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Abstract. In the present paper, we consider an initial-boundary value
problem for nonlinear equation in which the source term contains two
boundary values. First, the local existence and uniqueness of a weak
solution to this problem is inferred directly from [12], in which a recurrent
sequence via a N-order iterative scheme is established and then the N-
order convergent rate of the sequence to the unique weak solution of the
proposed model is also proved. As N = 2, the corresponding scheme
called 2-order iterative scheme is considered, and a numerical algorithm
to calculate approximate solutions via the 2-order iterative scheme is
constructed by the finite-difference method. Finally, a numerical example
is presented to evaluate the errors between the exact solution and the
approximate solution. The numerical results show that the errors are
decreasing as the fineness of meshes is increasing.
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1 Introduction

Our paper concerns with a Robin problem for a nonlinear equation as follows
Ugp — Uz = [z, t,u(z, ), w(0,t), u(l,t), 0<z <1, 0<t<T, (1)

uz(0,t) — hou(0,t) = ux(1,¢) + hyu(l,t) =0, (2)
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u(z,0) = do(x), u(z,0) = uy(z), (3)

where hg > 0, hy > 0 are constants, with hg + h; > 0 and f, g, @1 are given
functions.

For a approach of mathematical model, due to the presence of the unknown
values u(0,t) and u(1,¢) in the nonlinear terms, we take into account the fact
that the problem (1)—(3) is related to nonlocal problems arised naturally in some
applied sciences such as fluid mechanics, heat transfer theory and control theory,
see [4,5]. The early studies of this type were considered by Agarwal [1], and later
by Gupta [2] and II'in and Moiseev [3], and the references cited therein.

We consider a recurrent sequence {u(™} associated with the Eq. (1) (see
[12]) as follows

ug = 0,
92 (m)
ot? 4 '
= Z D* flulm=1] (ulm) — u(mfl))i (u™(0,1) — u(mfl)(o,t))J
0<itj+s<N—1
x (u™(1,8) —ulm=D(1,4)°, 0<a<1,0<t<T, m>1,

— Ay(™)

(4)

where

DY V), ) =

1 o
——DEDLDEf (@, u™ D (@, 1), u™ D (0,6), ™D (1,1)), (5)
ilgls!

and u(™ satisfies (2) and (3). The above sequence is called high-order itera-
tive scheme if it converges to the weak solution u of (1)—(3) and satisfies the

estimation Hu(m) — u||X <C Hu(m_l) — uH)]\; , for some C' > 0, all integer num-
bers N > 2 and X is a certain Banach space. This definition is derived from
the investigation of Newton-like methods in Banach spaces, see [13]. The high-
order iterative scheme is also applied to some previous works, for example as
in [9,10,12,16]. Especially, when N = 2, we get from (4) and (5) the following
2-order iterative scheme

ul™ — ) = FM (1), 0<az <1, 0<t<T,

uS™(0,t) = hou™ (0, ) = ul™ (1, 1) + hyu(™ (1,) =0, (6)
u™ (2,0) = dig(z), u{™ (x,0) = @iy (z),
where
FO () = fTu™ ) (a, 1) + Da flul™V)(@,8) (™ (@, 1) = u™ D (a,1))
+ Daflu V], 1) (u(0,6) = w1 (0,1)) (7)

+ Dy flu™V(z, 1) (u<m>(1,t) - u<m—1)(1,t)) .
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In order to construct the numerical solutions of the 2-order iterative scheme
(6)—(7), we shall use the spatial mesh x; = ih, h = 1/N, i =0,1,---, N, and
Pinder’s difference formulas [14] (pages 36, 43) to approximate the k" deriva-
tives. Then the problem (6)—(7) will be transferred to a second-order system of
ordinary equations (in time variable) of unknown functions uim) (t) = ul™ (x4, 1),
i=0,1,---, N, this method were also used in [7,8,11,15,17]. Next, by using the
discretization with time mesh t; = jAt, At =T/M, j =0,1,---, M , we will
get an algorithm to determine the approximate solutions of u(™ to the scheme
(6)—(7), which is given by the following difference equation (see the formula (38))

at) = [28 = (A2 | ul™ ™)+ (A0 G =1, M =1, (8)

where A§m) and S(jm) are defined as in (37). Finally, we will show a numerical
example to evaluate the errors between the approximate solution and the exact
solution.

