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Abstract. Building forecastmodels, especially nowcastmodels, on large data sets
of time series variables is a topic of great interest. The most popular method used
to build such models is the dynamic factor model, in which factors are extracted
from input data sets using the principal component analysis (PCA) or sparse PCA
(SPCA) methods. Many studies have shown that the forecast accuracy of models
built under such an approach is higher than that of other benchmark models. But
the PCA and SPCA methods are only effective when input data sets approximate
a hyperplane, while real-world data sets are not always so.

The purpose of this article is to briefly introduce a kernel-based variable
dimension reduction method called the KTPCA, and a process of trial and error
of this method called the KTPCA#. Experimenting on real-world data sets at the
same sampling frequency as well as mixed sampling frequencies shows that the
KTPCA# method is superior to the PCA, SPCA, Randomized SPCA (RSPCA),
and robust SPCA (ROBSPCA) methods.

Keywords: Time series · Big data · Nowcast · Dimensional reduction · Kernel
trick · Factor model

1 Introduction

Forecasting on data sets of a large number of time series variables is a long-standing
challenge. There are many approaches to solving the “high dimension curse” in fore-
casting exercises. First, several regression methods have been proposed to narrow down
the coefficient values of some predictors that have a small contribution to the variability
of the target variable so that those values are close to zero or zero.

Then the predictors with a coefficient close to zero or zero will be removed from the
forecast model of the target variable on input predictors. The RIDGE regression method
[1, 2] is intended to narrow the coefficient value of predictors that are less related to
the target variable to close to zero, while the LASSO [3, 4], Adaptive LASSO [5], and
ElasticNet regression [6] regressionmethods narrowdown the coefficient of less relevant
predictors to be zero, and thus the interpretation of forecasts is easier.
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Thus, the above-mentioned regression methods are all variable selection (or feature
selection) ones according to the embedded approach. Bayesian regression methods are
also considered variable selection techniques in the sameway.One of the commonly used
Bayesian regression methods for variable selection is the Bayesian Averaging model [7].
Bayesian regressionmodels are closely related to RIDGERegression and sparse LASSO
regression models [8].

However, when the set of predictors is very large, it is clear that reducing the variable
dimension by using the above regression models is not feasible because we still have to
perform regression (which is essentially solving optimal exercises) on all predictors to
select a subset of suitable predictors. Different from the variable selection approach, the
feature learning (or variable transformation) approach transforms the original predictors
into new variables with a much smaller number but still retain crucial information in the
original predictors.

At present, there have been many feature learning techniques for reducing the vari-
able dimension under different approaches. In scalar time series forecasting exercises,
the PCA and SPCA methods are most commonly used [8]. Different from many pre-
vious beliefs that the variable dimension reduction performance of the SPCA methods
is superior to that of the PCA method, the study [9] has shown experimentally that
the dimensional reduction performances of the PCA method and the SPCA methods,
including the RSPCA and ROBSPCA methods are competitive.

Van Der Maaten and Postma [10] conducted experiments on real-world data sets
and artificial data sets to compare the dimensionality reduction performance of the PCA
method with the top 12 nonlinear dimensionality reduction methods such as the kernel
principal component analysis (KPCA), Isomap, MaximumVariance Unfolding, Locally
Linear Embedding, Laplacian Eigenmap, Hessian LLE, Multilayer Autoencoders, Dif-
fusion Maps, Multidimensional Scaling, Local Tangent Space Analysis, Locally Linear
Coordination, and Charting a Manifold. The authors have shown that although the 12
nonlinear dimensionality reduction methods mentioned above can all reduce dimen-
sionality well on artificial data sets, with real-world data sets, none of them reduces
the dimensionality better than the PCA method. The article [11] also compares the
dimensionality reduction performance of the PCA method and 02 other nonlinear PCA
methods, including the robust fuzzy PCA (RFPCA) and KPCA methods, and uses an
artificial neural network (ANN) technique for classification. That article has shown that
PCA+ANNgives better classification results than RFPCA+ANN andKPCA+ANN.

The PCA method is a typical unsupervised linear learning technique to transform
data sets in a high dimensional space to amuch lower dimensional spacewhile preserving
themaximal variance and covariance structures of the original data set [12]. This method
is only effective when data points of the data set of input predictors are approximately
a hyperplane. But real-world datasets are not always like that.

The KPCA method is a natural extension of the PCA method [13, 14] and a dimen-
sionality reduction technique for any large data set that may or may not approximate
a manifold, whereas the 11 remaining methods are only manifold learning techniques,
i.e., they are only suitable for data sets where their data points are approximately a man-
ifold. In another study, we have shown that as a natural extension of the PCA method,
the KPCA method is the observation dimension reduction technique, not the variable
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dimension reduction technique.This method can be the variable dimension reduction
technique, but then it is not a natural extension of the PCA method.

