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Abstract. In the present paper, we consider an initial-boundary value
problem for nonlinear equation in which the source term contains two
boundary values. First, the local existence and uniqueness of a weak
solution to this problem is inferred directly from [12], in which a recurrent
sequence via a N -order iterative scheme is established and then the N -
order convergent rate of the sequence to the unique weak solution of the
proposed model is also proved. As N = 2, the corresponding scheme
called 2-order iterative scheme is considered, and a numerical algorithm
to calculate approximate solutions via the 2-order iterative scheme is
constructed by the finite-difference method. Finally, a numerical example
is presented to evaluate the errors between the exact solution and the
approximate solution. The numerical results show that the errors are
decreasing as the fineness of meshes is increasing.
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1 Introduction

Our paper concerns with a Robin problem for a nonlinear equation as follows

utt − uxx = f(x, t, u(x, t), u(0, t), u(1, t)), 0 < x < 1, 0 < t < T, (1)

ux(0, t) − h0u(0, t) = ux(1, t) + h1u(1, t) = 0, (2)
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u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x), (3)

where h0 ≥ 0, h1 ≥ 0 are constants, with h0 + h1 > 0 and f, ũ0, ũ1 are given
functions.

For a approach of mathematical model, due to the presence of the unknown
values u(0, t) and u(1, t) in the nonlinear terms, we take into account the fact
that the problem (1)–(3) is related to nonlocal problems arised naturally in some
applied sciences such as fluid mechanics, heat transfer theory and control theory,
see [4,5]. The early studies of this type were considered by Agarwal [1], and later
by Gupta [2] and Il’in and Moiseev [3], and the references cited therein.

We consider a recurrent sequence {u(m)} associated with the Eq. (1) (see
[12]) as follows

u0 ≡ 0,

∂2u(m)

∂t2
− Δu(m)

=
∑

0≤i+j+s≤N−1

Dijsf [u(m−1)]
(
u(m) − u(m−1)

)i (
u(m)(0, t) − u(m−1)(0, t)

)j

× (
u(m)(1, t) − u(m−1)(1, t)

)s
, 0 < x < 1, 0 < t < T, m ≥ 1,

(4)
where

Dijsf [u(m−1)](x, t) =
1

i!j!s!
Di

3Dj
4Ds

5f
(

x, t, u(m−1)(x, t), u(m−1)(0, t), u(m−1)(1, t)
)

, (5)

and u(m) satisfies (2) and (3). The above sequence is called high-order itera-
tive scheme if it converges to the weak solution u of (1)–(3) and satisfies the
estimation

∥∥u(m) − u
∥∥

X
≤ C

∥∥u(m−1) − u
∥∥N

X
, for some C > 0, all integer num-

bers N ≥ 2 and X is a certain Banach space. This definition is derived from
the investigation of Newton-like methods in Banach spaces, see [13]. The high-
order iterative scheme is also applied to some previous works, for example as
in [9,10,12,16]. Especially, when N = 2, we get from (4) and (5) the following
2-order iterative scheme

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u
(m)
tt − u

(m)
xx = F (m)(x, t), 0 < x < 1, 0 < t < T,

u
(m)
x (0, t) − h0u

(m)(0, t) = u
(m)
x (1, t) + h1u

(m)(1, t) = 0,

u(m)(x, 0) = ũ0(x), u
(m)
t (x, 0) = ũ1(x),

(6)

where

F (m)(x, t) = f [u(m−1)](x, t) + D3f [u(m−1)](x, t)
(
u(m)(x, t) − u(m−1)(x, t)

)

+ D4f [u(m−1)](x, t)
(
u(m)(0, t) − u(m−1)(0, t)

)
(7)

+ D5f [u(m−1)](x, t)
(
u(m)(1, t) − u(m−1)(1, t)

)
.
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In order to construct the numerical solutions of the 2-order iterative scheme
(6)–(7), we shall use the spatial mesh xi = ih, h = 1/N, i = 0, 1, · · · , N , and
Pinder’s difference formulas [14] (pages 36, 43) to approximate the kth deriva-
tives. Then the problem (6)–(7) will be transferred to a second-order system of
ordinary equations (in time variable) of unknown functions u