The outline of the paper is as follows. In Sect. 2, we introduce some nota-
tions and modified lemmas. In Sect. 3, by using the finite-difference method, we
establish a numerical algorithm to determine the finite-difference approximate
solutions of u(™ to the iterative scheme (6)—(7). Moreover, a numerical example
is presented to evaluate the errors between the approximate solution u(™ and
the exact solution wu... In Sect.4, the conclusion is presented to describe the
main results of the paper.

2 Preliminaries

In this section, we present some materials that we shall use in order to present
our results.
Let 2 = (0,1), Qr = (0,1) x (0,T) and (-,-) be the scalar product in L?,

ie., )
(u, v) :/0 u(z)v(z)de,

and the corresponding norm |-||, i.e., ||ul|® = (u, u). Also, we denote -1 x is
the norm in the Banach space X, and LP(0,T;X), 1 < p < oo for the Banach
space of real functions u : (0,7) — X measurable with the corresponding norm
[l o 0,7, x) defined by

1/p

T
lull oo,y = </o Ju)]% dt) < oo forl <p < oo,

and
[ull oo 0.7, x) = €sssup [lu(t)| x for p=oo.
0<t<
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Let u(t), v'(t) = u(t) = u(t), u”(t) = uy (t) = U(t), uzp(t) = u(t), uze(t) =

2
Au(t), denote u(z,t), (;)u (z,t), Ztg( , 1), gu (z,t), g Z(x t), respectively.
For f € Ck([oa 1] XR-F XRS)) f = f(xvtay17y27y3)7 we put le = %7 D2f =

88{ Doy if = g—f, i=1,23and D*f = DM ..D* f; a = (au, ..., a5) € Z5,
v:

lof = g + ... + a5 = k, DO 0 f=DOf=f
We consider the symmetric bilinear form a(-,-) defined by

a(u,v) = /0 Uy (2) v (2)dz + hou(0)v(0) + hyu(1)v(1), with u,v € H',  (9)

and the corresponding norm |jv||, = v/a(v,v).
Then, two norms ||v|| ;1 , and ||v]|,, are equivalent norms on H'. Furthermore,
the following inequalities are valid, see [12] (Lemma 2.1 and 2.2)

D) lvllcomy < V2ol
i) vao ol g < llvlly < varlvll g,

(
(
(i) |a(u,v)| < a1 [Jull g 0] g1 s for allu, v € HY,
(41) a(v,v) > ag ||[v]|3: , for allv € H,

(10)

where ag = %min{l7 max{hg,h1}} and a3 =1+ 2(ho + hq).
Definition 1. A function u = u(zx,t) is a weak solution of the problem (1)—(3) if
u € L®(0,T; H?), v’ € L>=(0,T; H"), v € L>(0,T; L?),
and u satisfies the following variational equation
(W (t), w) + a(u(t),w) = (flu] (t),w) ,Yw € H', and a.c., t € (0,T),  (11)

where flu] (x,t) = f(z,t,u(z,t), u(0,t), u(l,t)), together with the initial condi-
tions
u(0) = g, v (0) = ;. (12)
For our study of problem (1)—(3) we will need the following assumptions
(Hl) (ﬂo,ﬂl) € H? x Hl;
(Hz) f € C9[0,1] x Ry x R3) such that
(i) DiDIDsf e CO([0,1] x Ry x R3), with 0 <i+j+5 <2,
(i) Dy DLDIDsf, D' DIDs f € CO([0,1] x Ry x R3), with i 4 j + s = 1.
Let fixed positive constant T* and positive constant M. For every T € (0,T7],

we put

Wr ={ve L>®0,T; H?) : v; € L=(0,T; H"), vy € L*(Qr)}. (13)
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Note that Wy is a Banach space with respect to the norm

[0l = max{[[vll g 0,12y N0l oo 0,70y 5 02l L2y (14)

(see Lions [6]). We also put
W(M,T) ={veWr:|v|y, <M}, (15)
Wi(M,T) = {v € W(M,T) : vy € L¥(0,T; L?)}.