On the other hand, the works [8, 15–19] showed that the effective modeling method
onmacroeconomic large data sets is the dynamic factormodel andKalmanfilter, inwhich
the dynamic factor model including the factor bridge equation (BE model for short) and
the factor mixed data sampling (MIDAS for short) models are the most applied [20,
21]. In the dynamic factor model, factors are extracted from data sets of input predictors
using the PCAmethod. The presentations above suggest that it is necessary to propose a
new variable dimension reduction method that is a natural extension of the PCAmethod.
It can be used to reducet the variable dimension of large data sets where their data points
do not approximate a hyperplane and its variable dimension reduction performance must
be superior to that of the PCA method.

This article briefly introduces the KTPCA# method and experiments showing that
the variable dimension reduction performance of the KTPCA# method is superior to
that of the PCA, SPCA, RSPCA, and ROBSPCA methods in forecasting exercises on
large data sets of predictors at the same sampling frequency as well as mixed sampling
frequency.

The structure of this article is as follows: following this section, Sect. 2 introduces
the dynamic factor model as a necessary preparatory for further sections. Section 3
presents briefly the KTPCA# method. Section 4 introduces experimental results com-
paring the variable dimension reduction performance of the KTPCA# method with the
PCA, SPCA,RSPCA, andROBSPCAmethods in forecasting aswell as nowcasting exer-
cises. Section 5 finally presents some conclusions and directions for further research in
near future.

2 Dynamic Factor Model

2.1 Dynamic Factor Model

Suppose y = (y1, . . . , ym) ∈ R
m and Xt = [x1,t , x2,t, . . . , xN ,t], where xi,t =(

xi,1, xi,2, . . . , xi,m
) ∈ R

m are a target variable and a set of predictors, respectively;
m and N are the number of observations and predictors, respectively. The model to
forecast the target variable according to the predictors has the form:

yt = F(yt−k ,Xt) + ut (1)

here ut is white noise, yt−k the target variable yt lagged at the order k (k ≥ 1); F() is a
linear or nonlinear function. In practice application, F() is estimated frommobservations
of the target variable and predictors.WhenN is very large, we can use the dynamic factor
model to build a forecast model. Thismodel assumes that p dynamic factors not observed
can capture information in the set of N predictors Xt and p < < N. In general form, the
model is defined as follows [22, 23]:

Xt = �f t + εt (2)

f t = ψ(L)f t−1 + ηt (3)
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here L is the lag operator, f t is the matrix of p hidden factors (not be observed) as
columns; � is the N x p weight matrix of the p factors; εt is a vector of idiosyncratic
errors, which may be weakly correlated [24]. Stock and Watson [25] showed that the
principal component vectors of a data set can consistently estimate hidden factors under
the assumptions of the dynamic factor model. IfW is the N × p matrix of the principal
component vectors as the columns of the covariance matrix SX = 1

m Xt
TXt then the

hidden factors at time t are estimated by:

f̂ t = WT .Xt (4)

Then, the out-of-sample forecast of h periods of the target variable yt is determined
by regressing the variable yt+h on f

∧

t , f
∧

t−1,…., f
∧

t−q+1. In other words:

ŷt+h = f̂
T
t δ̂1 + f̂

T
t−1δ̂2 + . . . + f̂

T
t−q−1δ̂q (5)

where δ
∧

i ∈ R
p is the vector of the coefficients estimated by the least-squares method.

When the predictors are at frequencies differing from the frequency of the target variable
and the number of factors is small, to regress the variable yt+h on f

∧

t , f
∧

t−1,…., f
∧

t−q+1
one has to represent the dynamic factor model as a factor state-space model. Details can
be found in [26]. Although forecasting the target variable yt using the dynamic factor
model is done according to the two-step procedure, this forecast is still a linear function
of predictors in Xt . By replacing (4) in (5), and putting θ

∧

t = W
∧

.δ
∧

t , then Eq. (5) can be
written as:

ŷt+h = X T
t θ̂1 + X T

t−1θ̂2 + . . . + X T
t−q+1θ̂q (6)

As such in case the number of factors extracted from Xt is not large, we can estimate
the coefficients θ

∧

i in another way, that is by using the RIDGE, LASSO, and Elastic Net
regression models. But if the number of factors extracted from Xt is still too large, one
only chooses k principal component vectors to include in Eq. (6) so that these k vectors
still carry a lot of critical information in these hidden factors.

