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Abstract. We propose a scheme for accelerating Markov Chain Monte
Carlo by introducing random resets that become increasingly rare in a
precise sense. We show that this still leads to the desired asymptotic
average and establish an associated concentration bound. We show by
numerical experiments that this scheme can be used to advantage in
order to accelerate convergence by a judicious choice of the resetting
mechanism.
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1 Introduction

We argue that the asymptotic behavior of empirical measures of an irreducible
finite state Markov chain is unaffected if we reset its state infinitely often, as
long as these resets become increasingly rare in a precise sense. A judicious
choice of these resets can then be leveraged to accelerate the convergence of
empirical measures to the stationary distribution, a fact we validate by numerical
experiments. This provides a novel method for accelerating Markov Chain Monte
Carlo (MCMC) [18].

The aforementioned theorem is stated in the next section along with an inter-
pretable concentration bound. Section 3 describes its implications to MCMC,
leading to the proposed scheme. Section 4 presents some supporting numerical
experiments. Section 5 presents some variants of the basic scheme. Section 6 con-
cludes with some comments. An appendix contains some technical proofs.

While this article essentially puts forth another possible approach to speeding
up MCMC which has the advantage of simplicity, along with some basic theo-
retical analysis, it still leaves a lot of ground yet to be covered. Section 2 also
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points out a plausible approach to a more detailed analysis based on a related
scheme.

This is not the first time resets have been proposed as a mechanism for
speed-up. Some representative contributions are [3,4,11]. In [4], the chain, with
a small probability, restarts with a uniform distribution. In [3], the restarts are
to a fixed set of well chosen nodes, called a ‘supernode’. In both cases, suitable
mathematical relationships of the stationary expectations corresponding to the
original and the modified chains are derived and used to advantage. In [11],
the proposal distribution of the Metropolis-Hastings chain on Rn includes addi-
tional transitions. The application is limited to problems with some additional
structure (specifically, stationary distributions that are mixtures of log-concave
densities). In [3], another scheme that combines ideas from MCMC and rein-
forcement learning (RL) is presented, which has variance reduction properties
(because the RL terms serve as control variates), with conditional importance
sampling that facilitates restarts.

Compared to the above, the present proposal offers the following advantages.

– It is simpler to implement, since it employs predetermined deterministic times
for restarts.

– A further simplicity is achieved because it works with a single running average
as in the classical MCMC and does not need any extra running averages or
off-line computation to map the result back to the desired average.

– It gives promising results on test problems that have a highly clustered state
space.

On the flip side, a rigorous rate of convergence analysis is missing, though we
try to give an intuition regarding the same.

There are several other schemes to improve upon vanilla MCMC, such as
‘frontier sampling ’ that uses several concurrent and correlated random walks to
improve mixing [21]. In [7], regenerative cycles and weighted graphs are used to
propose two different modifications. See [2] and [22] for an overview of classical
acceleration methods for MCMC and [9] for an overview of Markov chains with
resets and their many applications.

2 A Convergence Result

This section establishes the key theoretical results of this article. The first is
Theorem 1, which establishes rigorously that the rare resets do not affect the
asymptotic behavior of MCMC. The second theorem and its corollary give a
finite time concentration bound, which is useful for deducing sample complexity.

Consider an irreducible stochastic matrix P = [[p(j|i)]] on a finite state
space S, |S| = s, with (unique) stationary distribution π. Consider a time inho-
mogeneous Markov chain {Xn}n≥0 on S with transition probabilities qn(j|i),
i, j ∈ S, n ≥ 0. Let P(S) denote the simplex of probability vectors on S. Define
empirical measures νn ∈ P(S), n ≥ 0, by:

νn(i) =
∑n

m=1 I{Xm = i}
n

, n ≥ 1.
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The following result is proved in the Appendix.