(m)
i (t) = u(m)(xi, t),

i = 0, 1, · · · , N , this method were also used in [7,8,11,15,17]. Next, by using the
discretization with time mesh tj = jΔt, Δt = T/M, j = 0, 1, · · · , M , we will
get an algorithm to determine the approximate solutions of u(m) to the scheme
(6)–(7), which is given by the following difference equation (see the formula (38))

�u
(m)
j+1 =

[
2E − (Δt)2A(m)

j

]
u
(m)
j − u

(m)
j−1 + (Δt)2�δ(m)

j , j = 1, · · · ,M − 1, (8)

where A
(m)
j and �δ

(m)
j are defined as in (37). Finally, we will show a numerical

example to evaluate the errors between the approximate solution and the exact
solution.

The outline of the paper is as follows. In Sect. 2, we introduce some nota-
tions and modified lemmas. In Sect. 3, by using the finite-difference method, we
establish a numerical algorithm to determine the finite-difference approximate
solutions of u(m) to the iterative scheme (6)–(7). Moreover, a numerical example
is presented to evaluate the errors between the approximate solution u(m) and
the exact solution uex. In Sect. 4, the conclusion is presented to describe the
main results of the paper.

2 Preliminaries

In this section, we present some materials that we shall use in order to present
our results.

Let Ω = (0, 1), QT = (0, 1) × (0, T ) and 〈·, ·〉 be the scalar product in L2,
i.e.,

〈u, v〉 =
∫ 1

0

u(x)v(x)dx,

and the corresponding norm ‖·‖, i.e., ‖u‖2 = 〈u, u〉. Also, we denote ‖·‖X is
the norm in the Banach space X, and Lp(0, T ;X), 1 ≤ p ≤ ∞ for the Banach
space of real functions u : (0, T ) → X measurable with the corresponding norm
‖·‖Lp(0,T ;X) defined by

‖u‖Lp(0,T ;X) =

(∫ T

0

‖u(t)‖p
X dt

)1/p

< ∞ for1 ≤ p < ∞,

and
‖u‖L∞(0,T ;X) = ess sup

0<t<T
‖u(t)‖X for p = ∞.
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Let u(t), u′(t) = ut(t) = u̇(t), u′′(t) = utt(t) = ü(t), ux(t) = 
u(t), uxx(t) =

Δu(t), denote u(x, t),
∂u

∂t
(x, t),

∂2u

∂t2
(x, t),

∂u

∂x
(x, t),

∂2u

∂x2
(x, t), respectively.

For f ∈ Ck([0, 1]×R+×R
3), f = f(x, t, y1, y2, y3), we put D1f =

∂f

∂x
, D2f =

∂f

∂t
, D2+if =

∂f

∂yi
, i = 1, 2, 3 and Dαf = Dα1

1 ...Dα5
5 f ; α = (α1, ..., α5) ∈ Z

5
+,

|α| = α1 + ... + α5 = k, D(0,...,0)f = D(0)f = f.
We consider the symmetric bilinear form a(·, ·) defined by

a(u, v) =
∫ 1

0

ux(x)vx(x)dx + h0u(0)v(0) + h1u(1)v(1), with u, v ∈ H1, (9)

and the corresponding norm ‖v‖a =
√

a(v, v).
Then, two norms ‖v‖H1 , and ‖v‖a are equivalent norms on H1. Furthermore,

the following inequalities are valid, see [12] (Lemma 2.1 and 2.2)

(i) ‖v‖C0(Ω̄) ≤ √
2 ‖v‖H1 ,

(ii)
√

a0 ‖v‖H1 ≤ ‖v‖a ≤ √
a1 ‖v‖H1 ,

(iii) |a(u, v)| ≤ a1 ‖u‖H1 ‖v‖H1 , for all u, v ∈ H1,

(4i) a(v, v) ≥ a0 ‖v‖2H1 , for all v ∈ H1,

(10)

where a0 =
1
3

min{1, max{h0, h1}} and a1 = 1 + 2(h0 + h1).