The build of nowcast models on large mixed-frequency data sets is usually based on
the factor BE and MIDAS models.

2.2 The Factor BE Model

It is a linear regression model that links variables at higher frequencies with variables
at lower frequencies [21]. The BE model is proposed very naturally and is defined as
follows

yt =
∑P

k=1
bkyt−k +

∑N

i=1

∑ri

j=0
βij xi,t−j +

∑M

j=1

∑pj

h=0
γjhFj,t−h + c + ut (7)

where yt is a low-frequency target variable at date t; xi,t are predictors at the same low-
frequency as yt ;Fj,t are factors at the same frequency as yt and are aggregated fromFH

j,t/S

factors at a higher frequency. FH
j,t/S are extracted using a feature learning method from
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a large set of original predictors zHj,t/s sampled at the higher frequency with S values for

each low-frequency value. FH
j,t/S as well as zHj,t/S are called high-frequency components

in a mixed frequency model; ut is residuals; ri (i = 1,…, N), pj ( j = 1,…, M) and
p, are optimal lags of the variables xi,t, Fj,t and yt , respectively. The optimal lags can
be determined using the Akaike information criterion (AIC) or Bayesian information
criterion (BIC).

If the predictors xi,t , zHj,t/S , and the target variable are at the same frequency, i.e., S

= 1, then Fj,t=FH
j,t/S , , and model (7) becomes an autoregressive distributed lag model.

Model (7) can be rewritten as:

ψ(L)yt =
∑N

i=1
βi(L)xi,t +

∑M

j=1
γj(L)Fj,t + c + ut (8)

where L denotes usual lag operator, ψ(L) = 1 − ∑P
k=1 bkL

k , βi(L) = ∑ri
j=0 βij L

j, and

γj(L) =∑pj
h=0 γjhL

h.

2.3 Factor MIDAS Model

The general factor MIDAS model is defined as follows [17, 27]:

ψ(L)yt =
∑N

i=1
βi(L)xi,t + f ({FH

t/S}, θ, λ) + ut (9)

where yt is the target variable sampled at a low frequency, at date t; xi,t are the predictors
at the same low frequency as yt ; {FH

t/S} is a set of the factors extracted from a large set
of predictors sampled at a higher frequency with S values for each low-frequency value;
ψ(L) = 1−∑P

k=1 bkL
k; βi(L) = ∑ri

j=0 βij L
j; f is a function describing the effect of the

higher frequency data in the low-frequency regression; b = (bk), βi = (
βij

)
, θ, and λ

are vectors of parameters to be estimated.

U-MIDAS Model
If we like only to include each of the higher frequency components as a predictor in the
low-frequency regression, then the model (9) can be given by

ϕ(L)yt =
∑N

i=1
βi(L)xi,t +

∑k−1

τ=0
FH

(t−τ)/s
T θτ + ut (10)

where T stands transpose, FH
(t−τ)/S

T
is a factor at the τ high-frequency periods before

t. Then, a distinct θτ is associated with each of the S high-frequency lag factors. The
number of θτ coefficients may be large. If these coefficients are not constrained, then
model (10) is called the unrestricted MIDAS model (U-MIDAS for short).

STEP Weighting MIDAS Model (STEP-MIDAS)
If we like only to add an equally weighted sum (or average) of high-frequency data as
a predictor in the low-frequency regression, then the MIDAS model (10) can take the
form:

ψ(L)yt =
∑N

i=1
βi(L)xi,t + (

∑S−1

τ=0
FH

(t−τ)/S)
Tλ + ut (11)
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The parameter vector λ is associated with a new predictor, and at that time, model
(11) is also essentially the factor BEmodel, and it is almost the same as themodel defined
by the formula (9). Model (11) is called the equally weighted aggregation model.

In the STEP-MIDAS model, the coefficients on high-frequency data are restricted
using a STEP function. Specifically, this model is derived from the model (11) and has
the form:

ψ(L)yt =
∑N

i=1
βi(L)xi,t +

∑K−1

τ=0
(FH

(t−τ)/S)
Tϕτ + ut (12)

where K is a chosen number of lagged high-frequency periods to use (K may be less
than or greater than S); δ is a step length; ϕm= θi, for K = int(m/δ).

Polynomial Almon Weighting MIDAS Model (PAW-MIDAS model): for each high
frequency up to k, the regression coefficients of high-frequency components in themodel
(14) are modeled as a p-dimensional lag polynomial in the MIDAS parameter θ , and the
model is as follows:.