Theorem 1. Suppose
n∑

m=1

I{qm �= p} = o(n). (1)

Then
νn → π a.s. (2)

Let θ,1 denote resp. the vector of all 0’s and all 1’s in Rs. Let μ ∈ P(S).
Viewing π, μ as row vectors, we have

πP − π = θ, μP − μ = z

for some z ∈ 1⊥. Thus for Is := the s × s identity matrix,

z = (π − μ)(Is − P )
= (π − μ)(Is − P + 1π)

because (π − μ)1 = 0. Hence

π − μ = (Is − P + 1π)−1z,

where we use the fact that the so called ‘fundamental matrix’ or ‘deviation
matrix’ D := (Is − P + 1π) is non-singular. This leads to

‖μ − π‖ ≤ C‖z‖ (3)

for C = ‖D−1‖ (:= maxx:‖x‖=1 ‖D−1x‖), where for vectors, ‖ · ‖ refers to the
Euclidean norm. We next use (3) to obtain a high probability finite time bound
for the ‘error’ νn − π.

Following [20], for the time inhomogeneous Markov chain {Xm}n
m=0 with

transition probabilities {qm(j|i)}, define the mixing time τ(ε) as the minimum
� such that the total variation distance between P (Xm+� = · |Xm = i) and
P (Xm+� = · |Xm = j) is less than ε for every 1 ≤ m ≤ n−� and i, j ∈ S. Define

τmin = inf
0≤ε<1

(
2 − ε

1 − ε

)2

τ(ε).

Let η(n) :=
∑n

m=1 I{‖p(·|Xm) − qm(·|Xm)‖ > 0} for n ≥ 1. The following
result is proved in the Appendix.

Theorem 2. For any δ > 0, ‖νn − π‖ ≤ δ + C
√

s
(

η(n)+1
n

)
with probability at

least 1 − 2se
− δ2n

2sC2τmin .

Let Es [g(X·)] denote the stationary expectation of g(Xn) when there are no
resets. Consider the problem of estimation of Es [g(X·)] for a given g : S 	→ R
using the empirical mean ĝ(n) = 1

n

∑n
m=1 g(Xm). Let ḡ denote the row vector

[g(1), . . . , g(s)]. The following is then immediate.
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Corollary 1. For any δ > 0,

P

(

|ĝ(n) − Es [g(X·)] | ≤ δ + ‖ḡ‖C
√

s

(
η(n) + 1

n

))

≥ 1 − 2se
− δ2n

2sC2‖ḡ‖2τmin .

To interpret the above bounds, it is clear that the factor η(n)
n captures the

error due to resets. The concentration inequality, as usual, quantifies the ‘high
probability’ bound on the error between empirical mean and the stationary
expectation. What reflects the structure of the graph is the constant C. If the
chain has k clusters with high conductance intra-cluster edges and low conduc-
tance inter-cluster edges, we expect k eigenvalues of P , say λ2, · · · , λk+1, satisfy
1 > |λi| ≈ 1 for 2 ≤ i ≤ k + 1 (see [8] for such a result in the reversible
case). Then the eigenvalues 1/(1 − λi), 2 ≤ i ≤ k + 1 of D−1 will be very large
and the corresponding bound will be weak as expected. This insight also helps
understand the role of resets in speeding up the scheme.

The concentration inequality above suggests that the sample complexity of
the scheme is at worst roughly the same order as that of a classical random walk
on graph without resets. What we expect, however, is that it should be much
better. Unfortunately a tighter convergence rate analysis appears difficult and is
left for future work. Nevertheless a comparison with a related scheme motivated
by [4] is instructive. The latter uses a transition according to the random walk
transition kernel with a probability 1 − ε for some 0 < ε << 1 and a reset
with uniform probability over the state space with probability ε > 0. Denote
this perturbed transition matrix as Pε. The stationary average is then an O(ε)-
perturbation of the desired stationary average, but achieved much quicker. The
improvement of the convergence rate is captured by the increased spectral gap
which is analytically estimated in ibid. (see also a more general formula given by
Theorem 5.1 of [16]). This clearly captures the gain in the exponential rate of
convergence to stationarity. Now consider the scenario where we slowly decrease
ε = ε(n) to zero. This is in the spirit of our scheme. Then the update rule for
the time n distribution π(n), given by

