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Abstract. Two wheel self-balancing electric scooter is based on inverted
pendulum system and this system is a nonlinear and unstable. An inertial
measurement unit (IMU) which is combination of accelerometer and gyroscope
measurement is used in order to estimate and obtain the tilt angle of the scooter.
Super twisted sliding mode controller (STSMC) is applied to correct the error
between the desired set point and the actual tilt angle and adjust the brushless
direct current (BLDC) motor speed accordingly to balance the scooter, when
scooter is tilted forward, motor is move forward to catch up in order to balance
the scooter and proportional integral derivative (PID) controller is used to
control direction of scooter that means to turn left or right. The STSMC
parameters and PID parameters are tuned using genetic algorithm (GA) and
controllers performance evaluation is done using MATLAB/Simulink. The pitch
and yaw angle with changes in magnitude of 0.1 rad and zero reference angle,
almost the steady state error are 7.965 � 10–08 and 5.677 � 10–07 respectively
for both controllers tuned by GA. GA tuned controllers are compared with
analytically tuned controlled for initial pitch angle of 0.3 rad. The magnitude of
steady-state errors at time 2 s are 7.71 � 10–07 and 0.004648 respectively,
which is an indication of parameters tuned using global optimization algorithms,
in this case GA are more optimal than analytically tuned parameters.
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1 Introduction

In today’s society transportation is undoubtedly a fast-growing industry. Due to the
rapid growth in the demand for personal transporter vehicles, self-balancing personal
transporter scooters were introduced by the Segway Company. For the intention of
increasing the efficiency of human’s transportation and to reduce the cost, the self-
balancing personal transporter which is also a great representation of the personal
mobility device concept is now widely used in many industries and institutions such as
police departments, tourism industry, factories and so on. The benefits which are
offered by this personal transporter vehicle such as higher accessibility and zero fuel
consumption can be considered as the ultimate solutions for the upcoming global issues
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caused by the growth of traffic and the environmental pollution happening all around
the world. Even though the self-balancing transporter represents a better version of the
personal transporter type vehicles that are being used nowadays, it simply failed in
reaching the hands of the majority of society due to the expensive price range and the
safety issues pointed out by the existing users of these self-balancing transporter
models [1, 2].

The self-balancing personal transporter models (mainly Segway models) are
comprised of multiple gyroscope and accelerometer sensors (few as additional) to
obtain the angular rate and acceleration readings along different axes. The drawback
which comes along using multiple sensors is the additional cost and the extra com-
putational power required by the control unit. The two-wheeled self-balancing robot is
a nonlinear MIMO under actuated system; thus, it is very challenging to keep balance
when it climbs or descends on a slope and, especially, in the presence of no measurable
disturbances. Two-wheeled scooters are one of the modern research topics in the
robotic fields due to the natural unstable dynamic systems around the world [2–5].
Two-wheeled self-balancing robot based on inverted pendulum theory and dynamic
balancing systems.

The contents of the research organizes the basics lay-out, components and prin-
ciples in section two of the research and the dynamic models of the self-balance scooter
in section three. The controllers design, tuning both analytically and GA based is
presented in section four of the research. The results with the corresponding discus-
sions and concluding remarks of findings are presented in sections five and six of the
research.

2 Two-Wheel Self-balancing Scooter Basics

The research in recent years reveals the idea of self-balancing scooters. The two wheel
self-balancing scooter is represented schematically in Fig. 1. Once system balance is
achieved the system can move forward and back ward directions [6, 7].

Fig. 1. Side and front views of the ideal two wheeled inverted pendulum system [6]
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The pendulum that may cause system instability, the main body of the scooter that
carries the drive system and the wheels for forward and backward movement are the
main components of the two wheel self-balancing scooter considered in this research
[6–8].

In principle, the controller for the self-balancing two wheel scooter, reads the tilt
and compensates for the error so that the required upright position of the system will be
kept. And also should respond to external forces as disturbance to the normal motion of
the scooter by which the required position of the scooter can be maintained [7, 8]
(Fig. 2).