ψ(L)yt =
∑N

i=1
βi(L)xi,t +

∑k−1

τ=0
(FH

(t−τ)/S)
T
(∑p

j=0
τ jθj

)
+ ut (13)

where p is the Almon polynomial order, and the chosen number of lags k may be less
than or greater than S. Then, the number of coefficients to be estimated depends on the
polynomial order and not the number of high-frequency lags.

The model (13) is called the Polynomial Almon weighting MIDAS model.

The exponential almon weighting MIDAS model (or EAW-MIDAS model) is a type
of non-polynomial distributed lag MIDAS model. This model uses exponential weights
and a lag polynomial of degree 2. Specifically, the EAW-MIDAS model takes the form
[27]:

ψ(L)yt =
∑N

i=1
βi(L)xi,t +

∑k−1

τ=0
(FH

(t−τ)/S)
T

(
exp

(
τθ1 + τ 2θ2

)

∑k
j=0 exp

(
jθ1 + j2θ2

)

)

+ ut (14)

where k is a chosen number of lags. Then the exponential weighting function and the
lag polynomial depend on the two MIDAS coefficients θ1 and θ2.

It can be said that models (11) and (10) can be considered extreme polar ones of
MIDAS models. Model (10) offers the greatest flexibility but requires a large number
of coefficients. The models from (12) to (14) are considered to fall between these two
models. By offering different restrictions on the effects of high-frequency variables at
various lags, one can create the middle MIDAS models between the equally weighted
aggregation model (11) and the U-MIDAS model (10). Such restrictions on the effects
of high-frequency variables can be realized through MIDAS weighting functions.

3 Kernel-Based Factor Extraction Method

3.1 The KTPCA Method

Suppose X = [x1, x2, . . . , xN], here xi = (xi1, xi2, . . . , xim)T ∈ R
m; m, N are respec-

tively the number of observations, the number of predictors (or the dimension number
of the data set X).
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Dimensional reduction is a mapping R : RN → R
p.(

x1j, x2j, . . . , xNj
) �→ (z1j, z2j, . . . , zpj), so that p � N and the dataset of

{z1, z2, . . . , zp} =R({x1, x2, . . . , xN}) still retains the critical information of the dataset
X, here zj = (zj1, zj2, . . . , zjm)T , j = 1, 2, . . . , p;

(
x1j, x2j, . . . , xNj

)
is called a data

point of X. Without loss of generality, it can be assumed that X is mean-centered, i.e.∑m
j=1 xij = 0 for all i= 1,…,N. TheKTPCAmethod can be briefly presented as follows:
Suppose K = [κ(xi, xj)] is the kernel matrix of X corresponding to the kernel func-

tion κ. If the function κ is symmetric and positive definite (semi-deterministic), so is the
matrixK [10]. Then the eigenvalues of K are positive (or non-negative) and K is diago-
nalized by an orthogonal matrix of K’s eigenvectors. Each factor of X is determined by
linearly projecting the set X onto an eigenvector of the matrix K and the set of factors
corresponding to the K’s eigenvectors is determined by:

PCmxN = XmxN.
∼
ENxN (15)

here
∼
ENxN is the NxN matrix of N eigenvectors of the matrix K. In this matrix the

columns are sorted in descending order of their respective eigenvalues.
Because N is very large, in the practical application one only needs to choose k

vectors corresponding to the first k columns in the matrix PCmxN for replacing the set
of input predictors in forecast models on the data set X.

The question is, how is the number of chosen factors used to replace input predictors
determined? With the note that when the kernel function κ(xi, xj) is the dot product of
two vectors, we see that the KTPCA method becomes the PCA method, and in this
case, according to [28], the number of first principal components can be determined
by the Cross-validation, Screening, or Use the Cumulative Percentage of Variance (or
eigenvalues or mean eigenvalues), the Coded Error Function, the Akaike Information
Criterion, the Minimum Description Length Criterion or the Variance of Reconstruction
Error,… If the cumulative percentage of variance is used, it should be in the range (70%
to 90%). If that percentage is <70%, then there is usually not enough information from
the original data set in the chosen factors, and if this percentage is >90%, there may
be a situation that is too suitable to make forecasts using the model. The selection of
the number of factors in the KTPCA method can be done by selecting the number of
principal component factors as in the PCA method.