π(n + 1) = π(n)Pε(n),

and a suitable update rule for (slow) decrease of ε(n) may be viewed as a two
time scale iteration and be analyzed as such. That is, we can treat the slowly
varying resets as following a ‘quasi-static’ dynamics of their own and analyze the
MCMC initially treating the reset mechanism as fixed. Thus the D is fixed, an
approximation to the fact that in reality it is quasi-static, i.e., slowly varying.
Then in the beginning when the resets are made with high probability, the
corresponding chain is fast mixing (by design - it is assumed that the reset
mechanism is chosen so that this is indeed so). Hence C will be moderate and the
error bounds are good. As the iterate count n increases, the resets become rarer
and therefore the matrix D−1 becomes more and more ill-conditioned, leading
to increase of C. But by then the averaging of MCMC would have progressed far
enough to have benefited from the high mixing of the initial stages. The tuning
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of Cn on the other hand aligns the stationary distribution better with the desired
one. There is a clear trade-off between the two that needs to be quantified.

There is an analogy between this and the simulated annealing algorithm of
[13], except that here, unlike the latter, the limiting chain is not degenerate, only
slow mixing. This raises the hope of adopting the analysis of [13] and subsequent
variants such as [1,15] and [23] to analyze the proposed schemes. Our scheme
can be viewed as a ‘derandomized’ version of this chain. Our scheme is much
simpler because of the deterministic schedule that spares us a randomization
and update of ε(n) at each time, but the analysis becomes harder. Nevertheless,
this connection gives additional motivation for our scheme. We have included
some simulations for this alternative scheme as well, see Fig. 6.

It is worth noting that our scheme essentially averages out Markov chain
runs of increasing lengths initiated at different points in the state space. The
somewhat arbitrary mixing policy does not matter for the convergence, because
the reset instants are increasingly rare so as to have zero ‘density’ in the discrete
time axis. However, the choice should matter for the convergence rate. If we reset
with positive frequency, e.g., periodically, then the Cesaro averages will differ
from the intended ones, but only by a small amount if the resets are sufficiently
infrequent, e.g., with a large period. This may not matter if the MCMC scheme
is a part of an ordinal comparison or ranking exercise where only the relative
orders matter, so there is certain tolerance for small errors.

3 Applications to Network Sampling

Consider a Markov chain exhibiting considerable metastability, i.e., densely con-
nected clusters of states that are weakly connected with each other. In other
words, the transitions across clusters are significantly rare compared to the tran-
sitions within clusters. This leads to behaviors such as quasistationarity [6] that
significantly reduce the rate of convergence to stationarity. One can acceler-
ate convergence to stationarity by introducing additional edges across clusters
allowing for transitions that are not legitimate for the original chain. This will
improve the ‘conductance’ of the chain and improve the rate of convergence to
stationarity [19]. But this will also alter the stationary distribution. Theorem 2
suggests that making such transitions along a rare subsequence may allow us to
strike a sweet spot between the two effects. The numerical results of the next
section confirm this. The rest of this section describes the precise scheme we
implemented.

