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Abstract. This paper presented a method for constructing NB-QC-
LDPC (non-binary quasi-cyclic LDPC) codes. First, the initial base
matrix of NB-QC-LDPC code was constructed by two arbitrary sub-
sets in a finite field. Then, by combining the number and connectivity of
cycles jointly, the new masking method was proposed to construct a type
of NB-QC-LDPC codes with larger ACE average values. The simulation
illustrates that proposed codes have better error correction performance
compared with binary LDPC codes and other NB-LDPC codes.
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1 Introduction

As one of the famous channel coding techniques, low-density parity-check
(LDPC) codes [2] were proposed in 1962 to concrol errors in communication
and data storage system due to their capacity-approaching performances and
efficient parallel decoding mechanism.

Until 1998, Davey and Mackey firstly discovered non-binary (NB) LDPC
codes [1] and put forward a g-ary sum product algorithm (QSPA) for decoding at
the same time. Compared with binary LDPC codes, NB-LDPC codes do have the
advantage of correcting random and burst errors that happened simultaneously
in channels. In a higher finite field, NB-LDPC codes with much longer code
length could approach the Shannon Limit. However, the higher computational
complexity in coding and decoding makes it impractical. Therefore, NB-LDPC
codes deserve more attention and research effort.

Similar to binary LDPC codes, there are two types of construction methods
for NB-LDPC codes, including random construction method and structural con-
struction method. For the former, given a degree distribution, the progressive
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edge growth (PEG) algorithm [14] generates a parity-check matrix by column in
which all connecting labels are randomly selected. In particular, the approximate
cycle extrinsic message degree (ACE) algorithm [12] can reduce the error floor
performance at high signal-to-noise ratios (SNRs) by ensuring the ACE value of
some cycles is bigger than a given value. However, random methods take up a
large amount of memory space to store the stochastic parity-check matrix.

The latter methods include algebraic approach [4,5,8,18,19], matrix theory
[13,15-17], etc., are used to generate a type of quasi-cycle (QC) LDPC codes
[9]. Codes based on finite fields GF(q) are called NB-QC-LDPC codes, which are
given by the null space of an array H of sparse circulant matrices of the same
size. The sparse circulant matrices in the parity-check array H are circulant per-
mutation matrices (CPMs), which can save hardware storage space and simplify
the coding and decoding process. To improve the error correction performance
and reduce the computation complexity, several measures was proposed, such
as eliminating short cycles [10], maximizing girth, improving Hamming distance
[7], improving connectivity of cycles [3], etc.

In this paper, we combine the number with the connectivity of cycles to
improve performance. Since not all short cycles are harmful to performance,
selectively eliminate cycles with bad connectivity can make a excellent cycle
condition [11]. The new masking technique is proposed to construct an irregular
NB-QC-LDPC code with short and long code lengths. The simulation results
show that the codes with larger ACE average values have excellent decoding
performance.

The rest of paper is organized as follows. The basic theory of NB-QC-LDPC
codes over a finite field is briefly introduced in Sect.2. Section 3 describes our
model and masking algorithms for constructing NB-QC-LDPC codes. Mean-
while, Sect. 3 illustrates with some examples. Simulation results and analysis
will be discussed in Sect. 4. Finally, we conclude the paper in Sect. 5.

2 NB-QC-LDPC CODES

2.1 Definitions and Concepts

QC-LDPC codes given by the null space of an array of sparse circulant per-
mutation matrices (CPM) of the same size over a finite field GF(q) (q>2) is
called NB-QC-LDPC codes. While ¢ = 2, they become to binary QC-LDPC
codes. As for any positive integer 7, let @ be a r x r CPM in GF(q) with
columns and rows labeled from 0 to r — 1.

There are two categories of Q. If all nonzero elements in @ is single, such Q
is called the g-ary CPM and has the following structural characteristics: (1) the
first row contains a single nonzero element in GF(q), at position between 0 and
r —1; (2) each row in Q is a cyclic right shift of the previous row and the first
row is obtained from the last row shift to right. All nonzero elements in g-ary
CPM are same, but are different in positions.

Another structure is called a*-multiplied CPM, in which all nonzero elements
are different in both. To be specific, each row, except the first row, is obtained
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by cyclic right shift of the previous row and the single nonzero value which alse
belongs to GF(q) is the single nonzero value in the above row multiplied by a.
Furthermore, g-ary CPM is much simpler in coding and decoding process. Thus,
we will take g-ary CPMs as examples.