3 Mathematical Model of the System

3.1 Mathematical Model of Scooter

To design the controller and perform the required analysis, the electrical actuator and
the mechanical system of the scooter needs to be represented mathematically. Table 1
gives the required parameters of the scooter.

Fig. 2. Working principle of scooter [8]

Table 1. Parameter and descriptions of scooter [8–10].
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The mathematical model of scooter is separated into 3 parts.

1. Wheel
2. Body
3. Dc motor (actuator)

In order to determine mathematical model of the electric scooter newton method is
applied (Fig. 3).

For the left wheel of the eScooter (the same as the right wheel):
Using Newton’s Law of motion on the horizontal axis X

X
Fx ¼ ma

MW€xWL ¼ HTL � HL ð1Þ

Using Newton’s Law of motion on the vertical axis Y

X
FY ¼ ma

MW€yWL ¼ VTL � VL �MWg ð2Þ

And the sum of the Moments around the wheel’s center gives:

X
MO ¼ Ia

JWL
€hWL ¼ TL � HTLR ð3Þ

By transforming any linear motion component to an angular motion component by
using

xWL ¼ hWLR ð4Þ

Moment of inertia of left wheel

Fig. 3. Force analysis of right and left-wheel [8]
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JWL ¼ 1
2
MWLR

2 ð5Þ

And for the rotation

d ¼ xWL � xWL

D
ð6Þ

From (1) sum the left and right wheel equation

þ MW€xWL ¼ HTL � HL for the left wheel
MWxWR ¼ HTR � HR for the right wheel

�

than
MW €xWL þ€xWRð Þ ¼ HTL þHTRð Þ � HL þHRð Þ

ð7Þ

From (3)

JWL
€hWL ¼ TL � HTLR for the left wheel

JWR
€hWR ¼ TR � HTRR for the right wheel

�
ð8Þ

Solve (8) as follow (Fig. 4)

HTL ¼ TL � JWLh
R

HTR ¼ TR � JWRh
R

ð9Þ

Fig. 4. Coordinate system of body of scooter [8].
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For the body of the Scooter:
Using Newton’s Law of motion on the horizontal axis X

X
Fx ¼ ma

MB€xB ¼ HL þHR ð10Þ

Using Newton’s Law of motion on the vertical axis Y

X
Fy ¼ ma

MB€yB ¼ VL þVR �MBgþ TL þ TR
L

sin hBð Þ ð11Þ

The sum of moments around the center of mass of the body

X
MO ¼ Ia

JB€hB ¼ VL þVRð ÞL sin hBð Þ � HL þHRð ÞL cos hBð Þ � TL þ TRð Þ ð12Þ

xB ¼ L sin hBð Þþ xWL þ xWR

2
ð13Þ

yB ¼ �L 1� cos hBð Þð Þ ð14Þ

Moment of inertia of chassis

JB ¼ 1
3
MBL2 ð15Þ

h ¼ hB ¼ hW ¼ hWL ¼ hWR ð16Þ

xWM ¼ xWL þ xWR

2
ð17Þ

For the chassis rotation:

Jd€d ¼ D
2

HL � HRð Þ ð18Þ

After Solve (8) for VL þVR and (7), (13) into (9) than

JB€h ¼ MB€yB þMBg� TL þ TR
L

sin hð Þ
� �

L sin hð Þ �MB€xBL cos hð Þ � TL þ TRð Þ

JB€h ¼ MBL €yB sin hð Þ � €x cos hð Þð ÞþMBgL sin hð Þ � TL þ TRð Þ 1þ sin2 hð Þ� � ð19Þ

Substitute (14) into (10) than differentiate both side
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xB ¼ L sin hð Þþ xWM

_xB ¼ L _h cos hð Þþ _xWM

And again differentiate both side

€xB ¼ L€h cos hð Þ � L _h2 sin hð Þþ€xWM ð20Þ

And the same way as xB differentiate yB than

€yB ¼ �L€h sin hð Þ � L _h2 cos hð Þ ð21Þ

Multiply (17) by cosðhÞ and multiply (18) by sinðhÞ and subtract both equation than we
get