Consider the Metropolis-Hastings (MH) MCMC algorithm on a finite state
space S with stationary distribution π(i), i ∈ S. Let r(j|i) be the proposal
distribution of the next state candidate j given current state i and let a(j|i)
be the acceptance probability thereof. The transition probability is then given
by p(j|i) = r(j|i)a(j|i) for j �= i and satisfies the detailed balance p(j|i)π(i) =
p(i|j)π(j) ∀i, j ∈ S. Our proposed algorithm modifies the MH algorithm by
introducing o(n) random resets in n steps, say with a prescribed transition prob-
ability q(·|·) which need not satisfy the detailed balance. Denote this algorithm
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by MHRR (for Metropolis-Hastings with Random Resets). We discuss the choice
of q(·|·) later. We use the reset instants R = {rk : rk ≤ n} where

rj − rj−1 = K1 log(K2 + j), r0 = 10,

for constants K1,K2 ≥ 0. It can be seen that rj = Θ(j log(j)) so, |R| = o(n).
We illustrate the proposed scheme in the case of the network sampling prob-

lem in this section. Consider the graph G = (S, E) where E := the edge set,
for which we want to estimate, for a given function g : S → R, its average
g(S) := 1

s

∑
i∈S g(i). For very large graphs, random walk based methods are

normally preferred for this as exhaustive evaluation of g(S) directly is not fea-
sible. Usually, it is possible to query the value of g(·) for a particular node and
also obtain its neighbors in the undirected graph. Under this setting, we describe
the random walk algorithm used to estimate g(S).

The simple random walk based Metropolis-Hastings algorithm in order to
estimate the average node values can be obtained by taking π(i) = 1/s and

r(j|i) =

{
1/deg(i), if ∃(i, j) ∈ E
0, else

, a(j|i) := min
{
deg(i)
deg(j)

, 1
}

.

If the sequence of states obtained using the MH algorithm is {Xi}, we can esti-
mate g(S) as

ĝ
(n)
MH(S) =

1
n

n∑

i=1

g(Xi).

For reset probability, we propose a q(j|i) that is intuitively appealing in the
sense that it facilitates cross-cluster transitions in a highly clustered state space.
Supposing there are c clusters (decided based on some appropriate rule, discussed
later in Sect. 4) with labels chosen from C = {1, . . . , c} in some order. Let N2C :
S → C be a mapping from nodes to its corresponding cluster and let C2N :
C → 2S be an one-to-many mapping which maps a cluster to the set of nodes
present in it. If the mappings N2C and C2N are available, then we can choose
the following transition for random resets

q(j|i) =

{
1

(c−1)|C2N(N2C(j))| , if j /∈ C2N(N2C(i))

0 else.

In other words, choose any cluster other than the current cluster uniformly and
then choose any node in that cluster uniformly. If the sequence of states obtained
using the MHRR algorithm is {Xi}, we can estimate g(S) as

ĝ
(n)
MHRR(S) =

1
n

n∑

i=1

g(Xi)

The pseudo-code for MHRR algorithm is given in Algorithm 1.
This choice of reset probabilities is for illustrative purposes only and presup-

poses availability of approximate clusters without expending too much additional
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computation. There can be other smart choices for q(j|i) in case the mappings
C2N and N2C are not available. For example, while crawling a social net-
work, it is quite likely that we would land in a different cluster if we randomly
transition to any node/user who resides in a different country. Simply picking
significant nodes (with respect to some centrality measure) that are distant from
one another either geographically or in graph distance is another possibility.

For comparison purposes, we also consider a modification of the Respondent
Driven Sampling (RDS) algorithm [14]. In brief, the RDS algorithm estimates the
average of the node values by simple random walk where next node is randomly
chosen from the set of nodes connected to the current node. The bias due to
the simple random walk is removed by normalizing by the degree of the visited
node. If the sequence of states obtained using the RDS algorithm is {Xi}, we
can estimate g(S) as

ĝ
(n)
RDS(S) =

∑n
i=1 g(Xi)/deg(Xi)∑n

i=1 1/deg(Xi)
.

We also modify this algorithm to include o(n) random resets and we denote this
algorithm as RDSRR which is described in Algorithm 2.