To prove the existence and the uniqueness of solution to the problem (1)—(3),
we cite the results given in [12] where the authors used the high-order iterative
method to construct a recurrence sequence converging, at N-order rate, to the
weak solutions of the problem (1)—(3). Therefore, in case of N = 2, the existence
and the convergence of the recurrence {u(™} defined by (6)—(7) are claimed the
following theorems.

Theorem 1. Let (Hy)—(Hs) hold. Then there are two positive constants M and
T depending on ug, w1, f, ho, h1, such that, for ug = 0, the recurrent sequence
{ul™} defined by (6)-(7) exists and contains in W1 (M,T).

Using Theorem 1 and some arguments of weak convergence, the following
theorem is also confirmed.

Theorem 2. Let (Hy) — (Hz) hold. Then, there are two positive constants M
and T such that the problem (1)-(3) has a unique weak solution uw € Wy (M, T)
and the recurrent sequence {u\™} defined by (6)-(7) converges, at 2-order rate,
to u strongly in the space W1(T') in sense

2

e

16
Wi(T) ( )

wi(T)’

for allm > 1, where C is a suitable constant. On the other hand, the following
estimate is fulfilled

Hu(m) - unl(T) < Cp(kr)*", for allm €N, (17)

where Cp > 0 and 0 < kp < 1 are constants depending only on T .

3 Numerical Results

Consider the following problem
Ugr — Uge = fx, t,u(z, t),u(0,t),u(l,t)), 0<z <1l 0<t<T,
g (0,8) — hou(0,t) = uy(1,¢) + hqu(l,t) =0, (18)

u(z,0) = do(x), u(z,0) = a0q(x),
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where
25 125
f(:n,t,u(:c,t),u(O,t),u(l,t)) = 176‘7-4“ + EU (Oat) t 5u (Lt) + G(Jj,t),
ho=1,h; =2,
¢ 1 4 44\ -
Gz, t)=—e 7+~ -2+ -4+ —)e7
@ =-c¥ (- rgor)es
1/, 8., 24, 32 416\ _,
16 <m 57 "5 Tt T o5
4 1 2 2
g(x) = —a + £ + R a1 (x) = 5332 —3¢ %
(19)
2 4 4 =1y . .
Then e, (z,t) = | —z° + =2 + g)ertis the exact solution of (18) corre-

sponding to the constants hg = 1, hy = 2 and the given functions
flz, t,u(z,t),u(0,t),u(l,t)), 4o, 41 as in (19).

In this section, we first construct a difference scheme to approximate the
solution u of (18) via approximating u("™) in the 2-order iterative scheme as
follows

™ i = P (1), 0<az <1, 0<t<T,
ul™ (0, 8) — hou™ (0,) = ul™ (1, ) + hyu(™(1,t) = 0, (20)
w™ (z,0) = ido(z), u\™(z,0) = i (z),
where
FO () = fTu™ ) (a, 1) + Da flul™V)(@,t) (™ (@,1) = u" D (a,1))
+ D4f[u(m71)](x,t) (u(m)(O,t) - u(mfl)(o,t))
+ D5 fut™ (@, ) (™ (1,6) = D (1,1)) (21)

= '™ (z, )u™ (z,t) + B (2, )u™(0,t)
+ " (@, )u™ (1, 1) + 60 (2, 1),

and
a™(z,t) = Ds flu™V](z,1), (22)
ﬂ(m) (l‘,t) = D4f[u(m71)}(x7t)a
A (2, 8) = Ds flu™ V] (z,1),
50 (@, t) = flu™ V) (2, t) — o™ (2, )ul™ "V (2, 1)

= B (2, t)ul™ D (0,8) = 4 (2, t)ulm (1),
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with the notations

flul(z,t) = f(z,t,u(z, t),u(0,t),u(1,t)), (23)
D;flul(z,t) = Dif(z,t, u(z,t),u(0,t),u(1,t)), i = 3,4,5.