3.2 The KTPCA# Method

Another problem is how to choose the suitable kernel function κ(xi, xj) when imple-
menting the KTPCA variable dimension reduction method due to kernels satisfying the
requirements are very rich and varied. In the practical application, polynomial kernels

κ(xi, xj) = (c1〈xi, xj〉 + c2)d and Gaussian kernels κ(xi, xj) = exp(
−‖xi−xj‖2

2ρ2 ) are the

most commonly used [14, 29]. In the case of Gaussian kernels the parameter ρ2 needs
to be taken around the value:

c

N

∑N

i=1
mini �=j‖xi − xj‖2 (16)
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where c is a user-defined tuning parameter [30].
Thus, to choose the most suitable kernel κ , it is necessary to perform a trial and error

process based on the criterion that the error of the forecast model is the smallest. The
standard mean error of forecast models (Root Mean Squared Errors – RMSE forshot)
is used in this article to evaluate the forecast accuracy of forecast and nowcast models.
The KTPCA# method can be described in a general way in Fig. 1 below.

Fig. 1. Framework of the KTPCA # method

The KTPCA# method is an iterative process of kernels. That process depends on
the user. The more iterative process with the more reasonable selection of kernels, the
higher the probability of choosing the most suitable kernel with the forecast/nowcast
model having the lowest forecast error. At the end of that iterative process, we get the
result of variable dimension reduction and a forecast/nowcast model having the highest
forecast accuracy among the models built according to the chosen kernels. Figure 1 also
shows that the process of building a forecast/nowcast model on time series large data set
using the KTPCA# method has integrated the variable dimension reduction phase and
the phase using a forecast algorithm in one.
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4 Dimensional Reduction Performance of KTPCA# Method

The variable dimension reduction performance of a method is measured by the RMSE of
a forecast/nowcast model built based on a regression model on factors extracted from the
data set of original predictors using this method. In this section, the variable dimension
reduction performance of theKTPCA#method is comparedwith that of the PCA, SPCA,
RSPCA, and ROBSPCAmethods. Those are the methods commonly used and currently
considered the most effective factor extraction methods for building forecast/nowcast
models on scalar time series large data sets.

The extraction of factors by the SPCA, RSPCA, and ROBSPCA methods is per-
formed using the ‘Sparsepca’ package [31], while this extraction by the KTPCA#
method is performed by a self-developed tool based on the “Kernlab” package [32]
and framework presented in Fig. 1 above.

Because the KTPCA# method can be used to reduce the variable dimension for
data sets of predictors at the same sampling frequency as well as at mixed sampling
frequencies, so the performance of this method is also compared and evaluated in the
two types of these data sets.

4.1 For the Same Sampling Frequency Data Sets

Experimental Data Sets
Data sets used for the experiment include 04 real data sets of theVietnameconomy and 07
data sets in the UCI-Machine Learning Repository [33]. They are named EXP, VN30,
CPI, VIP, Residential Building, S&P 500, DJI, and Nasdaq, Air Quality, Appliances
energy, and Superconductivity. Table 1 below introduces some statistical characteristics
of these data sets. In this table, the number of attributes is the number of predictors
excluding the target variable. Missing data were processed by the weighted moving
average method.

Table 1. The statistical characteristics of experimental data sets

Data sets Type of data
set

Type of
Attribute

No. of
Observs

No. of
Attributes

Missing
data

The target
variable

Frequency

EXP Time series Real 60 63 No Total
exports

Monthly

VN30 Time series Real 366 34 No VN30 index Daily

CPI Time series Real 72 102 No CPI index Monthly

VIP Time Series Real 60 265 No Production
value of
industries

Monthly

(continued)
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Table 1. (continued)

Data sets Type of data
set

Type of
Attribute

No. of
Observs

No. of
Attributes

Missing
data

The target
variable

Frequency

Residential
Building

Multivariate Real 371 271 No Sales prices

S&P500 Time series Real 1760 52 Yes S&P 500
index

Daily

DJI Time series Real 1760 81 Yes Dow Jones
Index

Daily

NASDAQ Time series Real 1760 81 Yes Nasdaq
Index

Daily

Air Quality Time series Real 9348 12 Yes CO of Air Hourly

Appliances
Energy

Time series Real 19704 23 No The energy
use of
Appliances
(wh)