4 Numerical Experiments

We compare the performance of MH, RDS, MHRR, and RDSRR algorithms on
three datasets described next. Since these datasets are anonymized, we cannot

Algorithm 1. Metropolis-Hastings MCMC with Random Resets
1: procedure MHRR(K1,K2,B) � K1,K2,B are constants
2: r0 = 10
3: Generate R = {rk : rk ≤ B, k ≥ 0}, rj − rj−1 = K1 log(K2 + j)

4: ̂f = 0
5: cv = Random({1, . . . , s}) � Random(A) samples from set A uniformly

6: ̂f = ̂f + g(cv)
7: for i = 2, . . . , B do
8: if i ∈ R then
9: cv = Reset(cv)

10: else
11: nv = Random(adj(cv)) � adj() returns the set of neighbors
12: if U() ≤ deg(cv)/deg(nv) then � U() generates sample ∼ U [0, 1]
13: cv = nv
14: ̂f = ̂f + g(cv)

15: ̂f = ̂f/B

16: Return ̂f

17:
18: procedure Reset(cv)
19: ccom = N2C(cv) � N2C maps nodes to communities
20: rcom = Random(C \ {ccom}) � C is the set of communities
21: Return Random(C2N(rcom)) � C2N lists the nodes of the community
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use the methods based on the maps N2C,C2N as described in Sect. 3. To over-
come this problem, we first use an iterative community detection algorithm, viz.,
the Louvain method [5] to obtain the graph clusters. The Louvain method tries
to maximize the ‘modularity’ of graph partitions. Modularity is a measure of
goodness of partition of a community as defined below for an undirected graph
G = (S, E),

Q =
1

2M

∑

(i,j)∈S

(

aij − kikj

2M

)

δ(ci, cj)

where M is the sum of all edge weights, aij is the weight of edge (i, j), ki is
the sum of weights of edges connected to node i, ci is the community label for

Algorithm 2. Respondent-driven sampling with Random Resets
1: procedure RDSRR(K1,K2,B)
2: r0 = 10
3: Generate R = {rk : rk ≤ B, k ≥ 0}, rj − rj−1 = K1 log(K2 + j)
4: num = 0
5: den = 0
6: cv = Random({1, . . . , s})
7: num = num + g(cv)/deg(cv)
8: den = den + 1/deg(cv)
9: for i = 2, . . . , B do

10: if i ∈ R then
11: cv = Reset(cv)
12: else
13: cv = Random(adj(cv))

14: num = num + g(cv)/deg(cv)
15: den = den + 1/deg(cv)

16: ̂f = num/den

17: Return ̂f

(a) Facebook Dataset (b) CiteSeer Dataset (c) 5C Dataset

Fig. 1. A clustered views of the datasets experimented on in this work. For each dataset,
nodes from different clusters are represented by different colored dots. (Color figure
online)
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node i, and δ(·, ·) is the Kronecker delta function. The following two steps are
alternated on the undirected graph with the initial edge weights being set as 1 :

1. each node is mapped to a separate community label. For each node i, assign
it to the community of neighbor j if doing so would result in increasing the
value of modularity by maximum positive amount among all neighbors;

2. obtain a new weighted undirected graph by combining each existing com-
munity into a single node with weights between new nodes being equal to
the sum of weights between the corresponding communities in the old graph.
Self-loops of weight equal to the sum of weights of all intra-community edges
in the old graph are to be created in the new graph;

While this is an additional preprocessing step with its own computational
burden, we can expect non-anonymized social network data in practice with
nodes that can be partitioned into natural regions such as geographical, and this
step could be replaced by some easier and justifiable heuristic.

We conduct the experiments with the value of K1 = 4,K2 = 20 for MHRR
algorithm and run for B = 10000 steps for both the algorithms. The value of K1

was chosen heuristically whereas K2 was set arbitrarily since it plays a relatively
minor role in the long term behavior of the algorithm. A study on the change
in performance due to variation in K1 is described in Sect. 5. We report the
Normalized Root Mean Square Error (NRMSE) value, defined as

NRMSE =

√
E[(g(S) − ĝ(n)(S))2]

g(S)
.