€yB sin hð Þ � €xB cos hð Þ ¼ �L€h� €xWM cos hð Þ ð22Þ

Substitute (19) and (12) into (16)

4
3
MBL

2€hþMBL cos hð Þ€xWM ¼ MBgL sin hð Þ � TL þ TRð Þ 1þ sin2 hð Þ� � ð23Þ

From (10)

HL þHR ¼ MB€xB ð24Þ

Substitute (9) and (24) into (7)

MW €xWL þ€xWRð Þ ¼ TL þ TR � JWLhþ JWRhð Þ
R

� �
�MB€xB

Where
JW ¼ JWL þ JWR

MW ¼ MWL þMWR
than

2MW€xWM ¼ �MB€xB þ TL þ TRð Þ
R

� 2JW€h
R

ð25Þ

From (5)

JWL ¼ 1
2MWLR2 for left wheel

JWR ¼ 1
2MWRR2 for right wheel

�

Sum the two equation
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JWL þ JWR ¼ R2 MWL þMWRð Þ
JW ¼ R2MW

ð26Þ

Substitute (20) and (26) into (25) than we get

MBL cos hð ÞþRMWð Þ€hþ 2MW þMBð Þ€xWM ¼ MBL _h
2 sin hð Þþ TL þ TRð Þ

R
ð27Þ

Solve (23) for €xWM and substitute into (27) than

2MW þMBð Þ � 0:75 MBL cos hð ÞþMWRð Þ cos hð Þ
L

� �
€h ¼ 0:75g 2MW þMBð Þ sin hð Þ

L

�0:75MB sin hð Þ cos hð Þ _h2 � 0:75 2MW þMBð Þ 1þ sin2 hð Þ� �
MBL2

þ 0:75 cos hð Þ
RL

 !
TL þ TRð Þ

ð28Þ

Solve (23) for €h and substitute into (27) than

�0:75
cos hð Þ MBL cos hð ÞþMWRð Þ

L
þ 2MW þMBð Þ

� �
€xWM ¼ �0:75 MBL cos hð ÞþMWRð Þ

g sin hð Þ
L

þMBL sin hð Þ _h2 � 0:75
MBL cos hð ÞþMWRð Þ 1þ sin2 hð Þ� �

MBL2
þ 1

R

 !
TL þ TRð Þ

ð29Þ

Solve HTL from (1)

HTL ¼ MW€xWL þHL ð30Þ

Differentiate (4)

€hWL ¼ €xWL

R
ð31Þ

Substitute (30) into (3) than

HL ¼ TL
R � €xWL MW þ JW

R2

� �
for the left wheel

HR ¼ TR
R � €xWR MW þ JW

R2

� �
for the right wheel

�
ð32Þ

Subtract two equation of (32) and then substitute into (18) than

Jd þ 1
2
D2 MW þ JW

R2

� �� �
€d ¼ 1

2
D
TL � TR

R
ð33Þ
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We have

JW ¼ 1
3
MBR

2 ¼ Jd ¼ 1
3
MB

D
2

� �2

¼ 1
12

MBD
2 ð34Þ

Substitute (34) into (33) than we get

€d ¼ 6
MB þ 9MWð ÞDR TL � TRð Þ ð35Þ

The basic system of equations are (28), (29) and (35).
Let x1 ¼ h; x2 ¼ _h; x3 ¼ x; x4 ¼ _x; x5 ¼ d and x6 ¼ _d. State equations of the e-

scooter is rewritten as

_x1 ¼ x2
_x2 ¼ f1ðx1Þþ f2ðx1; x2Þþ g1ðx1Þ TL þ TRð Þ
_x3 ¼ x4
_x4 ¼ f3ðx1Þþ f4ðx1; x2Þþ g2ðx1Þ TL þ TRð Þ
_x5 ¼ x6
_x6 ¼ g3 TL � TRð Þ

8>>>>>><
>>>>>>:

ð36Þ

f1ðx1Þ ¼
�0:75g sin x1ð Þ

L

� �
0:75 MWRþMBL cos x1ð Þð Þ cos x1ð Þ

2MW þMBð ÞL � 1
� �

f2ðx1; x2Þ ¼
0:75MBL sin x1ð Þ cos x1ð Þ

2MW þMBð ÞL x2ð Þ2
� �

0:75 MWRþMBL cos x1ð Þð Þ cos x1ð Þ
2MW þMBð ÞL � 1

� �

g1ðx1Þ ¼
0:75 1þ sin x1ð Þ2ð Þ

MBL2
þ 0:75 cos x1ð Þ

2MW þMBð ÞRL

� �

0:75 MWRþMBL cos x1ð Þð Þ cos x1ð Þ
2MW þMBð ÞL � 1

� �

f3ðx1Þ ¼
�0:75g MWRþMBL cos x1ð Þð Þ sin x1ð Þ

L

� �

2MW þMB � 0:75 MWRþMBL cos x1ð Þð Þ cos x1ð Þ
L

� �

f4ðx1; x2Þ ¼ MBL sin x1ð Þ x2ð Þ2

2MW þMB � 0:75 MWRþMBL cos x1ð Þð Þ cos x1ð Þ
L

� �

g2ðx1Þ ¼
0:75 MWRþMBL cos x1ð Þð Þ 1þ sin x1ð Þ2ð Þ

MBL2
þ 1

R

� �

2MW þMB � 0:75 MWRþMBL cos x1ð Þð Þ cos x1ð Þ
L

� �
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g3 ¼ 6
MB þ 9MWð ÞDR where

U1 ¼ TL þ TR
U2 ¼ TL � TR

(

3.2 Dc Motor Modeling

Dc motor is the most common type of actuator in electric drives mainly because of high
starting torque and wide range of speed control. The couples system with the Dc motor
may change the rotational motion to translational motion [11, 12]. In this research, Dc
motor is considered as the main actuator for the specified application. The schematic
diagram of the electric and mechanical components of a Dc motor is given in Fig. 5.

Applying Kirchhoff’s law we can get the electrical equation,

va ¼ Raia þ La
d
dt
ia þ e ð37Þ

To drive the mathematical representation of the mechanical part of the motor, the direct
proportion relation of the torque with armature current is considered. For the specified
application in this research, constant magnetic field is considered and the torque can be
affected by the armature current as shown in Eq. (38).

Te ¼ ktIa ð38Þ

The relation between back emf and angular velocity of the shaft can be represented
using Eq. (39).

e ¼ kbx ð39Þ

Usually, the back emf constant and torque constant are assumed to have same value
[11]. Using physical laws, Newton’s second law, the expression for the torque can be
given by Eq. (40).

Fig. 5. Schematic diagram of a DC-motor [12]
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Te ¼ J
dx
dt

þBx ð40Þ

Substitute (39) into (37) and solve Ia of (38) and substitute again into (37) then

Va ¼ Ra

K
Te þ La

K
dTe
dt

þKx ð41Þ

Now, taking the Laplace transform of (40) and (41)

VaðsÞ ¼ Ra

K
TeðsÞþ La

K
sTeðsÞþKxðsÞ ð42Þ

TeðsÞ ¼ ðJsþBÞxðsÞ ð43Þ

Solve for xðsÞ of (43) and substitute into (42) and solve transfer function of input VaðsÞ
and output TeðsÞ than

VaðsÞ ¼ Ra

K
þ La

K
sþ K

JsþB

� �
TeðsÞ

Then

TeðsÞ ¼ K JsþBð Þ
Ra JsþBð Þþ Las JsþBð ÞþK2 VaðsÞ ð44Þ

From motor dynamics, the torque driving the right and left wheel can be expressed as
[12].

