

u1
u2
u3

2
4

3
5 ð44Þ

4 Results of Study

In the simulation, we test the omni robot in two different trajectories: (i) a set-point
trajectory, (ii) a circular trajectory. We can use the same control gains to follow these
two trajectories.

The omni-directional robot has three dimensions of freedom. It can drive in
translation and rotation independently. In the simulation, robot can be controlled to
track translation and rotation trajectories at the same time.

4.1 Location Control

The initial position of robot is [0 0 0] and robot is move to stop at [0.05 0.05 p/4] from
initial position. The simulation result is shown in Fig. 3.

4.2 Circular Trajectory

In the simulation, the mobile robot was controlled to accelerate from the initial position
[0 0.5 0] and circularly move with the increasing angular speed from 0.05 rad/s to
1 rad/s. The center of the circular route was at [0 0] on Oxy coordinate and the robot
body was maintained on the tangential direction of circle. The simulation outcomes are
presented in Fig. 4 and Fig. 5. According to Fig. 4, the azimuth tracking error W is
displayed on the resolution of 0.001 radians, and the tracking error x and y in the
resolution of 0.001 m.
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(a)

(b)

(c)

Fig. 3. Position control (a), (b) and (c) tracking result on x axis, y axis and rotational axis
respectively
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(a) 

(b) 

(c) 

Fig. 4. (a), (b) and (c) Tracking errors of circular trajectory
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5 Conclusions

This article presented the equations of motion for an omni robot via dynamics, kine-
matics, and motor actuator to simulate the hardware platform. Based on these formulas,
a nonlinear controller was implemented to design by TLC method. The simulation
results showed that the robot can track trajectory with relative accuracy and the settling
time is reasonable. Using this linearization approach, the controller gains could be
tuned easily.

From the simulation results, it can be seen the proposed scheme for omni robot is
robust, feasible and efficient. Future work is a must. Although our method is theo-
retically simulated, it is necessary to verify in a real hardware. Alternatively, a visual
equipment with artificial intelligence or machine learning might be integrated into robot
platform.
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Fig. 5. Circular trajectory plot of omni robot
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