Replacing (21) and (22) into (20), we get

ul™ —ul — alm) (@, u(m) — B0 (2, £)u(™) (0, £) — (™) (2, t)u(™) (1, 1)

=6M(z 1), 0<az<l, 0<t<T,

(24)
uS™ (0, ) — hou(™ (0, 1) = uS™ (1, 1) + h1u(™) (1,1) = 0,
u™(2,0) = a0 (x), u{™ (2,0) = i1 (z).
Putting
m . . 1
ug )(t) = u(m)(:nl-,t)7 x;=1th, i=0,1,--- ,N, h = N (25)

Rewriting (24) at the node z = ; :

a™ (1) — Au™ (1) — (™ (™ (£) = 5 (ul" (1) — ™ (u (1)
=6 (t),0<i<N,0<t<T,
(m)(() t) — hOUém) (t) = u;m)(l’t) + hlu%n)(t) -0,

u™(0) = dig () = dioi, 0™ (0) = @iy (2;) = @ins, 0 < i < N,

in which
od™ (t) = o™ (;,) = Dy flul™ V) (x;, 1)
= Dsf(wit,ul™ (), uf" (1), uly (27)
B (1) = B (s, ) = Daflul™ D) (zs, 1)
= Duf(wi,t,ul™ (), uf™ (1), ul (1)),
7™ (t) = v<m><xz,t> D5f[ (=11 (1)

- fw»ui"‘ D0,V 0,6V 0) - o™ @u™(0)
_ 61'(m) (t)u((Jmfl)(t) - %_(m)( )'U/X[nil)(t).

Replacing the derivatives in spatial variable z of (26) by the following approx-
imations
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ug ™ (1) = 2ug™ (1) 4+ ;" (1)
S = 2 = o™ 0u™ (1) - 57 (tug™ (1)
—M U0 =0 ), 1< i< N -1,

ul™ () — ul™ (t) my o uN () —uY (1)

+hulT (1) =0,

(29)
u™ (1)
1+ hhoy’

Using the boundary conditions (29)2 with u(m)( t) =

N T hh ’
in the equations i =1,2, N -2, N — 1, then the system (29) is rewritten as

follows

ai™ () +al™ (tui™ (1) -

and after eliminating the unknown functions ug(¢) and up (t)

) >+a§””< yuyy (£) = 8" (1),

(1) + 68 (0™ (0) 4 05" (™ (1) — ™ (1)
+ag™ (u, () = 05" (1),

i () + & (O™ () — 3™ (@) + 0 (0w () — el (g

+al™ (Wul (#) = 6" (1), 3<i < N —3,

550 + S (0™ (0) — Sl () + 65 (0u, 1)
gy (Oui, (1) = 57, (1),

..(m ~(m m 1 m m m (m)
iy (1) + " (™ (1) — 5 3ua(0) +ai”y (ui, (1) = 637 (1),
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where
(m)
1 (t) (m) 1 2 .
- _—— + =1
T+ahe 0 O~ 3z T T
IOT B O L
1+ hhg h%’ ’
ﬂ(7rn) (t) .
- <i<N-1
1+ hhg’ 3sis )
(m)
v () . (31)
- 1<i<N-—
L+ hhy’ e
(m)
ODYPN Bl S ON _
a; (1) =9 — - — =N-2
) 1+hhy B2 ! ’
(m)
vl 1 2
- - - 4+ S i=N-1
Team N1 = gy T ’
m 2 m .
b (1) = o5 —a™(B), 2<i <N -2
We rewrite (30) into a vector equation as follows
{X<m> (t) + A ()X (1) = 5™ (1), )
X(0) = Xo, X(™(0) = X,
where -
X = (uf™ (@), )
T
2Am) m m
Xo = (iig(x1), -+ ,o(zn-1))" |
Xy = (ao(21), -+ ,do(zn-1))"

and A (1) € My_1 (My_1 is the set of real N — 1-order matrices) is defined
by
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~(m -1 —(m
al™ (1) S0 [ e ] o [a™
~ m -1 —(m
IO R R e I N L O
~(m -1 m —1
0| 5 [prolz] o
0
5(m) —1] (m) |1 e
al™| o 0 ™| =] 0| - Cla™
Alm) (1) = h? h2 (34)
0
m : : —1| (m -1 | _(m
ONENOII ol 0 s INQNT 5 al™. (1)
. : : -1 _
ag”)2(t) : : B T R 3 bS\T—)2() %n)z()
=T
&5\77”)1(15) 0 0 0 5 a%’i)l(t)

