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Abstract. Degree distribution of the encoded symbols is a critical factor that
affects the performance of LT codes. Inspired by the SF-LT and the decreasing
ripple size LT codes, we propose an SF-DRS degree distribution to construct LT
codes, i.e., SF-DRS LT codes. Theoretical analysis proves that our proposed LT
codes possess the property that the ripple size decreases as the decoding process
continues. Moreover, with an overhead factor of slighter larger than one, the ripple
size of SF-DRS LT codes remains larger than one in the entire decoding process.
The performance of our proposed LT codes is compared to SF-LT codes and
decreasing ripple size over a perfect channel. Simulation results reveal that the
proposed SF-DRS LT codes outperform the decreasing ripple size LT codes with
respect to the probability of successful decoding, the average overhead factor with
a relatively large number of input symbols. Moreover, in contrast to the SF-LT
codes, the SF-DRS LT codes achieve a better probability of successful decoding.
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1 Introduction

It has been proven that fountain codes, including Luby transform codes [1, 2], raptor
codes [3], online codes [4, 5], could achieve excellent performance over time-varying
channels and highly impaired channels [6]. Fountain codes could potentially be applied
in the field of scalable video transmission [7], deep communications [8], and wireless
relay networks [9, 10].

Luby transform codes, LT code for short, is a typical type of fountain codes. Given
K input symbols, LT codes could generate an unlimited number of encoded symbols.
When slighted larger than K encoded symbols are received, the decoder could success-
fully recover the original input symbols [6]. The degree distribution and the short-cycle
structure in the Tanner graph are two factors that affect the performance of LT codes
the most. The LT codes using ideal soliton degree distribution theoretically emerge one
degree-1 encoded symbol at each iteration in the decoding process [1]. However, due to
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the randomness, any small fluctuation of the number of degree-1 encoded symbols will
lead to the failure of the whole decoding process. Therefore, LT codes based on ideal
soliton distribution are not available in practice [3]. The LT codes using robust solution
degree distribution are the de facto codes discussed in recent researches.

Based on the robust soliton distribution, by adjusting the proportion of degree-1,
degree-2 and the maximum degree, Yen et al. derive a modified robust soliton distribution
[11]. The LT codes using modified robust soliton distribution is aimed at increasing the
mean of the expected ripple size to improve the ripple evolution. In [12], Zhu et al.
theoretically analyze the LT BP (belief propagation) decoding process and propose
an optimal degree distribution algorithm. Based on this for simplicity, a “suboptimal”
degree distribution is proposed to improve the coding and decoding performance. Zhao
et al. analyze the LT decoding process with the perspective of complex networks and
propose a scale-free Luby transform code, SF-LT code for short [2]. This code is based
on the fact that the iteration process between input symbols and encoded symbols in the
Tanner graph can be seen as a message traveling process in a complex network. Complex
networks with scale-free degree distribution have the shortest path length compared with
other similar scale-size complex networks. In [13], Savchenko et al. propose using deep
reinforcement to learn an optimal degree distribution of LT based code. In[14, 15], Jesper
et al. have proved that the ripple size of a well-performed LT code should decrease with
the decoding iteration process. The degree distribution proposed by the authors could
further reduce the number of encoded symbols required for decoding and significantly
improving the performance.

Other schemes combing improved degree distribution and the selection of input
symbols when generating an encoded symbol are also proposed. In [16], Yen et al. show
that in LT code, most of the decoding termination is caused by no ripple in the early stage.
Hence, the authors modify the robust Soliton distribution and introduce a non-repetitive
encoding scheme to avoid repeated degree-1 encoded symbols. This scheme requires a
smaller number of encoded symbols to get a larger decoding probability. In [17], the
authors modify the encoding process to maximize the minimum degree of the input
symbols. This scheme improves the robustness of the LT codes over erasure channels.
However, the encoding complexity increases with the enlarged average degree of the
encoded symbols.