Every 10
min

SuperConduct Multivariate Real 21263 81 No Critical
temperature

1: Remove the column V1: zip codes

Experimental Method
To compare the variable dimension reduction performance of the KTPCA# method
with those of PCA, SPCA, RSPCA, and ROBSPCA methods, for the experimental 11
data sets, excepting the special polynomial kernel PL0(Xi, Xj) = < Xi, Xj> (then the
KTPCA and PCAmethods are the same), the article unanimously chooses only five other
kernels to experiment with the KTPCAmethod, where two polynomial kernels and three
Gaussian kernels. Specifically, they are as follows: for the EXP, VN30, CPI, Air quality,
andAppliances Energy data sets, two chosen polynomial kernels are of the formsPL1(Xi,
Xj)= < Xi,Xj > +0.5)2 and PL2(Xi, Xj)= < Xi,Xj > +0.5)3, while for the remaining
data sets, two chosen polynomial kernels are PL1(Xi,Xj) = 0.5 < Xi,Xj > +0.5)2 and
PL2(Xi,Xj) = 0.5 < Xi,Xj > +0.5)3. For Gaussian kernels with the parameter ρ2, the
three chosen kernels with this parameter value correspond to equal to, smaller than, and
larger than the expected value, and they are denoted GA3,GA4, andGA5, respectively.
The level of smaller or larger than the expected value depends on each specific data set
and is based on the analysis of the number of factors extracted by the KTPCA method
with the Gaussian kernel’s parameter ρ2 to obtain the expected value. The autoregressive
distributed lag model is used to build forecast models on data sets of predictors at the
same sampling frequency.

According to the work [34], when building forecast models on data sets of economic
and financial variables at the monthly frequency using the autoregressive distributed lag
model, the optimal lag of all variables in the models, in general, is 6, 12, or even 24.

Except for the EXP data set, here the maximum lag of variables in a forecast model is
determined according to the experience [34] and is 6, for the remaining 10 data sets, the
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maximum lag of all variables is precisely determined using a combination of the Akaike
information criterion (AIC) and the seasonality of these time-series data sets. Thus,
the maximum lag of the factors extracted using different variable dimension reduction
methods for each data set is generally different.

All factors are tested for unit roots and transformed to stationary time series before
performing model estimate, and in the estimated models, all variables are high statistical
significance, at least below10%.The conditions for the best, linear, andunbiased estimate
(BLUE for short) are guaranteed.

Results
The average minimum distance between two data vectors of the 11 data sets used for the
experiment is presented in Table 2. These values are the expected value of the parameter
ρ2 in theGaussian kernel for corresponding data sets. Specifically, each expected value is

an important guideline to choose suitable Gaussian kernels κ(xi, xj) = exp
(
−‖Xi−Xj‖2

2ρ2

)

when performing the KTPCA method on a given corresponding data set.

Table 2. The average minimum distance between two data vectors of data sets

Data sets EXP VN30 CPI VIP Res. Buil. S&P500

The average
minimum
distance between
two data vectors
of predictors

(=ρ2)

e−0.5639 e7.046 e1.461 e34.906 e26.919 e15.426

DJI NASDAQ AirQuality App. Energy SuperCond.

e15.171 e12.971 e18.977 e13.595 e22.353

With the cumulative eigenvalue percentage threshold of 75% for all the aforemen-
tioned variable dimension reduction methods and the experimental data sets, results of
variable dimension reduction, the RMSE of built forecast models on the factors extracted
by the PCA, SPCA, RSPCA, ROBSPCA methods as well as the KTPCA# method with
the PL0,PL1,PL2, GA3,GA4, andGA5 kernels are shown in Table 3, where the values
of the parameter ρ2 in the kernels GA4, andGA5 are shown in Table 4, in which the
codes from S1 to S11 are assigned to the 11 experimental data sets in Table 1 from top
to bottom. Column 3 in Table 3 shows the most suitable kernel in the 06 experimented
kernels, the number of chosen factors, and the RMSE of the forecast model built on
these chosen factors.

Table 3 shows that for the EXP data set, with the maximum optimal lag determined
as in [34] and to be 6, it is not possible to perform regressions for estimating forecast
models based onEq. (8) on factors extracted by the PCA, SPCA,RSPCA, andROBSPCA
methods because 60 data observations are not enough degrees of freedom to perform.
However, if using the KTPCA# method to reduce the variable dimension of this data
set, this limitation is overcome.

Table 3 also shows that for each of the 11 experimental data sets, it is always possible
to find the most suitable kernel so that the RMSE of the forecast model of the target
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Table 3. The dimension reduction performance of the KTPCA# method