Approximating the derivatives X (™) (t;), X("™)(t;) by the differences in time
variable and the following partition

X(m.) _ X(m)
J

(M) (b ) ~ dt1
XM (t;) ~ y (35)
(m) (m) (m)
30 1) XiTA 2K+ X
7 (At) ’
T
XJ( ) = X(m)(tj) = (ugm)(tj)f"' 7u§\rfn)1(t1)) ’
. . . T
with t; = jAt, j=0,--- M, At = U
(m) (m)
_xmgy~ X1 —Xg
X; = X™(0) ~ " ,
then the Eq. (32) was rewritten as follows
X(m) 2X(m) +X(m)
i L g(m) g (m) _
A XG =5
(At) + '
m (36)
xim = X,
XM = x{™ + Atx,,
where
- m m T
3\ = 5t (1)) = (5( J(t5), - 60t )) : (37)

Al = At ().
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Hence, the Eq. (36) can be rewritten as below
xim = [ E— (A2A | XM - XM 4 (a2, =1, M -1,

X5 = Xo,
x™ = Xo+ AtXy,

in which

m m T m T
X0m) () = (ug (1), - 7U§v_)1(t)> = (™ (21, 8), - u™ (zy_1, )"

XM = X (1) = (ul™ (21, 85), - o u™ (@n-1,1)) "
Xo = (to(x1),- -~ ,Uo(xn-1))" ,
Xy = (u1(w1), - (xn-1))",

= m m T
§ome) = (670, o5 (1)
= m m T
3\ = §tm (1)) = (5§ (t5),--- 0% )1(tj)) ,
5 (t5) = 60 (4, )
= flaatyud™ V), u™ D (1), ule Y (1) — o™ () ul™ D (1)

=B ()™ (1) =™ 1)l 1),

u™ V() = M W (1) = M
0 1+hhy » N 1+ hhy

We describe the scheme (38) as follows.
A. For fixed constants M, N. With m = 0, we give the first vector

T T
X0 = (), ul (1) = (WO t), o u Oy a,t)) =0, =1, M.
B. At the (m — 1) iterative step, suppose that we know
(m=1) _ xr(m=1) (m—1) m-1,, \© .
Xj =X ( )= ( (tj)7"' Un_1 (j)) s J=1-, M
C. Then, we compute consecutively the vectors X m) — <u(1m)(tj), e

T
“%n)l(t )) ,j7=1,---, M by the steps as below

T
C1. The vector Xl(m) is defined by Xfm) = (u(lm)(tl),~~ ,U%@_)l(tl)) =
X, + AtX,.
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(m) . (m) _ ( (m)g, \ . (m) r
C2. The vector X5 is defined by X5 = (uy ~(t2), -+ ,un_q(t2)) -

(i) For the vectors Xo = (dg(z1),--- ,do(zn—_1))" , X1 = (d1(z1), -,
Gy(zn—1))" , we compute the values d( )( t1), 2<i<N-2), 5 )(tl), bgm)(tl)
(I1<i<N-1), agm) (t1), ﬂi(m)( t1), 'yz(m)(tl) and the matrix

AP = A (1),

. T
and the vector 5™ = §m)(¢)) = <5§m)(t1), e ,5](?_)1(151)) :

(m) _ [y (m) m) v\
(ii) Then, the vector X5 = ( (ta),--- ,’U/Nil(tg)) can be given by the
following formula

x4 = [2E - (At)?Agm)} (Xo + AtXy) — Xo + (A1)25™. (40)

C3. The vector X(m) = ( (tg

)
(i) Computing the values a{™ (t 2), 2<i<N-2),a"™(t), 8™ (t;) (1 <
i < N —1), al™(t), B (t2), '™ (t2) and the matrix

T
uN )l(tg)) is computed as follows.

