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Abstract. Sinusoidal signal frequency estimation is one of the fundamental
problems in signal processing, and it is widely used in wireless communication,
signal processing, navigation, radar and so on. In this paper, an interpolation
frequency estimation algorithm based on Discrete Fourier Transform (DFT) and
cosine windows is proposed. Firstly, the sampling sequence of the signal is
multiplied by a cosine window. Then, N-point DFT is used to search the position
of the maximum spectral line and get the coarse estimation of frequency. Finally,
the accurate frequency estimation is obtained by DFT interpolation of the
maximum spectral line and the two Discrete-Time Fourier Transform (DTFT)
samples on the left and right of the maximum spectral line. According to the
simulation results, the performance of the proposed algorithm is better than that
of MV-IpDTFT(3) algorithm, MV-IpDTFT(2) algorithm and Candan algorithm.
The effect of harmonic interference on the frequency estimation results can be
effectively suppressed.

Keywords: Frequency estimation � Interpolation � DFT � Cosine windows �
Signal processing

1 Introduction

Frequency estimation is a fundamental subject that has been widely studied and applied
in wireless communication, signal processing, navigation, radar and so on. For
example, as the oscillation frequency produced by crystal oscillator may deviate from
the nominal frequency, and the relative motion between the transmitter and receiver
generally leads to Doppler frequency shift, the carrier frequency offset generally exists
in communication system. The carrier frequency offset will destroy the orthogonality
between subcarriers, resulting in inter subcarrier interference and system performance
degradation. Therefore, it is necessary to estimate the carrier frequency offset
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accurately, which is very important for multi carrier system such as Orthogonal Fre-
quency Division Multiplexing (OFDM) system. For another example, for a low orbit
earth satellite, there is obvious Doppler frequency shift between the satellite and the
ground station. The Doppler frequency shift must be accurately estimated by the
satellite ground station, because its estimation accuracy determines the positioning and
orbit determination accuracy of the satellite monitoring system. In satellite navigation
receiver, carrier frequency estimation is a key problem in the process of satellite signal
acquisition and tracking. These applications are based on single tone frequency sinu-
soidal signal model. It is necessary to estimate the frequency of sinusoidal signal. And
the frequency estimation performance directly affects the performance of these
applications.

Specifically, in the background of additive white Gaussian noise, well known
frequency estimation algorithms can be divided into two categories, the time domain
estimation algorithm and the frequency domain estimation algorithm. The time domain
estimation algorithm includes the algorithm based on autocorrelation, the algorithm
based on least squares and the algorithm based on maximum likelihood. The maximum
likelihood algorithm has high accuracy and reaches the Cramer-Rao lower bound
(CRLB), but it is computationally expensive and difficult for real-time realization [1].
The frequency domain estimation algorithms are mainly based on Discrete Fourier
Transform (DFT) [2–7, 13]. They have relatively small amount of computation, and
significant Signal-to-Noise Ratio (SNR) gain for sinusoidal signals. And they can be
applied for real-time applications. For the frequency estimation algorithms based on
DFT, the coarse estimation is carried out by searching the maximum spectral line
position, and then the accurate estimation value is obtained according to different
algorithms. Candan algorithm [2] used the maximum spectral line and its left and right
spectral lines to achieve accurate estimation. The algorithm of Aboutanios and Mul-
grew (A&M) used two spectrum lines for accurate estimation [3]. When N = 1024 and
SNR = 0 dB, the estimation variance is only 1.0147 times of CRLB. Lei Fan algorithm
[4] obtained the accurate frequency estimation by the interpolation of the primary
spectral line and two auxiliary spectral lines located at arbitrary position within the
main lobe or the first sidelobe of the frequency spectrum. The influence of the interval
between the primary spectral line and the auxiliary spectral lines on the Mean Square
Error (MSE) is analyzed through theoretical analysis and simulation experiments.

In the references mentioned above, the frequencies of sinusoidal signal are esti-
mated in the additive white Gaussian noise background. However, in practical appli-
cation, there are both additive white Gaussian noise and interference signals. For this
situation, the appropriate window function can be selected for multiply the sampling
sequence, and then the signal frequency is estimated based on DFT interpolation
algorithm, which can effectively reduce the interference caused by useless spectrum
components [8–12]. In [10], Candan derived the estimation expression of the algorithm
in [2] when arbitrary window functions were used, and only needed to select different
deviation correction coefficients according to the specific window function. When there
is a single strong interference signal and additive Gaussian white noise, the algorithm
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can effectively reduce the impact of interference signal. In [11], Belega derived the
frequency estimation expressions of Candan algorithm in [2] and AM algorithm in [3]
when windows were used, obtaining MV-IpDTFT(2) algorithm and MV-IpDTFT(3)
algorithm respectively, and derived the calculation formula of frequency estimation
variance. Through the simulation experiment, the performance of different windowing
algorithms in the background of harmonic interference and additive white Gaussian
noise is analyzed.