Definition 1. A function u = u(x, t) is a weak solution of the problem (1)–(3) if

u ∈ L∞(0, T ;H2), u′ ∈ L∞(0, T ;H1), u′′ ∈ L∞(0, T ;L2),

and u satisfies the following variational equation

〈u′′(t), w〉 + a(u(t), w) = 〈f [u] (t) , w〉 ,∀w ∈ H1, and a.e., t ∈ (0, T ), (11)

where f [u] (x, t) = f(x, t, u(x, t), u(0, t), u(1, t)), together with the initial condi-
tions

u(0) = ũ0, u′(0) = ũ1. (12)

For our study of problem (1)–(3) we will need the following assumptions
(H1) (ũ0, ũ1) ∈ H2 × H1;

(H2) f ∈ C0([0, 1] × R+ × R
3) such that

(i) Di
3D

j
4D

s
5f ∈ C0([0, 1] × R+ × R

3), with 0 ≤ i + j + s ≤ 2,

(ii) D1D
i
3D

j
4D

s
5f, Di+1

3 Dj
4D

s
5f ∈ C0([0, 1] × R+ × R

3), with i + j + s = 1.

Let fixed positive constant T ∗ and positive constant M . For every T ∈ (0, T ∗],
we put

WT = {v ∈ L∞(0, T ;H2) : vt ∈ L∞(0, T ;H1), vtt ∈ L2(QT )}. (13)
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Note that WT is a Banach space with respect to the norm

‖v‖WT
= max{‖v‖L∞(0,T ;H2) , ‖vt‖L∞(0,T ;H1) , ‖vtt‖L2(QT )} (14)

(see Lions [6]). We also put
{

W (M,T ) = {v ∈ WT : ‖v‖WT
≤ M},

W1(M,T ) = {v ∈ W (M,T ) : vtt ∈ L∞(0, T ;L2)}.
(15)

To prove the existence and the uniqueness of solution to the problem (1)–(3),
we cite the results given in [12] where the authors used the high-order iterative
method to construct a recurrence sequence converging, at N -order rate, to the
weak solutions of the problem (1)–(3). Therefore, in case of N = 2, the existence
and the convergence of the recurrence {u(m)} defined by (6)–(7) are claimed the
following theorems.

Theorem 1. Let (H1)−(H2) hold. Then there are two positive constants M and
T depending on ũ0, ũ1, f, h0, h1, such that, for u0 ≡ 0, the recurrent sequence
{u(m)} defined by (6)–(7) exists and contains in W1(M,T ).

Using Theorem 1 and some arguments of weak convergence, the following
theorem is also confirmed.

Theorem 2. Let (H1) − (H2) hold. Then, there are two positive constants M
and T such that the problem (1)–(3) has a unique weak solution u ∈ W1(M,T )
and the recurrent sequence {u(m)} defined by (6)–(7) converges, at 2-order rate,
to u strongly in the space W1(T ) in sense

∥∥∥u(m) − u
∥∥∥

W1(T )
≤ C

∥∥∥u(m−1) − u
∥∥∥
2

W1(T )
, (16)

for all m ≥ 1, where C is a suitable constant. On the other hand, the following
estimate is fulfilled

∥∥∥u(m) − u
∥∥∥

W1(T )
≤ CT (kT )2

m

, for all m ∈ N, (17)

where CT > 0 and 0 < kT < 1 are constants depending only on T .

3 Numerical Results

Consider the following problem
⎧
⎪⎪⎨

⎪⎪⎩

utt − uxx = f(x, t, u(x, t), u(0, t), u(1, t)), 0 < x < 1, 0 < t < T,

ux(0, t) − h0u(0, t) = ux(1, t) + h1u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

(18)
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where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(x, t, u(x, t), u(0, t), u(1, t)) =
1
16

|u|u +
25
16

u2(0, t) +
125
27

u3(1, t) + G(x, t),

h0 = 1, h1 = 2,

G(x, t) = −e− 3t
2 +

1
4

(
−x2 +

4
5
x +

44
5

)
e

−t
2

− 1
16

(
x4 − 8

5
x3 − 24

25
x2 +

32
25

x +
416
25

)
e−t

ũ0(x) = −x2 +
4
5
x +

4
5
, ũ1(x) =

1
2
x2 − 2

5
x − 2

5
(19)

Then uex(x, t) =
(

−x2 +
4
5
x +

4
5

)
e

−1
2 t is the exact solution of (18) corre-

sponding to the constants h0 = 1, h1 = 2 and the given functions
f(x, t, u(x, t), u(0, t), u(1, t)), ũ0, ũ1 as in (19).