Inspired by scale-free LT codes proposed in [2] and LT codes with decreasing ripple
size, we combine the modified scale-free distribution and the degree distribution pro-
posed in [14] to construct a novel LT code with balanced decreasing ripple size. The
proposed method could improve the decoding performance including average overhead
factor and probability of successful decoding. Moreover, the complexity also outper-
forms the codes in [14]. The rest of this paper is organized as follows. Section 2 reviews
the principle of LT codes. Section 3 provides the degree distribution of the encoded sym-
bols we proposed and its theoretical analysis. Simulation results are shown in Sect. 4.
Finally, Sect. 5 concludes the paper.

2 Review of the LT Codes

Given the set of input symbols {s1, 52, ..., Sk—1, Sk } and the degree distribution of the
encoded symbols Q(x), the ith encoded symbol ¢; is generated as follows.
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1) Select a degree according to the degree distribution and denote it as d;.
2) uniformly select d; input symbols {s;1, si2, $i3, .. Sidgi };
3) the encoded symbol ¢; is assigned with Z]il Sij-

Repeat step 1)-3), encoded symbols can be continually generated. Then, taking the
input symbols as one node set and the encoded symbols as the other node set, a tanner
graph can be constructed according to the encoding process. Only if input symbol s;
is taken as one selected symbol for generating encoded symbol c;, there exists an edge
between node s; and ¢; in the Tanner graph. Figure 1 shows a Tanner graph with 5 input
symbols and 6 encoded symbols.

S1 S92 S3 S4 Sj3
Input symbols

Encoded symbols
Cl Cp C3 C4 C5 Co

Fig. 1. A Tanner graph with 5 input symbols and 6 encoded symbols.

The BP decoding process over the erasure channel could be considered as a message-
passing process. When N encoded symbols have been received (N is slightly larger than
K), the decoder starts to recover the input symbols. A particular set that contains all
degree-1 encoded symbols is defined as a ripple. The BP decoding process could be
described as follows.

1) find all degree-1 encoded symbols and put them in the ripple set;

2) randomly select an encoded symbol ¢; from the ripple set.

3) the neighbor input symbol (s;) of the selected encoded symbol is recovered imme-
diately by copying the value of ¢; to the input symbol. The edge that connects these
two symbols is removed from the tanner graph.

4) updating the value of the encoded symbols that connect with the newly recovered
input symbol by obtaining the XOR value of the encoded symbol and the input
symbol; remove the edges connecting the newly recovered input symbol and its
neighboring encoded symbols.

5) repeat 1)—4), until all input symbols have been recovered. Then, the decoder informs
the successful decoding event to the sender.

3 Proposed SF-DRS LT Code and Its Theoretical Analysis

3.1 SF-DRS Degree Distribution

In [14], Jesper et al. proved that an encoded symbol with a higher degree is more likely
to be redundant than lower degree ones. Early in the decoding process, the low degree
encoded symbols decrease their degree to one. At this stage, an input symbol has a
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relatively low probability of being repeatedly added to the ripple set. However, when
high degree encoded symbols are becoming degree-1 ones late in the decoding process,
the input symbol neighbored with the degree-1 encoded symbol is more likely existing in
the ripple set already. Thus, the ripple size should be decreasing as the decoding process
continues. Moreover, it has been proven that in contrast to other same scale networks,
scale-free networks possess the lowest short-length path property. But, the ripple size
of LT codes using modified scale-free degree distribution does not decrease with the
iteration of the decoding process.

In this section, we add the degree distribution proposed in [14] to the scale-free degree
distribution in [2] and obtain an SF-DRS distribution. The objection of the addiction is
to get a distribution both possessing scale-free property and having a decreasing ripple
size when decoding process continues. The scale-free distribution [2] is given by

Py, d=1,

1
A-d7V,d=23,---K—1,K. 0

Ad) = {
Where A is the normalization coefficient, y is the characteristic index, and P is
the fraction of degree-1 encoded symbols. Moreover, the parameters in (1) satisfy
SE_ @) =1.
The degree distribution of LT codes proposed by Jesper in [14] is given by

(1) =&,
_ K(K-1)
02) = 5,07
0G()==oi—1, i<k 2

3 K
oy =0G-1, £ <i<2,
06) =50 —1), X <i<K-R+1.
Where the parameters n and R should satisfy Zgz 10d) =1
Our proposed SF-DRS distribution is obtained by normalizing (1) and (2), and

expressed as

o(d) = Ad) +6(d)
SE A0 +00)