In practice, one replaces the expectation with empirical mean. In particular, we
take the mean over 100 independent runs of the algorithm. The experiments
were conducted with the help of the Python package Networkx [12].

For experimentation, we considered a variety of node functions whose node-
average is to be estimated. They need not have any practical relevance, but
suffice to examine the performance of the algorithms. Specifically, we consider
the following functions:

1. gc(v) = I{N2C(v) = 1},
2. gd(v) = I{deg(v) > d̂} where d̂ is set based on the dataset,
3. gp(v) = I{v is prime}, and
4. gr(v) is obtained by sampling s random values from exponential Exp(1) dis-

tribution.

Before looking at the experimental results, we remark that intuitively, for
functions which do not vary too much for different clusters in the graph, like
gp and gr, one would not expect dramatic improvement in rate of convergence
by intermittent resets in the MCMC algorithms. However, for functions which
depend strongly on the clusters, such as gc, the effect of random resets can be
expected to be more prominent.
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(a) gc(v) (b) gd(v), d̂ = 100

(c) gp(v) (d) gr(v)

Fig. 2. The y-axis denotes the NRMSE value while the x-axis denotes the steps taken
by the algorithm (n). This figure compares the algorithms on the Facebook dataset for
the described four functions.

4.1 Facebook Dataset

The Facebook dataset [17] is an undirected graph consisting of 4039 nodes and
88234 edges. As shown in Fig. 1, there is a high degree of clustering in this
dataset. Note that such clustering is not surprising for graphs based on social
media.

The NRMSE vs n graphs for the four algorithms - MH, MHRR, RDS, and
RDSRR - are shown in Fig. 2. It can be observed that the MHRR algorithm
outperforms the other three algorithms. As claimed in [3], RDS algorithm per-
forms better than the simple MH algorithm but introducing the random resets in
the MH algorithm significantly accelerates the convergence for above-mentioned
functions on Facebook dataset. Adding random resets to the RDS algorithm
improves the performance for functions gc(·) and gd(·) but it hurts the conver-
gence of the algorithm for the functions gp(·) and gr(·). This can be due to the
fact that the latter functions do not strongly depend on the clusters as explained
earlier.
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(a) gc(v) (b) gd(v), d̂ = 10

(c) gp(v) (d) gr(v)

Fig. 3. The y-axis denotes the NRMSE value while the x-axis denotes the steps taken
by the algorithm (n). This figure compares the algorithms on the CiteSeer dataset for
the described four functions.

4.2 CiteSeer Dataset

The CiteSeer dataset [10] consists of 3313 research articles which are categorized
into six classes based on the research area. It also provides 4675 directed citation-
links between these articles. We treat these research articles and citations as an
undirected graph consisting of 3313 nodes and 4675 edges, and then we obtain
the largest connected sub-graph of 2129 nodes and 3751 edges. We ignore the
research area labels available in the dataset, and stick of the community structure
obtained by the Louvain method.

The NRMSE vs n graphs for the four algorithms are shown in Fig. 3. As seen
visually in Fig. 1, the dataset is not well-clustered and hence, not surprisingly,
random resets do not provide any visible benefits to the algorithms for functions
gd(·), gp(·), and gr(·). For the function gc(·), random resets do help to certain
extent initially, but they also hurt the convergence rate later in the trajectory.

4.3 5C Dataset

It is intuitive to expect that the random reset based algorithms should perform
significantly better than the other algorithms on graphs showing a high degree
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of clustering. To demonstrate this, we also experiment on a synthetic dataset
which we refer to as the 5C dataset henceforth. The 5C dataset has 5 clusters
of sizes 80, 90, 100, 110, and 120 nodes each, and each cluster is connected to
any other cluster via 5 edges that were picked randomly, i.e., there are 50 edges
inter-connecting the clusters.