AT = A0 (1),

and the vector
5 = 5() = (57 (1), 67 (02)
(i) Then, the vector X{™ = ( (™) (tg), - ulM (8 ))T is defined by
x{m = [ — (At)2Al" ]X“”) (Xo + AtXy) + (AD)26™.  (41)

T
C4. The vector X](_:l) = (ugm) (tj1),-- ,Ug\’;n_)l(tj-i,-l)) is computed as fol-
lows.
Suppose that we have calculated the vectors Xfm), X2m)7 s XJ(-m), then the

T
vector X;Tl) = (u(lm) (tj41),- - 7U§\T]n_)1(tj+1)) can be determined by recurrence

as follows
(i) Computing the values &( )( t;), ( 2<i<N-2), *(m (t5), bl(.m)(tj) (1<

1< N -—1), (m)(tj), ﬁz(m)(t ), vfm) (tj) and the matrix
A = A ()

)

and the vector

T
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T
ii) Then, the vector X\™ = (u\™(t;41), -, "™ (ti11 can be deter-
j+1 1 Jj+ N—-1\"j+
mined by the following formula
xim = [2 E— (At)QAg.m)} XM = x4 (A28, (42)

We do the process of computation until j = M — 1, then we can determine
X{™ by
T

XM = (W) w™ @y t)) L 1S GSM. (43)

C5. The error of two iterative steps, the m'™ step and the (m — 1)* step, is
defined by

(m) _ ,,(m=1) — (M) (. +.) — M= D). 4.
i = s )]

The iterative process will be stopped at the m™ step when the error of two
steps is satisfied

Hu<m) - u(m—”H <104, (45)
M,N

C6. The error of the approximate solution u(m)(x, t) and the exact solution
U (x,t) is defined by

= max  max ‘u(m)(xi,tj)—uew(xi,tj). (46)

EMN = Hu(m) — U,
’ “CllmN  1<5<M 1<i<N 1

All computations were carried out using MATLAB software.

With T = 0.1, N = 10,20,30,40,50 and M = N2, Table1 describes the
errors Fn pr between the approximate solution u(™ (z,t) and the exact solution
Ueg (2, 1), corresponding to the different meshes. The following figures describe
the curved surfaces of approximate solution u(m)(x,t) corresponding to mesh
of N = 50, M = 2500, and the curved surface of exact solution ue,(x,t) cor-
responding to the mesh of N = 50 and M = 2500. Specifically, we have some
remarks as follows.

(1) At the stop of iteration process, Table 1 presents the errors En ps between
the approximate solution (™ (z,t) and the exact solution w., (z,t), correspond-
ing to the different meshes. It is clear that the errors will be decreasing when
the fineness of meshes is increasing.
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Table 1. Errors of approximate solution u(™ (z,t) and exact solution ue (z,t) corre-
sponding to different meshes

N M | Exum

10 | 100 | 0,004304964136035
20 | 400 | 0,003423100759947
30 | 900 | 0,002560797440241
40 11600 | 0,001966395627641
50 | 2500 | 0,001602844628803

(ii) Fig. 1 and Fig. 2, respectively, describe the curved surface of exact solution
ez (2, t) and of approximate solution u(" (z, t) corresponding to mesh of N = 50
and M = 2500.

u-axis

0.05
04

0.2

t-axis 0 o X-axis

Fig. 1. The curved surface of exact solution u.s(z,t) corresponding to mesh of N = 50,
M = 2500
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Fig. 2. The curved surface of approximate solution u™ (x,t) corresponding to mesh
of N =50, M = 2500

4 Conclusions

In the present paper, we consider an initial-boundary value problem for a non-
linear wave equation in which the source contains two boundary values. First,
the existence of a recurrent sequence via the 2-order iterative scheme and its
convergence to the unique weak solution of the proposed model are directly
claimed by the results given in [12]. Next, a numerical algorithm for finding
the approximate solutions corresponding to this scheme is constructed by the
finite-difference method. To close the paper, a concrete example is numerically
considered to evaluate the errors between the approximate solution and the exact
solution.
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