In this section, we first construct a difference scheme to approximate the
solution u of (18) via approximating u(m) in the 2-order iterative scheme as
follows

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u
(m)
tt − u

(m)
xx = F (m)(x, t), 0 < x < 1, 0 < t < T,

u
(m)
x (0, t) − h0u

(m)(0, t) = u
(m)
x (1, t) + h1u

(m)(1, t) = 0,

u(m)(x, 0) = ũ0(x), u
(m)
t (x, 0) = ũ1(x),

(20)

where

F (m)(x, t) = f [u(m−1)](x, t) + D3f [u(m−1)](x, t)
(
u(m)(x, t) − u(m−1)(x, t)

)

+ D4f [u(m−1)](x, t)
(
u(m)(0, t) − u(m−1)(0, t)

)

+ D5f [u(m−1)](x, t)
(
u(m)(1, t) − u(m−1)(1, t)

)
(21)

= α(m)(x, t)u(m)(x, t) + β(m)(x, t)u(m)(0, t)

+ γ(m)(x, t)u(m)(1, t) + δ(m)(x, t),

and

α(m)(x, t) = D3f [u(m−1)](x, t), (22)

β(m)(x, t) = D4f [u(m−1)](x, t),

γ(m)(x, t) = D5f [u(m−1)](x, t),

δ(m)(x, t) = f [u(m−1)](x, t) − α(m)(x, t)u(m−1)(x, t)

− β(m)(x, t)u(m−1)(0, t) − γ(m)(x, t)u(m−1)(1, t),
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with the notations

f [u](x, t) = f(x, t, u(x, t), u(0, t), u(1, t)), (23)
Dif [u](x, t) = Dif(x, t, u(x, t), u(0, t), u(1, t)), i = 3, 4, 5.

Replacing (21) and (22) into (20), we get
⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u
(m)
tt − u

(m)
xx − α(m)(x, t)u(m) − β(m)(x, t)u(m)(0, t) − γ(m)(x, t)u(m)(1, t)

= δ(m)(x, t), 0 < x < 1, 0 < t < T,

u
(m)
x (0, t) − h0u(m)(0, t) = u

(m)
x (1, t) + h1u(m)(1, t) = 0,

u(m)(x, 0) = ũ0(x), u
(m)
t (x, 0) = ũ1(x).

(24)

Putting

u
(m)
i (t) = u(m)(xi, t), xi = ih, i = 0, 1, · · · , N, h =

1
N

. (25)

Rewriting (24) at the node x = xi :
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ü
(m)
i (t) − Δu

(m)
i (t) − α

(m)
i (t)u(m)

i (t) − β
(m)
i (t)u(m)

0 (t) − γ
(m)
i (t)u(m)

N (t)

= δ
(m)
i (t), 0 ≤ i ≤ N, 0 ≤ t ≤ T,

u
(m)
x (0, t) − h0u

(m)
0 (t) = u

(m)
x (1, t) + h1u

(m)
N (t) = 0,

u
(m)
i (0) = ũ0(xi) = ũ0i, u̇

(m)
i (0) = ũ1(xi) = ũ1i, 0 ≤ i ≤ N,

(26)
in which

α
(m)
i (t) = α(m)(xi, t) = D3f [u(m−1)](xi, t)

= D3f(xi, t, u
(m−1)
i (t), u(m−1)

0 (t), u(m−1)
N (27)

β
(m)
i (t) = β(m)(xi, t) = D4f [u(m−1)](xi, t)

= D4f(xi, t, u
(m−1)
i (t), u(m−1)

0 (t), u(m−1)
N (t)),

γ
(m)
i (t) = γ(m)(xi, t) = D5f [u(m−1)](xi, t)

= D5f(xi, t, u
(m−1)
i (t), u(m−1)

0 (t), u(m−1)
N (t)),

δ
(m)
i (t) = δ(m)(xi, t)

= f(xi, t, u
(m−1)
i (t), u(m−1)

0 (t), u(m−1)
N (t)) − α

(m)
i (t)u(m−1)

i (t)

− β
(m)
i (t)u(m−1)

0 (t) − γ
(m)
i (t)u(m−1)

N (t).