The graph for NRMSE vs n is shown in Fig. 4. Our proposed method performs
better on these well-clustered graphs, similar to the case of Facebook dataset. For
the case of gc(·) in both Fig. 2(a) and Fig. 4(a), a large difference in performance
can be seen - this is true for the function gd(·) as well. Perhaps, it can be
speculated that in well-clustered graphs, the benefit of random resets would be
the greatest for functions g(·) which has a different mean values for the clusters,
because this would cause the estimates (for smaller n) to become inaccurate if
the random walk tends to get stuck in the clusters.

(a) gc(v) (b) gd(v), d̂ = 100

(c) gp(v) (d) gr(v)

Fig. 4. The y-axis denotes the NRMSE value while the x-axis denotes the steps taken
by the algorithm (n) on the 5C dataset comprising of 5 clusters of 80, 90, 100, 110,
and 120 nodes respectively.
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5 Variants in the Algorithm

5.1 Variations in Transitions

We report here two variants of the basic scheme above.
In case the mappings N2C and C2N are not available, we can choose other

heuristics for choosing the q(j|i) function. For social networks, it is not uncom-
mon to assume that we can obtain a highly-connected node in various clusters
even if the entire N2C mapping isn’t available. For example, one can choose a
popular celebrity in each country as a highly connected node. Once we obtain
this set of nodes, we can randomly transition to any one of these nodes instead.
Since the given data is anonymized, here we picked the highest degree nodes in
the clusters obtained by the Louvain method. We conducted the same exper-
iments for the Facebook dataset. The results with these transitions have been
labeled as ‘MHRR-T’ and ‘RDSRR-T’ in Fig. 5. This pragmatic choice of tran-
sition strategy does not seem to decrease the convergence performance of the
algorithms.

5.2 Variations in Resetting Instants

We also consider different the policies regarding when to reset. Since the reset
strategy of transitioning to prominent nodes, described above, is more practical,
we use this transitioning strategy while comparing the different policies regard-
ing reset instants described next.

nMHRR-T : For every time step t, reset with probability 1
1+t/K1

, K1 = 50.
logMHRR-T : For every time step t, reset with probability 1

1+K1 log(t) , K1 = 2.

The results are shown in Fig. 6. It is difficult to draw conclusion from this
experiment whether there is a clear choice among these reset policies.

5.3 Variations in Parameters

Further, we also studied the variation in performance of these algorithms by
varying K1 (see Fig. 7) for the algorithms MHRR-T, nMHRR-T, and logMHRR-T.
Depending on the value of K1, the expected number of resets varies. A judicious
choice of this parameter can help strike a balance between too many resets and
too few resets.
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(a) gc(v) (b) gd(v), d̂ = 100

(c) gp(v) (d) gr(v)

Fig. 5. Comparison of NRMSE vs n plot for the MHRR, MHRR-T, RDSRR, and RDSRR-
T. MHRR-T and RDSRR-T use a different transition probability q(j|i) based on choosing
a high-degree node in any different cluster uniformly.

5.4 Variations in Performance Based on Clustering in Graphs

In addition to the above variants, we study the variation in the performance of
the algorithms MH and MHRR based on the degree of clustering in the graph.
To this end, we consider four different graphs, each with 500 nodes.

In the first graph, labeled ‘10C’, there are ten clusters of nodes and the cluster
sizes vary from 15 nodes to 85 nodes. These clusters are sparsely inter-connected.
Similarly, the other graphs have eight, four, and two nodes, and the graphs are
labeled as ‘8C’, ‘4C’, and ‘2C’ respectively.

Figure 8 shows the difference in convergence of the MH and MHRR algorithms
on the abovementioned graphs with different degree of clustering. Although
MHRR algorithm significantly improves over MH algorithm for these heavily
clustered graphs, it is hard to quantify the degree of efficacy of the random
resets as a function of the degree of clustering in the graphs based on Fig. 8
alone.
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(a) gc(v) (b) gd(v), d̂ = 100

(c) gp(v) (d) gr(v)

Fig. 6. Comparison of NRMSE vs n curves for different resetting instants selection
strategy.