U1 ¼ K JsþBð Þ
Ra JsþBð Þþ Las JsþBð ÞþK2 VL þVRð Þ

U2 ¼ K JsþBð Þ
Ra JsþBð Þþ Las JsþBð ÞþK2 VL � VRð Þ ð45Þ

System Decoupling: The state-space representation indicates that two wheel scooter is a
high coupled nonlinear system. The decoupling the whole system into two separate
sub-systems. Similar to the work in [17, 18] the following decoupling transformation is
used to convert Vh and Vd to the voltages of the left and right wheels VL and VR. Where
as

Vh ¼ VL þVR

Vd ¼ VL � VR

(
ð46Þ

So
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VL ¼ 1
2

Vh þVdð Þ

VR ¼ 1
2

Vh � Vdð Þ

8><
>: ð47Þ

where,

D1 ¼ D2 ¼ D3 ¼ 0:5 and

D4 ¼ �0:5

The parameter values of the scooter and the dc-motor specifications for the proposed
system drive are given Tables 2 and 3 respectively.

Fig. 6. Decoupling unit

Table 2. Parameter of scooter with specified value [1, 8].
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4 Controller Design

4.1 Design Super Twisted Sliding Mode Controller (STSMC)
for Balancing Scooter

Firstly, we design the sliding mode function as,

S ¼ c _eþ e ð48Þ

where S is sliding surface, e is error and c must satisfy the Hurwitz condition.
Define tracking error for the pitch angle as

e ¼ x1 � x1ref
_e ¼ _x1 � _x1ref
€e ¼ €x1 � €x1ref ¼ _x2 � €x1ref

8<
: ð49Þ

where x1ref ¼ href , the reference value of pitch angle.
Therefore, we have

_S ¼ c _eþ€e ¼ c _x1 � _x1ref
� �þ _x2 � €x1ref

� �

But

_x2 ¼ f1ðx1Þþ f2ðx1; x2Þþ g1ðx1ÞU1

_S ¼ c _x1 � _x1ref
� �þ f1ðx1Þþ f2ðx1; x2Þþ g1ðx1ÞU1� €x1ref ð50Þ

_SS ¼ S c _x1 � _x1ref
� �þ f1ðx1Þþ f2ðx1; x2Þþ g1ðx1ÞU1� €x1ref

� �� � ð51Þ

In order to make the balancing scooter remains on the surface the Lyapunov stability
requirement must be fulfilled i.e. to satisfy the condition _SS\0, then 1st design con-
ventional sliding mode control as.

Table 3. DC motor value
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U1 ¼ c _x1ref � _x1
� �� f1 x1ð Þ � f2 x1; x2ð Þþ€x1ref � gsgn sð Þ

g1 x1ð Þ ð52Þ

sgn sð Þ ¼
1; s[ 0

0; s = 0

�1; s \0

8><
>:

where c and g are constant
From (41) designed controller has two parts.

U1 ¼ uc þ ueq

So

uc ¼ gsgn sð Þ and ð53Þ

ueq ¼
c _x1ref � _x1
� �� f1 x1ð Þ � f2 x1; x2ð Þþ€x1ref

g1 x1ð Þ ð54Þ

The Super-twisting sliding mode controller [13–16] is given by:

uc ¼ �C1 sj j
1
2sgn sð Þþ v

_v ¼ �C2sgn sð Þ

�
ð55Þ

where c1 and c2 are constant
From (48) and (55) we have

u ¼ �C1 sj j
1
2sgn sð Þ � C2

Z t

0
sgn sð Þds ð56Þ

Therefore from (54) and (56) the proposed super twisted sliding mode controller is
given by

U1 ¼ uc þ ueq

U1 ¼ c _x1ref � _x1
� �� f1 x1ð Þ � f2 x1; x2ð Þþ€x1ref

g1 x1ð Þ � C1 sj j
1
2sgn sð Þ

� C2

Z t

0
sgn sð Þds

ð57Þ

The parameter of STSMC C1, C2 and c are tuned using genetic algorithm (GA).
And STSMC are used to control balancing of scooter.
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4.2 Design PID Controller for Turn Left and Right Direction

Proportional, integral and derivative controller is also designed to compare the per-
formance of the proposed modern optimization algorithms based tuned controller. The
mathematical representation of the PID controller comprising of all actions on the error
is given by Eq. (58), defining “u” as the controller output and Kp, Ki and Kd as the
corresponding constants [12].