Replacing the derivatives in spatial variable x of (26) by the following approx-
imations
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u(m)
x (xi, t) � u

(m)
i (t) − u

(m)
i−1(t)

h
, (28)

u(m)
x (0, t) � u

(m)
1 (t) − u

(m)
0 (t)

h
,

u(m)
x (1, t) � u

(m)
N (t) − u

(m)
N−1(t)

h
,

u(m)
xx (xi, t) � u

(m)
i−1(t) − 2u

(m)
i (t) + u

(m)
i+1(t)

h2
,

then we obtain

ü
(m)
i (t) − u

(m)
i−1(t) − 2u

(m)
i (t) + u

(m)
i+1(t)

h2
− α

(m)
i (t)u(m)

i (t) − β
(m)
i (t)u(m)

0 (t)

−γ
(m)
i (t)u(m)

N (t) = δ
(m)
i (t), 1 ≤ i ≤ N − 1,

u
(m)
1 (t) − u

(m)
0 (t)

h
− h0u

(m)
0 (t) =

u
(m)
N (t) − u

(m)
N−1(t)

h
+ h1u

(m)
N (t) = 0,

u
(m)
0 (t) =

u
(m)
1 (t)

1 + hh0
, u

(m)
N (t) =

u
(m)
N−1(t)

1 + hh1
,

u
(m)
i (0) = ũ0(xi) = ũ0i, u̇

(m)
i (0) = ũ1(xi) = ũ1i, 0 ≤ i ≤ N,

(29)

Using the boundary conditions (29)2 with u
(m)
0 (t) =

u
(m)
1 (t)

1 + hh0
,

u
(m)
N (t) =

u
(m)
N−1(t)

1 + hh1
, and after eliminating the unknown functions u0(t) and uN (t)

in the equations i = 1, 2, N − 2, N − 1, then the system (29) is rewritten as
follows

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ü
(m)
1 (t) + â

(m)
1 (t)u(m)

1 (t) − 1
h2

u
(m)
2 (t) + ā

(m)
1 (t)u(m)

N−1(t) = δ
(m)

1 (t),

ü
(m)
2 (t) + â

(m)
2 (t)u(m)

1 (t) + b
(m)
2 (t)u(m)

2 (t) − 1
h2

u
(m)
3 (t)

+ā
(m)
2 (t)u(m)

N−1(t) = δ
(m)

2 (t),

...

ü
(m)
i (t) + â

(m)
i (t)u(m)

1 (t) − 1
h2

u
(m)
i−1(t) + b

(m)
i (t)u(m)

i (t) − 1
h2

u
(m)
i+1(t)

+ā
(m)
i (t)u(m)

N−1(t) = δ
(m)

i (t), 3 ≤ i ≤ N − 3,
...

ü
(m)
N−2(t) + â

(m)
N−2(t)u

(m)
1 (t) − 1

h2
u
(m)
N−3(t) + b

(m)
N−2(t)u

(m)
N−2(t)

+ā
(m)
N−2(t)u

(m)
N−1(t) = δ

(m)

N−2(t),

ü
(m)
N−1(t) + â

(m)
N−1(t)u

(m)
1 (t) − 1

h2
u
(m)
N−2(t) + ā

(m)
N−1(t)u

(m)
N−1(t) = δ

(m)

N−1(t),

(30)
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where

â
(m)
i (t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− β
(m)
1 (t)

1 + hh0
− α

(m)
1 (t) − 1

h2(1 + hh0)
+

2
h2

, i = 1,

− β
(m)
2 (t)

1 + hh0
− 1

h2
, i = 2,

− β
(m)
i (t)

1 + hh0
, 3 ≤ i ≤ N − 1,

ā
(m)
i (t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− γ
(m)
i (t)

1 + hh1
, 1 ≤ i ≤ N − 3,

−γ
(m)
N−2(t)

1 + hh1
− 1

h2
, i = N − 2,

−γ
(m)
N−1(t)

1 + hh1
− α

(m)
N−1(t) − 1

h2(1 + hh1)
+

2
h2

, i = N − 1,

b
(m)
i (t) =

2
h2

− α
(m)
i (t), 2 ≤ i ≤ N − 2.