In this paper, an accurate interpolation frequency estimation algorithm based on
DFT and cosine windows is proposed. Firstly, the sampling sequence of the signal is
multiplied by a cosine window. Then, N-point DFT is used to search the position of the
maximum spectral line, and get the coarse estimation of frequency. Finally, the accurate
frequency estimation is obtained by DFT interpolation of the maximum spectral line
and the two Discrete-Time Fourier Transform (DTFT) samples on the left and right of
the maximum spectral line. It can be seen from the simulation results, the performance
of the proposed algorithm is better than the other methods, and the influence of har-
monic interference on frequency estimation results is effectively suppressed.

2 Proposed Algorithm

This part mainly describes an accurate interpolation frequency estimation method based
on DFT and cosine windows. The model of frequency sinusoidal signal in the back-
ground of additive white Gaussian noise is

sðtÞ ¼ Aejð2pf0tþ h0Þ þ zðtÞ ð1Þ

where A is the amplitude of the complex sinusoid, f0 is the frequency, h0 is the primary
phase, zðtÞ is the noise, N is the number of sampling and fs is the sampling frequency.
After sampling, we have

sðnÞ ¼ Aejð2p
f0
fs
nþ h0Þ þ zðnÞ; n ¼ 0; 1; 2; . . .;N � 1 ð2Þ

We perform DFT on sðnÞ, and get

S½k� ¼ Aejh0
XN�1

n¼0

ej2p
f0
fs
ne�j2pN nk þ Z½k� ð3Þ

Let S½l� denote the maximum spectrum line in the frequency spectrum indexed by
the DFT. l is the index value of the maximum spectrum line, Df ¼ fs=N is frequency
resolution, and s0ðnÞ is signal without noise. For ease of expression, the DFT sample
value at the position f ¼ ðlþ pÞDf can be denoted as:

Sp ¼
XN�1

n¼0

s0ðnÞe�j2pfn
f¼ lþ pð ÞDf
�� ð4Þ
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When there are both additive white Gaussian noise and narrowband interference
signals, the time-domain windowing algorithm can be used to reduce the interference
caused by useless spectrum components and improve the anti-interference performance
of the estimation algorithm. Cosine windows are widely used in many references [10,
11], and their expression are

wðnÞ ¼
XH�1

h¼0

ð�1Þhah cosð2p h
N
nÞ; n ¼ 0; 1; . . .;N � 1 ð5Þ

where H� 1 is the number of window coefficients ah. Maximum sidelobe decay
window (MSD window) belongs to cosine windows. When H is constant, the sidelobe
decay rate of MSD window is as high as 6ð2H � 1Þ dB/octave. The coefficients of H-
term MSD window can be expressed as:

a0 ¼ CH�1
2H�2

22H�2 ; ah ¼
CH�h�1
2H�2

22H�3 ; h ¼ 1; 2; . . .;H � 1 ð6Þ

Multiply sðnÞ by cosine window, we have

swðnÞ ¼ sðnÞ � wðnÞ; n ¼ 0; 1; . . .;N � 1 ð7Þ

Then we perform DTFT on swðnÞ, and get

SwðkÞ ¼ AWðk� vÞeju ð8Þ

where v ¼ lþ d is quantized value of the signal frequency, l is the index value of the
maximum spectrum line. d denotes the normalized frequency offset, and its value range
is ½�0:5; 0:5�. If it is assumed that the number of sampling points obtained is large
enough (N � 1), then we have

WðkÞ ¼ N sinðpkÞ
p

XH�1

h¼0

ð�1Þhah k

k2 � h2
e�jpk ¼ ~WðkÞe�jpk ð9Þ

in which

~WðkÞ ¼ N sinðpkÞ
p

XH�1

h¼0

ð�1Þhah k

k2 � h2
� 0 ð10Þ

Calculating the derivation of (10), we have

~W 0ðkÞ ¼ N
p
½sinðpkÞþ pk cosðpkÞ�

XH�1

h¼0

ð�1Þhah
k2 � h2

� 2N
p

k2 sinðpkÞ
XH�1

h¼0

ð�1Þhah
ðk2 � h2Þ2 ð11Þ
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In [4], the estimation formula for the normalized frequency offset d is expressed as
follows:

d
^
¼ N

p
tan�1 Re

Sij j � S�ij jð Þ � sinðpiNÞ
Sij j þ S�ij jð Þ � cosðpiNÞ � 2 cosðpiÞ � S0j j

" #( )
ð12Þ

When i ¼ 0:1, denoting the curly bracket as U and replacing the corresponding
spectral lines in (12) by Swðlþ 0:1Þ, Swðl� 0:1Þ and SwðlÞ, we have