U ¼ Kpe tð ÞþKi
Z

e tð ÞdtþKd
d
dt
e tð Þ ð58Þ

4.3 Controller Parameters Tuning Sung GA

The most crucial step in applying GA is to choose the objective functions that are used
to evaluate fitness of each chromosome. Some of this objective function are

IAE ¼
Zs

0

e tð Þj jdt

ISE ¼
Zs

0

e tð Þ2

ITAE ¼
Zs

0

t e tð Þj jdt

ð59Þ

The STSMC and PID controller is used to minimize the error signals, or we can define
more carefully, in the term of error criteria: to minimize the value of performance
indices mentioned as below for our system.

ITAE ¼
Z t

0

t e1ðtÞþ e2ðtÞj jj jð Þdt ð60Þ

where e1ðtÞ ¼ href � h tð Þ and e2ðtÞ ¼ dref � d tð Þ
Pseudo code for GA to tune parameter of controller:

1. Generate an initial, random population of individuals for a fixed size
2. Evaluate their fitness.
3. Select the fittest members of the population.
4. Reproduce using a probabilistic method
5. Implement crossover operation on the reproduced chromosomes (choosing proba-

bilistically both the crossover site and the.mates.).
6. Execute mutation operation with low probability.
7. Repeat step 2 until a predefined convergence criterion is met.
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The genetic algorithm parameters, the convergence characteristic of the fitness
function and tuned parameters are given in Fig. 6. In Fig. 6(b) analytically tuned
parameters are also included. From the response the convergence curve, the algorithm
converged with best value of 0.0158945, mean value of 0.0162138 and seventh gen-
eration (Fig. 7).

5 Results and Discussions

The simulation is performed based on parameter of scooter described in tables above.
STSMC is used for balancing of scooter and PID controller is used for direction control
(turn left and turn right). Performance evaluation of the corresponding controllers is
done using MATLAB/Simulink.

5.1 GA Tuned Controllers with Initial Pitch and Yaw Angles

Figure 8(a) shows the response of the scooter with small initial pitch angle (h = 0.1
rad), and the corresponding error plot with reference angle of zero rad. And the
response plot for zero reference angle and with initial pitch angle of h = 0.3 rad is
presented in Fig. 8(b).

For both cases of initial pitch angles h = 0.1 and h = 0.3, the steady state errors are
7.965 � 10–08 and 9.372 � 10–08 respectively. Which is nearly zero and indicates that
for the given reference angle of zero radian, the pitch angle of scooter converge to zero
for both initial pitch angle values. It is also indication that the scooter can keep the
balance.

Fig. 7. Convergence curve and parameter values
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Figure 9 shows the response plot and the corresponding error values of the initial
yaw angle, d = 0.1 rad again for zero reference angel. The direction (turn left and right)
of scooter successfully converge to zero.

Fig. 8. Pitch angle response with different initial angles and the corresponding error with
reference angles

Fig. 9. Yaw angle response with an initial 0.1 rad and the corresponding error from reference
angle
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5.2 Evaluation of GA and Analytically Tuned Controllers

Comparison of genetic algorithm and analytical method of tuning for STSMC and PID
controller for initial pitch angle of 0.3 rad is given in Fig. 10.

The performance evaluation of GA tuned and analytically tuned controllers for the
proposed application show that GA tuned parameters gives almost zero steady state
error (7.719 � 10–07) compared to analytically tuned controllers (−4.648 � 10–03).

6 Conclusions

Mathematical models of self-balancing scooter, controllers of supper twisted sliding
mode add PID design using genetic algorithm and analytical tuning methods has been
done. Performance evaluation of controllers tuned in both approaches has been eval-
uated for initial pitch and yaw angle values of 0.1 and 0.3 rad with zero reference
angles has been done. The simulation results show that for both GA tuned and ana-
lytically tuned controllers have nearly zero steady state error. However, GA tuned
parameters give better convergence to zero and fast dynamic response (settling time)
compared with system response with analytically tuned controllers.
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