(31)

We rewrite (30) into a vector equation as follows

{
Ẍ(m)(t) + A(m)(t)X(m)(t) = �δ

(m)
(t),

X(m)(0) = X0, Ẋ(m)(0) = X1,
(32)

where ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

X(m)(t) =
(
u
(m)
1 (t), · · · , u

(m)
N−1(t)

)T

,

�δ
(m)

(t) =
(
δ
(m)
1 (t), · · · , δ

(m)
N−1(t)

)T

,

X0 = (ũ0(x1), · · · , ũ0(xN−1))
T

,

X1 = (ũ0(x1), · · · , ũ0(xN−1))
T

,

(33)

and A(m)(t) ∈ MN−1 (MN−1 is the set of real N − 1-order matrices) is defined
by
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A(m)(t) =

â
(m)
1 (t)

−1

h2
0 · · · · · · · · · · · · · · · 0 ā

(m)
1 (t)

â
(m)
2 (t) b

(m)
2 (t)

−1

h2
0 · · · · · · · · · · · · 0 ā

(m)
2 (t)

â
(m)
3 (t)

−1

h2
b
(m)
3 (t)

−1

h2
0 · · · · · · · · ·

..

.
..
.

.

.

. 0
. . .

. . .
. . .

. . . · · · · · ·
.
.
.

.

.

.

â
(m)
i (t) 0 0

−1

h2
b
(m)
i (t)

−1

h2
0 · · ·

.

.. ā
(m)
i (t)

..

.
..
.

..

.
. . .

. . .
. . .

. . .
. . .

..

.
..
.

.

.

.
.
.
.

.

.

. · · ·
. . .

. . .
. . .

. . . 0
.
.
.

â
(m)
N−3(t)

..

.
..
. · · · · · · 0

−1

h2
b
(m)
N−3(t)

−1

h2
ā
(m)
N−3(t)

â
(m)
N−2(t)

.

.

.
.
.
. · · · · · · · · · 0

−1

h2
b
(m)
N−2(t) ā

(m)
N−2(t)

â
(m)
N−1(t) 0 0 · · · · · · · · · · · · 0

−1

h2
ā
(m)
N−1(t)

(34)

Approximating the derivatives Ẋ(m)(tj), Ẍ(m)(tj) by the differences in time
variable and the following partition

Ẋ(m)(tj) � X
(m)
j+1 − X

(m)
j

Δt
, (35)

Ẍ(m)(tj) � X
(m)
j−1 − 2X

(m)
j + X

(m)
j+1

(Δt)2
,

X
(m)
j = X(m)(tj) =

(
u
(m)
1 (tj), · · · , u

(m)
N−1(tj)

)T

,

with tj = jΔt, j = 0, · · · , M, Δt =
T

M
,

X1 = Ẋ(m)(0) � X
(m)
1 − X

(m)
0

Δt
,

then the Eq. (32) was rewritten as follows
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

X
(m)
j−1 − 2X

(m)
j + X

(m)
j+1

(Δt)2
+ A

(m)
j X

(m)
j = �δ

(m)

j ,

X
(m)
0 = X0,

X
(m)
1 = X

(m)
0 + ΔtX1,

(36)

where

�δ
(m)
j = �δ(m)(tj) =

(
δ
(m)
1 (tj), · · · , δ

(m)
N−1(tj)

)T

, (37)

A
(m)
j = A(m)(tj).
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Hence, the Eq. (36) can be rewritten as below

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

X
(m)
j+1 =

[
2E − (Δt)2A(m)

j

]
X

(m)
j − X

(m)
j−1 + (Δt)2�δ(m)

j , j = 1, · · · ,M − 1,

X
(m)
0 = X0,

X
(m)
1 = X0 + ΔtX1,

(38)
in which

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

X(m)(t) =
(
u
(m)
1 (t), · · · , u

(m)
N−1(t)

)T

=
(
u(m)(x1, t), · · · , u(m)(xN−1, t)

)T
,

X
(m)
j = X(m)(tj) =

(
u(m)(x1, tj), · · · , u(m)(xN−1, tj)

)T
,

X0 = (ũ0(x1), · · · , ũ0(xN−1))
T

,

X1 = (ũ1(x1), · · · , ũ1(xN−1))
T

,

�δ(m)(t) =
(
δ
(m)
1 (t), · · · , δ

(m)
N−1(t)

