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Abstract. In additive white Gaussian channel (AWGN), the perfor-
mance of polar codes under the successive cancellation (SC) decoding is
not as good as that of the belief propagation (BP) decoding. However, in
a fading channel, the performance of BP decoding is found in our study
to be worse than the SC decoding. In this work, we propose a termination
criterion for the BP decoding of polar codes to improve the performance
and the average number of iterations at the same time. Simulation results
show that BP decoding can still achieve a better performance than the
SC decoding in fading channels with the proposed termination.
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1 Introduction

Polar codes proposed by Arikan [3] is the first constructive and provable coding
scheme which achieves the capacity of binary-input discrete memoryless sym-
metric channels (B-DMCs) with a low complexity successive cancellation (SC)
decoding. The SC decoding is a particular instance of the belief propagation
(BP) decoding shown in [6]. Overall, the performance of the SC decoding of
polar codes is not as good as that of the BP decoding [2,6].

The existing decoding techniques of polar codes, including the SC decoding,
the BP decoding [5,6], the successive cancellation list (SCL) decoding [12], and
the CRC aided SCL decoding [9] are all studied under additive white Gaussian
noise (AWGN) channels. With the adoption of polar codes as the coding scheme
for the control channel of the enhanced mobile broadband (eMBB) scenario of
5G [1], it is of importance to study the performance of polar codes in fading
channels. In [11], a new coding technique considering the fading characteristics
is proposed to improve the performance of polar codes. In [10], the construction
of polar codes is proposed for polar codes in fading channels. Until now, there is
no work reported to study the performance of the BP decoding of polar codes
in fading channels.
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In this paper, polar codes with the BP decoding are studied under fading
channels. The first observation of our study shows that the BP decoding perfor-
mance even deteriorates compared to the SC decoding in fading channels. For
example, with the code block length N = 256 and the code rate R = 0.36, the
BP performance is worse than that of the SC performance when the number
of iterations is fixed to be 30 in fading channels. This is shown in Fig. 1. From
Fig. 1, it can be observed that the BP decoding outperforms the SC decoding in
AWGN channels. With the same fixed number of iterations, BP decoding does
not hold this advantage any more over the SC decoding in fading channels.

To improve the BP decoding performance of polar codes in fading channels,
this paper proposes the following procedures: (1) increase the maximum number
of iterations of the BP decoding; (2) set an early termination criterion. The
early termination of the BP decoding of polar codes is studied in [5,13]. Both
criterions in [5,13] are studied in AWGN channels. This paper investigates the
characteristics of the early termination criterions of BP decoding and proposes a
new termination criterion. The results show that the BP decoding of polar codes
with the proposed termination achieves the best error performance among the
existing termination criterions in fading channel.
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Fig. 1. Performance comparisons of polar codes with the code length N = 256, the
code rate R = 0.36. For BP decoding, the number of iterations is fixed to be 30 in both
AWGN and fading channels.

The rest of this paper is organized as follows. Section 2 provides the pre-
liminaries of polar codes. In Sect. 3, the early termination of BP decoding is
introduced. Based on our study, a new early terminations is proposed for fading
channels. Section 4 provides the simulation results of the BP decoding with the
proposed procedures. Finally, Sect.5 concludes the paper.

2 Preliminaries

For any B-DMC W: X—Y, where X={0,1} denotes the input alphabet and
Y denotes the output alphabet, the channel transition probability is defined as
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W(ylx), z € X, y € Y. According to the channel combining and the splitting
process, N binary input channels W](\;) can be obtained with ¢ = 1,2, ..., N. For
the symmetric channels [3], the K most reliable bit channels with indices in
the information set A are used to transmit information bits. The remaining bit
channels with indices in the complementary set A€ transmit known bits which
are called frozen bits.

Polar code encoding is performed as z¥ = u) Gy, where G denotes the
generator matrix of the polar code, uY¥ € {0,1}" denotes the source vector

(u1,uz,...,uyn) and ¥ € {0,1}" denotes the codeword. The source vector ul

consists of information bits uy and frozen bits u 4c. Here uy means the sub-
vector of ul¥ taking elements specified by the set .A. The generator matrix is
defined as Gy = BNF§®". Here By is the bit-reversal permutation matrix,

F, = E ﬂ , and ® denotes the Kronecker product [3].