In the parity-check matrix H, a cycle is a closed path that consists of a set
of horizontal and vertical lines alternately, in which each vertex is a nonzero
element. The length of a cycle must be even. For example, two rows and two
columns can form a cycle whose length is 4. The shortest cycle is called girth.
Cycle is an important factor during iterative decoding. Reducing short cycles
and maximizing girth are common approaches to improve performance.

Various structures of LDPC code have to satisfy the row-column (RC) con-
straint [6]: no two rows (or two columns) have more than one position where
they both have nonzero entries, which ensures the Tanner graph of the code
with girth at least 6. In this paper, we are mainly concerned of RC-constrained
NB-QC-LDPC codes.

2.2 Construction Principles and Masking

Suppose a finite field GF(q), q = 25 Let a be a primitive element, and all
elements in GF(q) are represented as {a“’o,ao,al,--- ,aq_2}. This section
explains a construction method of the base matrix B of NB-QC-LDPC codes
by using two random subsets in GF(q).

Let S; = {a™, o, -+ a'm=1} and Sp = {ad°,ad?, .-+ =1} are two ran-
dom subsets, with iy, 5 € {—00,0,1,-+- ,¢—2},0 < k <m, 0 <! < n, and
ig < i1 < - < lm_1, Jo < J1 < +++ < jn_1. Then we can use following rule to
generate a base matrix B [4,5]:

B = [ya™ + a]l]0<k<m,0<l<n (1)

The constructed base matrix has the following characteristics: (1) all the
entries in the row (column) are different elements in GF(q); (2) each row
(or column) contains at most one zero element; (3) no two rows (or two columns)
have the same item in the same position; (4) any submatrix is nonsingular.
According to the structure properties (2) and (4), B satisfies the RC constraint.
v is called the multiplier of B.

The parity-check matrix H is generated by extending each element in B
with g-ary CPMs of size r x r, r = ¢ — 1, whose generator has o/ as its single
nonzero component at the position j, which makes sure the Tanner graph of it
has girth at least 6 if the maximum value of j is less than r. The key to construct
a QC-LDPC code is to design an optional base matrix B of which a number of
structural properities determines the iterate decoding performance. Thus, the
replacement results in replacing some nonzero elements by zero which means an
r X r g-ary CPM is replaced by an r x r ZM (zero matrix), which is refered to as
masking. The masking matrix M which only consists of “0” and “1” elements
can be performed on B to obtain a masked based matrix Bask:

Bmask =M®B = [I (mk,lbk,l)]0<k<m70<l<n (2)
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If mg, = 1, mk,lka = bk,l; else if mg, = O7 mk,lbk,l =0.

2.3 Cycles and ACE Value

Each column (row) in a base matrix B corresponds to a variable (check) node,
and each element in B represents a connecting edge between two types of nodes.
The total number of connecting edges of a node is called the node degree.

A cycle is composed of alternate connecting edges between variable nodes
and check nodes, which influnce the error floor. The total degree of variable
nodes in cycle determines the connectivity of cycle. Larger degree can increase
decoding accuracy, which means more parity-check equations could be used to
control errors and it can utilize more nodes to exchange useful information during
decoding.

In general, the approximate cycle extrinsic message degree (ACE) of a cycle
is one of the important characteristics, which used to roughly measure the con-
nectivity of cycle. The ACE values in cycle g are defined as follows [4]:

ACE? = (d; —2) (3)

%

d; is ith node’s degree in cycle g, i = 1,2, ..., g. The ACE value of the variable
node with degree d can be considered as d — 2 and the ACE value of the check
node is 0.

From (3), the ACE value of cycle is directly determined by the total degree
of variable nodes. A LDPC code with larger ACE value usually exhibits better
error correction performance than a code with small ACE value. Hence, remov-
ing cycles with low connectivity and keeping the high may improve the error
correction performance. When the short cycles is removed by masking, the ACE
value of the remaining cycles will also be reduced. Making a compromise between
them is what we have to discuss next.

3 Masking Algorithm Based on ACE Value

Cycle is an important factor affecting the performance of QC-LDPC codes, par-
ticularly length of 4. However, cycles with different length may have different
effects on performance. Not only the number of short cycles, but also the connec-
tivity of cycles plays an important role. Remaining cycles with high connectivity
rather than reducing short cycles for increasing girth blindly could improve error-
floor effectively. The masking algorithm is prensented to distinguish and select
more harmful cycles to make a better cycle condition.