The LT codes which degree distribution of encoded symbols follows the SF-DFS
distribution is named as SF-DFS LT codes. Figure 2 shows the degree distribution curve
of encoded symbols in an SF-DFS LT codes when P = 0.1, y =19, n = 1049, R =
20, K = 1000. It can be seen that a large number of encoded symbols are low degree
nodes. Hence, the decoder could start decoding and iteratively recover the input symbols.
With some high degree encoded symbols, we can guarantee that all the input symbols
participate in the generation process of encoded symbols.

d=1,23,....K. 3)

3.2 Ripple Set Analysis

Define overhead factor « as the ratio of the number of encoded symbols and the number of
input symbols. Assume N encoded symbols are received, the overhead factor is calculated
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Fig. 2. Degree distribution of encoded symbols in SF-DFS LT codes. P = 0.1, y =1.9,n =
1048, R = 20, K = 1000.

by o = N/K. Given the degree distribution of the encoded symbols, the evolution of the
ripple size [14] can be calculated by

K@) = aKeG),i=1,2,...,K;

_ 2(L—n®D (1)
(1) = (1) — 14 2T W)y )
1@ = nk@) — f0FG) + St + D, i=2.3,... L—

k(L) = 0.

“4)

Where ¢ (i) is the degree distribution of encoded symbols; n’ (i) is the number of degree-i
encoded symbols left when L input symbols are not recovered. Equation (4) is based
on the assumption that each input symbol only has one opportunity to be added into the
ripple set. However, due to the randomness of the connection between encoded symbols
and the input symbols, it could not guarantee that the input symbols were put into the
ripple set without repetition. Theoretically, the codes with ripple size larger than 1 from
L =1to L =K could recover the input symbols successfully. Hence, setting o = 1.1, we
substitute (3) to (4), and get the theoretical ripple evolution process. Figure 3 illustrates
the theoretical ripple evolution of SF-DRS LT codes and LT codes based on robust soliton
distribution. It can be seen that both SF-DRS LT codes (P; = 0.1, y = 2.0) and SF-DRS
LT codes (P; = 0.1, y = 1.9) achieve ripple size of larger than 1. Moreover, compared
with LT codes using robust soliton degree distribution, these two codes achieve a larger
ripple size at the beginning phase of the decoding process. The ripple size of the SF-
DRS LT codes (P = 0.1, y = 2.0) decreases as the decoding process continues. Thus,
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theoretically, when N = ¢ K = 1.1K encoded symbols received, the SF-DRS LT codes
could recover all input symbols successfully.

SF-DRS LT Codes (y = 2.0, = 1.1)
SF-DRS LT Codes (y = 1.9, =1.1) ||
Robust LT code (o = 1.1)
S y=1

SF-DRS LT Codes (y = 2.0,a = 1.05) [
————— Robust LT code (o = 1.05)

70

60

Ripple size

0 200 400 600 800
Decoding step K — L

Fig. 3. The ripple evolution of the proposed LT codes. K = 1000.

Moreover, when the overhead factor decreases to 1.05, the ripple size of robust
LT codes becomes smaller than one at some points. It indicates that using robust LT
codes, the decoder could not recover all input symbols when 1050 encoded symbols are
received. Inversely, the SF-DRS LT codes (P; = 0.1, y = 2.0) always achieve a ripple
size of larger than one at each iteration. Hence, when the receiver gets 1050 encoded
symbols, the SF-DRS LT codes (P; = 0.1, y = 2.0) could decode all the 1000 input
symbols successfully.

4 Simulation Result
In this section, we assume each input symbol contains / = 1 bit, and randomly generate
K = 1000 (K = 2000) input symbols. Then, we use the following codes to encode each

group of input symbols.

(i) SF-DRSI LT code: our proposed SF-DRS LT code with P{ = 0.1,y =2.0,n =

1049, R = 20;
(i) SF-DRS2 LT code: our proposed SF-DRS LT code with P1 =0.1,y =19, n =
1049, R = 20;

(iii) Decreasing ripple size LT code: LT code proposed in [14] with n = 1049, R = 20
(when K = 1000); when K = 2000, parameters are n = 2056, R = 24;
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(iv) SF-LT1 code: the LT code proposed in [2] using parameters P; = 0.1, y = 2.0;
(v) SF-LT2 code: the LT code proposed in [2] using parameters P; = 0.1, y = 1.9.