2.1 Successive Cancellation Decoding (SC)

For any given polar code (N, K, A,uye) [3], the SC decoding estimates bit u;
(denoted as ;) based on the following:

WA ) Uy ifie A°
Ui = ni1 e
hi(yY L), ifie A,

where h; is a decision function defined as:

N {0, it Ly, a7 > 1

(1)

1, otherwise,

)

The likelihood ratio (LR) is defined as:

W@ (N, ai710)
Wy, i)

LYY, ai ) =

which can be recursively calculated [3]:

Ly i)

1 W
i) N/2 .9 i i i
B Lgv)/g VA e Al 2)L§v)/2(yN/2+1,u§52)+1 "
N 2 ~ 25— A2 — i 25—
(21)(y1 A21 1)
7 N/2 ~2; ~2i —2ig;_ i 2
[Lﬁv)/z( Pt )t L0 N, a0, (5)

The initial LR is:
L )
L9(y;) = o



Termination for Belief Propagation Decoding of Polar Codes 23

2.2 Belief Propagation (BP) Decoding

The BP decoding for polar codes [2,5] is based on the factor graph. Figure2
shows an example when N = 8, where circles represent variable nodes (VNs) and
squares are check nodes (CNs). Given a polar code of length N = 2™, messages
are passed from layer 0 to layer n, then from layer n to layer 0 iteratively. Here
layer 0 is the layer with inputs from the underlying channels. The messages
passed in the graph are log likelihood ratio (LLR) values.

Fig. 2. BP decoding graph with the code length N = 8.

The initialization of the LLR is done:

, P(yi|zi = 0)
Lin(i) = In YT =9 7
(© P(yilz; = 1) @)

00, j € A°
Ltrozen = 8
frosen {o, jeAa, ®)

where L;,, are the LLR calculated from the channel. The initial LLRs are fed to
the factor graph from the right to the left. The initial LLR L ¢y¢.cy, are the input
to the factor graph from the left to the right, as shown in Fig. 2. Let L, (), )
denote the message from the VN on the i-th row of the A-th VN layer to the
CN on the i-th row of the (A + 1)-th CN layer (1 <i < N, 0 < A <n-—1).
Similarly, let L.—., (), ) denote the message from the CN on the i-th row of the
(A + 1)-th CN layer to the VN on the i-th row of the A-th VN layer. Finally,
let L,—.(n,i) be the messages flooded to the n-th VN layer, which is used for
estimation of the information bits. For bit u;, Ly—c(n, %) + Lrozen(4) is taken as
the decision metric for @; (the estimation of u;), and L¢_.,,(0,%) 4 L;, (4) is taken
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as the decision metric for the estimated coded symbol ;:

07 Lv—>C ) ) L rozen ) > O

a4, = (7 i) + Lyrozen(i) (9)
1, otherwise.
0 LC—H} 07 ' Lin ' 0

PO (0,) + Lin () > (10)
1, otherwise.

At the beginning of the BP decoding, L;,(7) is put into L,—.(0,%). Then
update all L,_.(A,i) messages from the right to the left, then update all
L.—,(\ i) messages from the left to the right. Repeat the steps until an early
termination condition is met, or the maximum number of iterations is reached.

3 Termination for BP Decoding

In order to decode more efficiently, it is desirable to terminate the BP iterations
early when the decoding converges. In this section, we first show the two existing
early termination criterions [5,13] for the BP decoding of polar codes. A new
termination criterion for polar codes with BP decoding is then proposed.

3.1 Termination Based on Frozen Bits

In [5], the authors proposed that if the estimated codeword #I can produce all
zero frozen bits, then the BP iteration can be terminated. Note that in [5], the
frozen bits are set to be all zeros in the encoding process. Here we formally state
this termination criterion as Termination I.

Termination I: Let ijl be the inverse matrix of the generator matrix Gy.
Let @) be the vector calculated from the estimated codeword #1': @Y = #V Gy,
Then the estimated codeword IV € {0, 1}N is a real codeword, if and only if:
; = 0,Vi € A°.