In this paper, we emphasize the importance of ACE value and give priority to
removing cycles with smaller ACE values, despite the number of cycles may be
increased. Therefore, the mathematical model is proposed by jointly considering
both the number and connectivity of cycles to choose one place reasonably if
there are more than one nonzero position that could be turned to zero.
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The entire masking process is showen in Fig. 1, If there is only one maximum
in D, turn the element in this position to zero and calculate the number of cycle
g of the new base matrix B; if not, we need to consider the ACE value of cycle
g* to get a base matrix with larger ACE average value.

START N |Choose a position where
Only one? cycles g* have smaller

ACE value
Construct a base
. Y
matrix B; Chooee
Set 1) as a ratio -noose a
N position where
+ cycles g* have
Search the number of smaller ACE
cycle g, called as N; v average value
Build a cycle distribution -t I
matrix D y
Turn this
position to zero;
Find the calculate Nnew
maximum of D of the new B

I

Nnew<nN?

Output
Bmask

Fig. 1. Masking process

The mathematical model is as follows:

Bhask = argmax (ACE9*> (4)
N9 <nNi
N9 =0,¢ <
s.t. 79 (5)
« g 0<n<l1
g g+2 n=0

In (4), Buask is a masked base matrix; ACE’ is a ACE average value of cycle
g. A masked base matrix Bpasx that has the highest ACE average of cycle
g* is expected to get. However, if all cycles g* are eventually eliminated, it is
meaningless to control its ACE value. Therefore, according to the ratio n, we
divide ¢* into two situations to discuss.

The parameters in formulas are explained in (5). N? is the total number of

cycle g; N9 is the total number of cycle ¢/, ¢’ < g; N?

init

is a initial number of
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cycle g; n is a ratio of number, n = N9/NY..: gend is a stopped length. The ratio
1 determines whose ACE value we should focus on during this process. When
0 < n < 1, there are some cycles g left after finished, and N9 > 0. Thus cycles
g with small ACE value need to be elimitated to ensure the final masked base
matrix Bpask has large ACE average. In addition, when n = 0, N9 > 0 after
finished, it will focus on deleting cycles g with small ACE value. The specific
steps are as follows:

First, the original base matrix B is constructed by using the approach as
mentioned above according to the code length and code rate.

Then, a replacement preprocessing is proposed to replace some elements in
B by orderly searching for a nonzero element from 1 to p to initially reduce cycle
g. See Algorithm 1 for details:

In algorithm, DY is a cycle participation distribution matrix of cycle g.

9 _ |9
bt = {dk’l}0<k<m,0<l<n (6)
dj , represents the number of cycle g in which the element by ; participates.

" The core idea of the algorithm is to ensure that N9 decreases sharply, mean-
while, N9 = 0, ¢’ < g. If there is a nonzero element that makes N9 = 0, the
next round will begin for cycle ¢ = g 4+ 2 until reach the maximum searching
time. Output Bieplace in the end. In general, no cycle 4 in the basis matrix is a
fundamental requirement.

Finally, a cycle elimination masking algorithm based on ACE value is pro-
posed to mask the replaced basis matrix Bieplace and continue to eliminate
cycles. Masking a position means all cycles related to it are removed and the
ACE value of cycles that the other positions in the same row or same column
participated in are decreasing. Therefore. It is crucial to choose a rational place
to eliminate cycles with smaller ACE value. Two cases are going to be discussed.

When set n = 0 for cycle g. In this condition, we need to keep cycle g+ 2 with
larger ACE value. Find the biggest value in DY by row and save its position. If
there are several candidate positions, compare their ACE minimum values and
ACE average values of cycle g+ 2. Choose a place whose ACE minimum value is
the smallest at first. Then choose the smallest ACE average value if all the above
conditions are the same. Stop masking cycle g and g = g + 2 until it satisfies
condition N9 = 0. When g > gend, output Bpask

When set 0 < n < 1 for cycle g. We need to selectively keep cycle g with
ACE value as large as possible because cycle g still exists in the end. The basic
selection principle is as same as in the first case. Stop reducing cycle g until it
satisfies condition N9 = nN{. and g = g+ 2. When g > gena, output Bpask in
the end. See Algorithm 2 for details:

A few examples are given below to explain validity of algorithms.