As we consider the effect of the number of received encoded symbols, we ignore the
erasure probability of the erasure channel, and assume the generated encoded symbols
are transmitted over a perfect channel, i.e. the erasure probability is zero. For each LT
code, as the receiver continuously obtain encoded symbols and recover parts of the input
symbols, we record the number of input symbols being recovered. Figure 4 shows the
probability of successful decoding versus overhead factor when K = 1000.
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Fig. 4. Probability of successful decoding versus overhead factor (K = 1000)

It can be seen from Fig. 4 that when enough encoded symbols have been received,
the receiver begins to recover the original input symbols. Initially, the decreasing ripple
size LT codes start to decode some input symbols prior to other LT codes. As encoded
symbols continuously being delivered to the receiver, SF-DRS1 LT codes outperform
decreasing ripple size LT codes with respect to the immediate probability of successful
decoding when the overhead factor is larger than 1.09. Moreover, in contrast to the SF-
LT codes, the SF-DRS LT codes with the same parameters achieve a larger probability
of successful decoding.

Figure 5 shows the probability of successful decoding versus overhead factor when K
=2000. When the overhead factor increases to 1.08 (1.12), the performance of SF-DRS1
(SF-DRS2) LT codes surpasses that of the decreasing ripple size LT codes. Moreover,
when the overhead factor approaches 1.16, the SF-DRS LT codes and SF-LT1 codes
recover 99% input symbols. However, even when the overhead factor increases to 1.24,
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the decreasing ripple size LT codes could recover 98.5% input symbols. With the same
parameters, SF-DRS LT codes achieve a much better probability of successful decoding
than SF-LT codes.
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Fig. 5. Probability of successful decoding versus overhead factor (K = 4000)

For each type of LT codes, we independently run 1000 times for K = 500, 1000, 2000,
and record the overhead factor for recovery all input symbols. Denote «; as the overhead
factor of i-th independent simulation, the average overhead factor can be calculated by

1000

a=Y"u (5)

Figure 6 illustrates the average overhead factor of SF-DRS1 LT codes, SF-DRS2
LT codes and decreasing ripple size LT codes when K = 500, 1000, 2000. It can be
seen that for the three LT codes, the average overhead factor decreases with the increase
of K. Moreover, SF-DRS1 LT code achieves the minimum average overhead factor
compared with SF-DRS2 LT code and decreasing ripple size LT code. When K = 500,
the decreasing ripple size LT code requires less number of encoded symbols to recover
the input symbols than the SF-DRS2 LT code. However, when K increases to 1000 and
2000, the SF-DRS2 LT code outperforms the decreasing ripple size LT code in terms of
the average overhead factor.

For further evaluating the efficiency of our proposed LT codes, we calculate the
average degree of the encoded symbols using (6).

d=Y" d-e@ ©)
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Fig. 6. Average overhead factor of SF-DRS1 LT code, SF-DRS2 LT code and Decreasing ripple
size LT code. K = 500, 1000, 2000.

The average degrees of SF-DRS1 LT codes are 13.84 (K = 1000) and 15.41 (K
= 2000), which are smaller than the average degrees of the decreasing ripple LT codes
(15.32, when K = 1000; 17.56, when K = 2000). Thus, the coding efficiency of SF-DRS1
LT codes is superior to that of the decreasing ripple size LT codes.

5 Conclusion

In this paper, we combine the advantage of SF-LT codes and decreasing ripple size LT
codes, and propose an LT code using SF-DRS degree distribution. Using the ripple evo-
Iution formula, we theoretically analyze the overhead factor of the SF-DRS LT codes. By
selecting appropriate parameters, the ripple size of the SF-DRS LT codes continuously
decreases with the decoding process. Simulation results further show that the SF-DRS1
LT codes obtain better performance than SF-DRS2 codes, SF-LT codes, and decreasing
ripple size LT codes.
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