Note that Termination I requires a matrix inversion, which can be avoided
by employing the special features of the generator matrix G . In [7], it is proven
that the inverse of F'®" is itself. In [3], it is also shown that By' = By. Therefore

Gy' = (ByF®") ™t = (F®")"'By' = F®"B (11)

Figure 3 shows the number of iterations of a polar system employing Ter-
mination I. Here the maximum number of iterations is set to be 70. The plot
shows the number of iterations for each polar block. The red cross shows that a
block is in error. It can be seen that there are quite a large number of blocks in
error with a small iteration number when employing Termination I. There are
also blocks that are in error while the maximum number of iterations is reached.
These are the cases where BP decoding does not converge, and therefore can not
be corrected by the BP decoding.
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3.2 Termination Based on Estimated Codewords

Before introducing Termination II, recall that the encoding process is z¥ =
ul¥ Gy for a given source vector ul¥. Hence if 4} and #}V are the valid estimates,
#V = 4V Gy must also hold. Therefore, £ = 4 - G can be used to detect
valid @ and £{ [13].

Termination II: Let the calculated codeword be #V = 4G y. Then the
condition for the termination of the BP iterations is when 3V = {V.

Note that from [4], it is observed that systematic polar codes achieve bet-
ter BER performance than the counterpart of the normal non-systematic polar
codes. Observe that in Termination II, the operation ¥ = 4Gy is exactly
what systematic polar codes perform after obtaining estimates of 4{'. This oper-
ation produces less errors in 5011V than those in 11]1\7 . Therefore, it can be predicted
that Termination II results in less errors than Termination I.

With Termination II, the iteration number is shown in Fig.4. It can see
observed that the error cases with small numbers of iterations are far less than
that employing Termination I. However there are still a few blocks in error with
small numbers of iterations. These are the cases where the early termination

criterion fails.

Termination |

0 1 2 3 4 5 6 7 8 9 10
Block Index x104

Fig. 3. The number of iterations of the BP decoding of the polar code with the code
length N = 256 and the code rate R = 0.36. The maximum number of iterations is
70 in the fading channel. Termination I is employed to determine whether BP should
stop.

3.3 Proposed Termination Criterion

The termination criterion is to detect a valid codeword. It is equivalent to deter-
mine whether the estimated information bits are correct. In this sense, the cyclic
redundancy check (CRC) [8] can perform the same role: determine whether the
estimated codeword is correct.
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In this paper, the CRC based early termination is proposed to be used in the
BP decoding of polar codes. This requires that before the polar code encoding,
CRC check bits are added to the information bits. Let K.,.. be the number of
CRC check bits. If the original information set A has a size of K, then K — K.
information bits plus the K. check bits go to the polar encoder. In the decoding
side, when the estimates of the K bits are obtained in every BP decoding iter-
ation, CRC check can be done: if the estimated information bits pass the CRC
check, then the BP decoding can stop. Otherwise, the BP decoding continues
until the CRC check succeeds or the maximum number of iterations is reached.
In this paper, we call this termination the CRC-based Termination (written as
Termination-CRC).

Figure5 shows the number of iterations and the error cases. It can be seen
that except the uncorrectable blocks, the number of blocks in error with small
iteration numbers are greatly reduced compared with Termination I and Termi-
nation II, showing the effectiveness of Termination-CRC.

When the errors in the CRC check bits and the errors in the information bits
align, it can happen that the CRC check succeeds while the estimated informa-
tion bits are incorrect. This can be confirmed from Fig. 5: there are six blocks in
error (among 10° polar blocks) with small numbers of iterations. To remove these
error cases, we further propose to combine Termination IT with CRC checks. The
scheme works as the following;:

— Add K,,. check bits to K — K_,. information bits;

— Encoding the K bits into N coded symbols;

Perform BP decoding to the received N samples;

— Employ Termination IT and CRC check of the estimated bits. If both succeed,
terminate the BP decoding. Otherwise, continue the BP iterations until both
checks are successful or the maximum number of iterations is reached.
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Fig. 4. The number of iterations of the BP decoding of the polar code with the code
length N = 256 and the code rate R = 0.36. The maximum number of iterations is
70 in the fading channel. Termination II is employed to determine whether BP should
stop.
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Fig. 5. The number of iterations of the BP decoding of the polar code with the code
length N = 256 and the code rate R = 0.36. The maximum number of iterations is 70

in the fading channel. Termination-CRC is employed to determine whether BP should
stop.