E.g.1: Let a be a primitive element in a finite field GF(16). Let S; =
{al,a2,a5} and Sy = {aﬁ,a7,a97a1°,a12,al4} be two arbitrary subsets of
GF(16). Set v = 1. We get a 3 x 6 base matrix over GF(16) in the form given
by (1).
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Algorithm 1. A Replacement Preprocessing Algorithm
Input: B, r, maxtime

Output: Bieplace

1: Set Bieplace = B;

2: for t = 1 to maxtime do

3:  Calculate D? and N{ . Find the maximum in D? by global searching and save

its row and column positions as Index

4:  for k =1 to length(Indez) do

5: for z=1topdo

6: Let Bieplace (Index (k)) = z. Calculate DY and DY of the new Bieplace

7

8

if N9 =0 && min(N?) then
: Record all alternative values z in Z
9: end if

10: end for

11: if ~isempty(Z) then

12: If there are multiple alternative values, select v at random and set
Bieplace (Index (k)) = g

13: break

14: else

15: continue

16: end if

17:  end for

18: end for

19: output B eplace

Set n = 0 of cycle 6. Algorithm 1 and 2 are used to generate a masked base
matrix B mask. The parity-check H is generated by extending the masked base
matrix By mask With 16-ary CPMs and ZMs of size 15 x 15. It is a NB-QC-LDPC
code over GF(16) whose length is 90 symbols and rate is 0.5. The structure of
B mask is as follows:

allal® 0 a8al® 0
Biask = | 0 al2 ol ot o7 ol3
o a®ab 0™ 0

For comparison, another masked base matrix By ;4 of NB-QC-LDPC code
in GF(16) is generated with girth is at least 10. The structure of Bg mask is as
follows:

ala™ 0 a® 0 0
Bymask=| 0 0 altl ot o o3

a9 O513 aﬁ 0 a14 0412

E.g.2: Let a be a primitive element over a finite field GF(64). Let S; =
{a7,a8,a9,a10} and Sy = {a53,a54,a55,a56,a57,a58,a59,a60} be two arbi-
trary subsets of GF(64). Set a v = 1. The base matrix B is given by (1).

Set n = 0 for cycle 6 and n = 0.2 for cycle 8. A masked base matrix B3 mask
that is generated by Algorithm 1 and 2 has a handle of cycle 8 with larger ACE
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Algorithm 2. A Cycle Elimination Masking Algorithm based on ACE Value

Input: Breplaoe7 Gend; 7]
Output: Bmask

1: Set Bmask = Breplace> [mv TL} = size (Breplace);

2: Based on 7, set g* = gz n=0
g 0<n<l1

3: Calculate N7, of Bmask-

4: while (g < gena) do

5: Calculate DY and N9 of Bask

6: for j =1tomdo

T: Find the maximum in DY and save its position as col

8: if length(col) > 1 then

9: Calculate the ACE minimum value and average value of cycle g* in which
the nonzero elements in the same row or column participate. Choose a
position s where the former value is minimum at first, then the last one is
minimum

10: else

11: continue

12: end if

13: Set Bmask (J, s) = 0. Calculate DY and NY for the next round

14: if N9 < nNZ,, then

15: g=9g+2

16: Set new n and g*

17: end if

18:  end for

19: end while
20: output Bmask

average value. The H is generated by extending B3 mask with 64-ary CPMs and
ZMs of size 63 x 63, whose code length is 504 symbols and rate is 0.5.

a37 0 0415 a45 0 0 a21 0
B B 0 0438 0 0 a46 0430 0561 0
3,mask 0 0418 0539 a26 0 0 0531 0462

0449 a47 0419 a40 0427 alS 0 a32

For comparison, the base matrix By mask is generated with girth is at least
10. The structure of By mask is as follows:

0537 0 0515 0 0529 60 21 58

« « «
0 38 0 o6 0 30 61 422

B R
4,mask a46 0 a39 a26 al? 0 a31 0

0 Oé47 0(19 Oé40 0 O[18 0 O[32

At present, most of works focus on constructing binary QC-LDPC codes
by eliminating short cycles and maximum girth of the Tanner graph [13,15],
which are unilateral if just consider a single factor. In [8], a class of LDPC codes
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proposed by using different combinations of the scyclotomic cosets in a finite
field performed better than some EG-LDPC codes. In [5], a very large class of
g-ary CPM QC-LDPC codes were constructed based on two arbitrary subsets of
a finite field. Then, through masking by a masking matrix M, the masked base
matrix had a good cycle distribution. The result demonstrated a phenomenon
that a larger girth does not necessary to a better error performance. Thus, not
only the number of short cycles, but also the connectivity may influence the
error correction performance.