Datasets Methods KTPCA# PCA SPCA RSPCA ROBSPCA

EXP No. of factors &
kernel

GA5, 6 14 10 10 10

RMSE 0.0104 NA NA NA NA

VN30 No. of factors &
kernel

GA3, 14 14 14 14 15

RMSE 0.1819 0.1895 0.1968 0.1968 0.2054

CPI No. of factors &
kernel

GA4, 6 4 4 4 4

RMSE 0.4452 1.4836 1.0659 1.0673 1.0659

VIP No. of factors &
kernel

PL1, 4 4 4 4 4

RMSE 672.66 715.96 826.28 1373.57 2642.83

Res. Building No. of factors &
kernel

GA4, 2 1 1 1 1

RMSE 919.9 1152.4 1152.5 1152.5 1151.2

S&P500 No. of factors &
kernel

GA4, 2 1 1 1 1

RMSE 61.60 161.415 161.441 161.441 161.441

DJI No. of factors &
kernel

PL0, 1 1 1 1 1

RMSE 91.82 91.82 309.24 309.24 309.23

NASDAQ No. of factors &
kernel

PL1, 1 1 1 1 1

RMSE 81.05 365.97 85.47 85.47 85.46

Air Quality No. of factors &
kernel

GA4, 5 1 1 1 1

RMSE 50.297 71.459 71.499 71.499 71.427

App. Energy No. of factors &
kernel

GA4, 6 3 3 3 3

RMSE 98.81 101.74 101.76 101.76 101.75

SuperCon. No. of factors &
kernel

GA4, 2 2 2 2 2

RMSE 26.094 27.314 27.332 27.332 27.319

variable on factors extracted by the KTPCAmethod is equal to or less than the RMSE of
forecast models built on factors extracted by the PCA, SPCA, RSPCA, and ROBSPCA
methods.
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Table 4. Values of the parameter ρ2 in the GA4 andGA5 Gaussian kernels

Datasets S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11

GA4 e−0.693 e6.9 e0.7 e34.1 e22 e8 e8 e8 e18 e12.8 e18.5

GA5 e−0.183 e7.5 e2 e35.3 e27.2 e15.7 e15.5 e13.5 e20 e24.5 e22.8

4.2 For Data Sets of Predictors at Mixed Sampling Frequencies

In this section, the regressionmodel used to build nowcastmodels is the factor BEmodel,
the factor U-MIDAS model, and some other restricted MIDAS models, including the
STEP-MIDAS, PAW-MIDAS, and EAW-MIDAS models.

Experimental Datasets
Datasets used for experiments are presented in Table 5. Specifically, they include 07
datasets in the UCI-Machine Learning Repository introduced in Table 1 and three real-
world data sets of Vietnam’s economy in which the CPI data set is in Table 1, and the
RGDP and IIP data sets are new.With the data sets already in Table 1, the target variables
in these datasets are aggregated at a lower frequency so that they are mixed sampling
frequency data sets. The value of the aggregated target variable is determined in one of
two ways: the first way is the arithmetic average of S values of this variable, and the
second way is the sum of the S values, where S is the number of high-frequency values
for each low-frequency value. It is different for different data sets, as shown in Table 5.
Precisely, the value of the aggregated target variable of the Air Quality, Residential
Building, S & P 500, DJI, Nasdaq, Super Conductivity, and CPI data sets is calculated
according to the first way, while for the Appliances Energy data set, it is calculated
according to the second way.

Furthermore, the article has assumed that the number of working days in the months
is the same and equals 20 days per month. This assumption is close to the number of
working days in the months. So, in Table 5, when S equals 20, we understand that the
target variable is at themonthly frequency, while the predictors are at the daily frequency.

Table 5. The statistical characteristics of experimental datasets

Statistical
Characteristics

RGDP CPI IIP Air Quality App. Energy

Characteristics of
dataset

Time-series Time-series Time-series Time-series Time-series

Variable
Characteristics

Real Real Real Real Real

(continued)
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Table 5. (continued)

Statistical
Characteristics

RGDP CPI IIP Air Quality App. Energy

Number of
low-frequency
variables

3 3 1 1 1

Number of
high-frequency
variables

87 102 42 12 27

Total number of
observations

72 72 1840 9348 19704

Number of
low-frequency
observations

24 24 92 779 3284

S - the number of
high-frequency
values for a
low-frequency
value2

3 3 20 12 6

Missing data No No Yes Yes No

The target
variable

The growth
rate of GDP

Consumer
Price
Inflation

Index of
Industrial
production

The Air CO Energy use of
Appliances

Statistical
Characteristics

Res. Build S&P 500 DJI NASDAQ SuperCond

Characteristics of
dataset

cross data Time-series Time-series Time-series cross data

Variable
Characteristics

Real Real Real Real Real

Number of
low-frequency
variables

1 1 1 1 1

Number of
high-frequency
variables

27 52 81 81 81

Total number of
observations

366 1760 1760 1760 21260

Number of
low-frequency
observations

122 88 88 88 1063

(continued)
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Table 5. (continued)

Statistical
Characteristics

RGDP CPI IIP Air Quality App. Energy

S - the number of
high-frequency
values for each
low-frequency
value

3 20 20 20 20

Missing data No Yes Yes Yes No

The target
variable

Sales Prices S&P500
Index

DJI index NASDAQ
Index

Critical
temperature

2: The total number of observations (or the number of high-frequency observations) = S * the
number of low-frequency observations.