)T

,

�δ
(m)
j = �δ(m)(tj) =

(
δ
(m)
1 (tj), · · · , δ

(m)
N−1(tj)

)T

,

δ
(m)
i (tj) = δ(m)(xi, tj)

= f(xi, tj , u
(m−1)
i (tj), u

(m−1)
0 (tj), u

(m−1)
N (tj)) − α

(m)
i (tj)u

(m−1)
i (tj)

−β
(m)
i (tj)u

(m−1)
0 (tj) − γ

(m)
i (tj)u

(m−1)
N (tj),

u
(m−1)
0 (t) =

u
(m−1)
1 (t)
1 + hh0

, u
(m)
N (t) =

u
(m−1)
N−1 (t)
1 + hh1

,

(39)
We describe the scheme (38) as follows.
A. For fixed constants M, N . With m = 0, we give the first vector

X
(0)
j =

(
u
(0)
1 (tj), · · · , u

(0)
N−1(tj)

)T
=

(
u(0)(x1, tj), · · · , u(0)(xN−1, tj)

)T ≡ 0, j = 1, · · · , M.

B. At the (m − 1)th iterative step, suppose that we know

X
(m−1)
j = X(m−1)(tj) =

(
u
(m−1)
1 (tj), · · · , u

(m−1)
N−1 (tj)

)T

, j = 1, · · · ,M.

C. Then, we compute consecutively the vectors X
(m)
j =

(
u
(m)
1 (tj), · · · ,

u
(m)
N−1(tj)

)T

, j = 1, · · · ,M by the steps as below

C1. The vector X
(m)
1 is defined by X

(m)
1 =

(
u
(m)
1 (t1), · · · , u

(m)
N−1(t1)

)T

=
X0 + ΔtX1.
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C2. The vector X
(m)
2 is defined by X

(m)
2 =

(
u
(m)
1 (t2), · · · , u

(m)
N−1(t2)

)T

.

(i) For the vectors X0 = (ũ0(x1), · · · , ũ0(xN−1))
T

,X1 = (ũ1(x1), · · · ,

ũ1(xN−1))
T

, we compute the values â
(m)
i (t1), (2 ≤ i ≤ N − 2), ā

(m)
i (t1), b

(m)
i (t1)

(1 ≤ i ≤ N − 1), α
(m)
i (t1), β

(m)
i (t1), γ

(m)
i (t1) and the matrix

A
(m)
1 = A(m)(t1),

and the vector �δ
(m)
1 = �δ(m)(t1) =

(
δ
(m)
1 (t1), · · · , δ

(m)
N−1(t1)

)T

.

(ii) Then, the vector X
(m)
2 =

(
u
(m)
1 (t2), · · · , u

(m)
N−1(t2)

)T

can be given by the
following formula

X
(m)
2 =

[
2E − (Δt)2A(m)

1

]
(X0 + ΔtX1) − X0 + (Δt)2�δ(m)

1 . (40)

C3. The vector X
(m)
3 =

(
u
(m)
1 (t3), · · · , u

(m)
N−1(t3)

)T

is computed as follows.

(i) Computing the values â
(m)
i (t2), (2 ≤ i ≤ N − 2), ā

(m)
i (t2), b

(m)
i (t1) (1 ≤

i ≤ N − 1), α
(m)
i (t2), β

(m)
i (t2), γ

(m)
i (t2) and the matrix

A
(m)
2 = A(m)(t2),

and the vector

�δ
(m)
2 = �δ(m)(t2) =

(
δ
(m)
1 (t2), · · · , δ

(m)
N−1(t2)

)T

.

(ii) Then, the vector X
(m)
3 =

(
u
(m)
1 (t3), · · · , u

(m)
N−1(t3)

)T

is defined by

X
(m)
3 =

[
2E − (Δt)2A(m)

2

]
X

(m)
2 − (X0 + ΔtX1) + (Δt)2�δ(m)

2 . (41)

C4. The vector X
(m)
j+1 =

(
u
(m)
1 (tj+1), · · · , u

(m)
N−1(tj+1)

)T

is computed as fol-
lows.