The number and The ACE average value of cycles in NB-QC-LDPC code
under different code lengths and finite fields are mentioned in Table 1.

Table 1. The number and The ACE average value of cycles in NB-QC-LDPC Code
under different code lengths and finite fields

Type Source |Number |Number |Number |ACE value |ACE value
of cycle 4 | of cycle 6 | of cycle 8 1123 45| average

GF(16) B mask | 0 0 180 0/3/4]5/0]3.167
(90,45)

B3 mask | 0 0 0 0/0/0/0|0/0

In [§] 0 0 150 414/2/0/0/1.800
GF(64) B3 mask | 0 0 189 0/0/1]/2/0]3.667
(504,252)

By mask | 0 0 0 0/0/0/0|0|0

In [5] 0 0 252 0/1/1/2/0/3.250

Since the base matrix Bj mask satisfies the RC-constraints when r = 15, it
has girth at least 6. From Table1, it also has the number of cycles of length
8 is 180 with ACE average value is 3.167. A masked base matrix By mask Over
GF(16) is constructed for comparation, whose Tanner graph has girth at least
10. The codeword in [8] has girth at 6 and the number of cycles of length 8 is
150 with ACE average value is 1.800. It could be seen that although the number
of cycles 8 has increased, the ACE average value is higher.

Similarly, the masked base matrix Bj mask satisfies the RC-constraints when
7 = 63. The length of cycle is at least 8. Table 1 illustrates that it has the number
of cycles 8 is 189 with ACE average value is 3.667. A masked base matrix B4 mask
over GF(64) is constructed for comparation, whose Tanner graph has girth at
least 10. As for [5], it has some cycles 6 with ACE average value is 3.250. It
could be seen that those methods in this paper make a reasonable compromise
between the number and the connectivity of cycles.
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4 Result and Discussion

The block error performance of NB-QC-LDPC codes are simulated in BPSK
modulation and AWGN channel, which are decoded with 50 iterations of the
FFT-QSPA in Fig. 2 and Fig. 3.

—6—GF(16)-B, ., (90,45)BER
—6—GF(16):B, . ~(90,45)}FER
—O— GF(16)-Ref[8]-(90,45)-FER
—©— GF(2)-PEG-(360,180)-FER

BLER

104

108 . . . . . . L
0.5 1 15 2 25 3 3.5 4 4.5 5 55
SNR/dB

Fig. 2. Block error performance of the 16-ary (90,45) code.

64)
64)

T
(504,252)
»BAvmask-(504.252)

4)-Ref[5]-(504,252))
)-EG-LDPC-(3066,1544)

B3 masic

—o—GF
—6—GF

(
(
(6
(2

0.5 1 15 2 2.5 3 35
SNR/dB

Fig. 3. Block error performance of the 64-ary (504,252) code.

Shown in Fig. 2 the block error performance of the codeword constructed in
this paper is the best. For the codeword with code length of 90 symbols and
rate of 0.5, the block error performance of codeword constructed by B mask is
far superior to the codeword constructed by Bg mask, which means that blindly
increasing girth does not necessarily to bring performance improvement. Then,
the performance of codeword constructed by Bi mask is about 0.4 dB better than
that of codeword in [8] when BLER is 10~%, which shows the superiority of LDPC
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codes under larger ACE values. It is also about 0.5dB better than the binary
LDPC code [8] when BLER is 10~%. This phenomenon shows that NB-LDPC
codes have stronger error correction capabilities than binary LDPC codes.

In addition, Fig. 3 illustrates that for code length of 504 symbols and rate
of 0.5, the block error performance of codeword constructed by B3 mask in this
paper is much better than that of codeword constructed by By mask Which exists
error floor when BLER is 10~%. This fully demonstrates the feasibility of improv-
ing performance by eliminating poorly connected cycles. Meanwhile, the perfor-
mance of codeword constructed by B3 mask is a little better than that of the
codeword in [5] when BLER is 10~* because both codewords have good ACE
values, but the constructed codeword is larger. Similarly, the comparison with
binary EG-LDPC codes in [9] also illustrates the superiority of NB-LDPC codes.

5 Conclusion

In this paper, we presented a simple and flexible masking method for constructing
irregular NB-QC-LDPC codes. The proposed method aimed to ensure that the
left cycles in a masked base matrix have larger ACE average value under the
constraint of the number of cycles. Examples in different range of lengths and
finite fields were presented to illustrate the advantage of this feature. Simulation
results showed that the codewords constructed in paper have better block error
performance.
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