This combination of Termination IT with CRC checks are termed Termination
II-CRC in the paper. The iteration numbers and the error cases are reported in
Fig. 6. It can be observed that except for the uncorrectable blocks, the error due
to the incorrect early termination does not occur with the proposed Termina-
tion II-CRC. In the next section, the error performance of different termination
criterions is presented to show the effectiveness of every termination criterion.

70

60

o
=}

Termination II-CRC

Block Index «10%

Fig. 6. The number of iterations of the BP decoding of the polar code with the code
length N = 256 and the code rate R = 0.36. The maximum number of iterations is

70 in the fading channel. Termination II-CRC is employed to determine whether BP
should stop.
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4 Simulation Results

Binary phase shift keying (BPSK) modulation is employed to the coded sym-
bols of polar codes. The polar code simulated has the block length N = 256
and the code rate R is 0.36. The maximum number of iterations for the BP
decoding is 70. The modulated coded symbol z is transmitted through a fading
channel: y = hax + n, where h follows a standard normal distribution, and n is
the additive white Gaussian noise (AWGN) with mean zero and variance o2.
With Termination-CRC and Termination II-CRC, 16 CRC check bits (with the
polynomial 0 x 8810) are added to the information bits.

Figure 7 shows the bit error rate (BER) and packet error rate (PER) of the
polar code in the fading channel. In the receiver side, assume the sign of the
fading channel parameter h is estimated already from the channel estimation
function, denoted as sj. The receiver then performs the operation § = spy =
|h|x + sph. After this operation, the SC or the BP decoding can start.

In Fig.7, the line with the legend “BP I = 70” refers to the BP decoding
with a fixed number of iterations of 70. It can be observed that with this fixed
number of runs, the performance of the BP decoding is slightly better than the
SC decoding, unlike the results in Fig. 1-b where the BP decoding performance
(a fixed iteration number of 30) is worse than that of the SC decoding. This
shows that in the fading channel, the BP decoding requires a larger number of
iterations to converge than in the AWGN channels.

However, as shown in Figs.3, 4, 5 and 6, the majority of blocks converge
earlier than the maximum number. Given that the maximum number is already
larger than that of the AWGN channels, it is desirable to stop the BP decoding
when it converges.

Seen from Fig.7, Termination I (the black solid line and the black dashed
line) is not effective: it exhibits an error floor. This is due to a large number of
incorrect early terminations. Termination II (the green solid and dashed lines
with triangles) is much more effective than Termination I. Termination-CRC is
slightly better than Termination II, also can be predicted from Figs. 4 and 5. The
best criterion is Termination II-CRC (the solid and dashed lines with squares).
This best performance can also be predicted from Fig.6: there are no early
termination errors for Termination II-CRC. Only those uncorrectable blocks are
left with the proposed Termination II-CRC.

Figure 8 shows the average number of iterations of the BP decoding employ-
ing different termination criterions. The flat line with the legend “BP I = 70”
refers to BP decoding with a fixed number of runs of 70. It can be seen that,
on average Termination-CRC and Termination II-CRC requires almost the same
number of iterations. Given that Termination II-CRC produces the best perfor-
mance, it is desirable to implement this termination criterion in the BP decoding
of polar codes in fading channels.
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Fig. 7. BER and PER performance comparison of polar codes with the code length
N = 256, code rate R = 0.36. The maximum number of iterations is 70 in the fading

channel.
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Fig. 8. Average number of iterations for BP decodings with different termination crite-
rions. The label with “BP I = 70” is the BP decoding with a fixed number of iterations

of 70.

5 Conclusion

This paper studies the performance of BP decoding in fading channels. Different
termination criterions are investigated and a new termination criterion is pro-
posed. The proposed termination can achieve the best BP decoding performance
in fading channels among the existing termination criterions.
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