Suppose that we have calculated the vectors X
(m)
1 , X

(m)
2 , · · · , X

(m)
j , then the

vector X
(m)
j+1 =

(
u
(m)
1 (tj+1), · · · , u

(m)
N−1(tj+1)

)T

can be determined by recurrence
as follows

(i) Computing the values â
(m)
i (tj), (2 ≤ i ≤ N − 2), ā

(m)
i (tj), b

(m)
i (tj) (1 ≤

i ≤ N − 1), α
(m)
i (tj), β

(m)
i (tj), γ

(m)
i (tj) and the matrix

A
(m)
j = A(m)(tj),

and the vector

�δ
(m)
j = �δ(m)(tj) =

(
δ
(m)
1 (tj), · · · , δ

(m)
N−1(tj)

)T

.
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(ii) Then, the vector X
(m)
j+1 =

(
u
(m)
1 (tj+1), · · · , u

(m)
N−1(tj+1)

)T

can be deter-
mined by the following formula

X
(m)
j+1 =

[
2E − (Δt)2A(m)

j

]
X

(m)
j − X

(m)
j−1 + (Δt)2�δ(m)

j . (42)

We do the process of computation until j = M − 1, then we can determine
X

(m)
j by

X
(m)
j =

(
u(m)(x1, tj), · · · , u(m)(xN−1, tj)

)T

, 1 ≤ j ≤ M. (43)

C5. The error of two iterative steps, the mth step and the (m − 1)th step, is
defined by

∥∥∥u(m) − u(m−1)
∥∥∥

M,N
= max

1≤j≤M
max

1≤i≤N−1

∣∣∣u(m)(xi, tj) − u(m−1)(xi, tj)
∣∣∣ . (44)

The iterative process will be stopped at the mth step when the error of two
steps is satisfied ∥∥∥u(m) − u(m−1)

∥∥∥
M,N

< 10−4. (45)

C6. The error of the approximate solution u(m)(x, t) and the exact solution
uex(x, t) is defined by

EM,N =
∥∥∥u(m) − uex

∥∥∥
M,N

= max
1≤j≤M

max
1≤i≤N−1

∣∣∣u(m)(xi, tj) − uex(xi, tj)
∣∣∣ . (46)

All computations were carried out using MATLAB software.
With T = 0.1, N = 10, 20, 30, 40, 50 and M = N2, Table 1 describes the

errors EN,M between the approximate solution u(m) (x, t) and the exact solution
uex (x, t), corresponding to the different meshes. The following figures describe
the curved surfaces of approximate solution u(m)(x, t) corresponding to mesh
of N = 50,M = 2500, and the curved surface of exact solution uex(x, t) cor-
responding to the mesh of N = 50 and M = 2500. Specifically, we have some
remarks as follows.

(i) At the stop of iteration process, Table 1 presents the errors EN,M between
the approximate solution u(m) (x, t) and the exact solution uex (x, t), correspond-
ing to the different meshes. It is clear that the errors will be decreasing when
the fineness of meshes is increasing.
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Table 1. Errors of approximate solution u(m) (x, t) and exact solution uex (x, t) corre-
sponding to different meshes

N M EN,M

10 100 0,004304964136035

20 400 0,003423100759947

30 900 0,002560797440241

40 1600 0,001966395627641

50 2500 0,001602844628803

(ii) Fig. 1 and Fig. 2, respectively, describe the curved surface of exact solution
uex(x, t) and of approximate solution u(m)(x, t) corresponding to mesh of N = 50
and M = 2500.

Fig. 1. The curved surface of exact solution uex(x, t) corresponding to mesh of N = 50,
M = 2500
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Fig. 2. The curved surface of approximate solution u(m)(x, t) corresponding to mesh
of N = 50, M = 2500

4 Conclusions

In the present paper, we consider an initial-boundary value problem for a non-
linear wave equation in which the source contains two boundary values. First,
the existence of a recurrent sequence via the 2-order iterative scheme and its
convergence to the unique weak solution of the proposed model are directly
claimed by the results given in [12]. Next, a numerical algorithm for finding
the approximate solutions corresponding to this scheme is constructed by the
finite-difference method. To close the paper, a concrete example is numerically
considered to evaluate the errors between the approximate solution and the exact
solution.

Acknowledgements. The authors would like to thank the handling editor and the
referees for the valuable comments and corrections for the improvement of the paper.
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