In theRGDPandCPI datasets, there are several other predictors at the same frequency
as the target variable, and they are at the quarterly frequency.

4.3 Experimental Method

To build nowcast models, first, the time series target variable at a low frequency, the
predictors at the same frequency as the target variable, and the factors extracted from
higher frequency predictors are transformed into stationary time series. The criterion
for selecting the number of extracted high-frequency factors is also their cumulative
eigenvalues percentage [28].

Nowcast models are estimated under ideal cases, namely: for nowcast models built
based on the factor BE model, the optimal common lag of the target variable and pre-
dictors are determined precisely using the AIC and all variables in the built nowcast
models are statistically significant, at least at the < 10% level. For nowcast models built
based on the factor MIDAS models, the optimal common lag of the target variable and
predictors at the same frequency as the target variable is determined as in the nowcast
model built based on the BE model. In contrast, the optimal lags of different factors at
higher frequencies are generally different and determined as follows: first, determine the
optimal common lag based on the RMSE criterion, then determine the individual opti-
mal lag for each factor using the RMSE criterion. This approach is always suitable for
the STEP-MIDAS and PAW-MIDAS models but for the EAW-MIDAS and U-MIDAS
models, it is only suitable if the number of the factors in nowcast models is pretty small.
On the contrary, that is, the number of factors in the model is not small, the article
determines a maximum optimal common lag for all high-frequency factors by using the
RMSE criterion.

To compare the variable dimension reduction performance of the KTPCA# method
with the PCA, SPCA, RSPCA, and ROBSPCA methods, for the KTPCA# method, the
article also only experiments with the 06 kernels mentioned above. The article uses the
packet “Midas-r” inR.CRAN[35] to build nowcastmodels onmixed sampling frequency
data sets.
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4.4 Results

The averageminimum distance between two data vectors of the 08 experimental datasets
in Table 1 is presented in Table 2, while for the RGDP and IIP data sets, this value
corresponds to ρ2 = e1.464 and ρ2 = e8.978.

With the same cumulative eigenvalue minimum threshold of 75% for all the five
variable dimension reduction methods, the experimental datasets, and the five regression
models: BE, STEP-MIDAS, PAW-MIDAS, EAW-MIDAS, and U-MIDAS, the RMSE
of built nowcast models on the chosen extracted factors is shown in Table 6. This table
includes five subtables 6a, 6b, 6c, 6d, and 6e containing the RMSE of nowcast mod-
els built based on the factor BE, STEP-MIDAS, PAW-MIDAS, EAW-MIDAS, and U-
MIDAS models, respectively. Here, factors are extracted from the ten aforementioned
experimental datasets using the PCA, SPCA, RSPCA, ROBSPCA, and KTPCA# meth-
ods. Here SET1,…, SET10 is another writing way for the 10 data sets in Table 4 in order
from left to right and from top to bottom.

Table 6 shows that for all the factor regression models and the all experimental
datasets, it is always possible to choose a suitable kernel so that the RMSE of the
nowcast model built on factors extracted by the KTPCA method corresponding to this

Table 6. Performance of the KTPCA# method for mixed sampling frequency data sets
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kernel is less than or equal to the RMSE of nowcast models built on factors extracted by
the PCA, SPCA, RSPCA, and ROBSPCA methods.

5 Conclusions

This article briefly introduced the variable dimension reductionmethodKTPCA#.Exper-
imental results on real data sets of predictors at the same sampling frequency and mixed
sampling frequencies show that the dimensional reduction performance of this method
is higher than that of the PCA, SPCA, RSPCA, and ROBSPCA methods. Here the
variable dimension reduction performance of a method is measured by the RMSE of
forecast/nowcast models built based on the autoregressive distributed lag model/ the
factor BE, U-MIDAS, and some other restricted MIDASmodels such as STEP-MIDAS,
PAW-MIDAS, and EAW-MIDAS, where factors are extracted from a data set of pre-
dictors using this method. The KTPCA# method is an iterative, trial-and-error process
over the kernels. It is uncomplicated and can be used to reduce the variable dimension
of large data sets.

Bagging and Boosting are currently emerging as prediction/classification methods
on data sets of a large number of predictors. In the upcoming study, we will compare the
forecast accuracy of models built based on the dynamic factor regression model where
factors are extracted by the KTPCA# method with the forecast accuracy of models built
based on these methods.
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