(a) MHRR-T (K1) (b) nMHRR-T (K1) (c) logMHRR-T (K1)

Fig. 7. Variation of NRMSE vs n curves for the algorithms with variation in the param-
eter K1 (value of K1)
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Fig. 8. The figure shows the NRMSE vs n curves for MHRR and MH algorithms for the
graphs 10C, 8C, 4C, and 2C. The dashed curves represent the vanilla MH algorithm
while the solid curves represent the MHRR algorithm.

6 Conclusions and future Work

We have proposed a scheme for speeding up MCMC by introducing random
resets that are rare in the sense that their relative frequency η(n) := the fraction
of times the chain was reset till time n, vanishes in the n ↑ ∞ limit. We also
considered two variants and provided numerical experiments for the original
scheme and the variants.

We also provide an a.s. convergence result that establishes the consistency of
the scheme and a finite time error bound, and interpret the expression for the
latter. Nevertheless, our analysis does not quite capture the detailed nature of
exactly how the resets aid the speed up. We give an intuitive interpretation for
this that may serve as the basis for subsequent analysis. For this purpose, we
use the variant where the reset is done at each n with a fixed reset mechanism,
but with the reset probability slowly decreasing to zero.

A Appendix

Here we provide the proofs of Theorem 1 and 2 in Sect. 2.

Proof of Theorem 1:

By the martingale law of large numbers, we have

ζn(j) :=
1
n

n∑

m=1

(I{Xm = j} −
∑

i

qm−1(j|i)I{Xm−1 = i}) → 0

a.s. ∀ j ∈ S. Combining this with (1), we have

1
n

n∑

m=1

(I{Xm = j} −
∑

i

p(j|i)I{Xm−1 = i}) → 0
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a.s. Hence any limit point ν∗ of {νn} as n → ∞ satisfies

ν∗(j) =
∑

i

ν∗(i)p(j|i) ∀ j ∈ S.

This implies (2). ��

Proof of Theorem 2:

By (3), we have,
‖νn − π‖ ≤ C‖νn − νnP‖. (4)

Note that

νn(j) −
∑

i

p(j|i)νn(i)

=
1
n

n∑

m=1

I{Xm = j} − 1
n

n∑

m=1

∑

i

p(j|i)I{Xm = i}

=
1
n

n∑

m=1

I{Xm = j} − 1
n

n−1∑

m=0

∑

i

qm(j|i)I{Xm = i}

+
1
n

n∑

m=1

∑

i

(qm(j|i) − p(j|i))I{Xm = i}

+
1
n

(
∑

i

qn(j|i)I{X0 = i} −
∑

i

qn(j|i)I{Xn = i}
)

= ζn(j) +
1
n

n∑

m=1

(qm(j|Xm) − p(j|Xm)) +
1
n

(q0(j|X0) − qn(j|Xn)) .

Bounding each term, we get

|νn(j) −
∑

i

p(j|i)νn(i)| ≤ |ζn(j)| +
1
n

+
η(n)
n

.

Hence

‖νn − νnP‖ ≤ ‖ζn‖ +
√

s

(
η(n) + 1

n

)

,

and

‖νn − π‖ ≤ C

[

‖ζn‖ +
√

s

(
η(n) + 1

n

)]

.

For j ∈ S and x̄ := [x0, · · · , xn], let

f(x̄) :=
1
n

n∑

m=1

(I{xm = j} −
∑

i

p(j|i)I{xm−1 = i}).
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Defining ȳ analogously, note that f(x̄) − f(ȳ) ≤ 2
n

∑n
m=1 I{xi �= yi}. By Corol-

lary 2.10 of [20], we then have, for any δ > 0,

P

(

|ζn(j)| <
δ

C
√

s

)

≥ 1 − 2e
− δ2n

2sC2τmin .

This proves the claim. ��
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