U ¼ ½ Swðlþ 0:1Þj j � Swðl� 0:1Þj j� � sinð p
10NÞ

½ Swðlþ 0:1Þj j þ Swðl� 0:1Þj j� � cosð p
10NÞ � 2 cosð p10Þ � SwðlÞj j ð13Þ

In (8), let k ¼ lþ 0:1, k ¼ l� 0:1 and k ¼ l,we have

Swðlþ 0:1Þj j ¼ Aj jW� ð0:1� dÞ ð14Þ

Swðl� 0:1Þj j ¼ Aj jW� ð�0:1� dÞ ð15Þ

SwðlÞj j ¼ Aj jW� ð�dÞ ð16Þ

Substituting (14), (15) and (16) into (13) to simplify the formula, we have

U ¼ ½ ~Wð0:1� dÞ � ~Wð�0:1� dÞ� � sinð p
10NÞ

½ ~Wð0:1� dÞþ ~Wð�0:1� dÞ� � cosð p
10NÞ � 2 cosð p10Þ � ~Wð�dÞ ð17Þ

Carrying out the first order Taylor series expansion for ~Wð0:1� dÞ, ~Wð�0:1� dÞ
and ~Wð�dÞ near 0.1, −0.1 and 0 respectively, and ignoring the higher order term, we
have

~Wð0:1� dÞ ¼ ~Wð0:1Þþ ~W 0ð0:1Þð�dÞ ¼ ~Wð0:1Þ � ~W 0ð0:1Þd ð18Þ

W
� ð�0:1� dÞ ¼ W

� ð�0:1Þþ ~W 0ð�0:1Þð�dÞ ¼ W
� ð0:1Þþ ~W 0ð0:1Þd ð19Þ

~Wð�dÞ ¼ ~Wð0Þþ ~W 0ð0Þð�dÞ ð20Þ

Substituting (18), (19) and (20) into (17), we have

U ¼
~W 0ð0:1Þ � sinð p

10NÞ
cosð p10Þ � ~Wð0Þ � ~Wð0:1Þ � cosð p

10NÞ
� d ð21Þ
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The estimation expression of d can be obtained as

d̂ ¼ cosð p10Þ � ~Wð0Þ � ~Wð0:1Þ � cosð p
10NÞ

~W 0ð0:1Þ � sinð p
10NÞ

� U ¼ r � U ð22Þ

~Wð0Þ and ~Wð0:1Þ can be calculated according to (10), and ~W 0ð0:1Þ can be calcu-
lated according to (11). Substituting ~Wð0Þ, ~Wð0:1Þ and ~W 0ð0:1Þ into (22), we have

r ¼
cosð p10Þ � a0 � cosð p

10NÞ � sinð p10Þ � 1p �
PH�1

h¼0
ð�1Þh ah�0:1

0:01 � h2

½1p sinð p10Þþ 1
10 cosð p10Þ�

PH�1

h¼0

ð�1Þhah
0:01 � h2 � 1

50p sinð p10Þ
PH�1

h¼0

ð�1Þhah
ð0:01 � h2Þ2

� �
� sinð p

10NÞ
ð23Þ

For two term MSD windows, we have r2MSD ¼ 134:97. For three term MSD
windows, we have r3MSD ¼ 232:91. We take the iterative procedures as shown in
Table 1.

3 Simulation Results

In order to verify the performance of the proposed algorithm, we carry out simulation
analysis in the presence of harmonic interference and additive white Gaussian noise.
Meanwhile, for the sake of finding the difference between the performance of the
proposed algorithm and that of the competitive algorithms, this part are conducted to
compare the performance of the proposed algorithm with that of Candan algorithm
[10], MV-IpDTFT(2) algorithm [11] and MV-IpDTFT(3) algorithm [11].

Table 1. The proposed algorithm steps.

An Accurate Frequency Estimation Algorithm 693



When there are harmonic interference signals, the Total Harmonic Distortion
(THD) is used to describe the intensity of the interference signal, and it is defined as
follows

THD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

PMmax

M¼2
A2
M

1
2A

2
1 þ 1

2

PMmax

M¼2
A2
M

vuuuuuut ð24Þ

where A1 is the amplitude of fundamental tone wave and AM (M ¼ 2; 3; � � � ;Mmax) is the
amplitude of each harmonic. In the following simulation experiment, it is assumed that
there are second, third and fourth harmonics, and the ratio of amplitudes is 4:2:1. The
phase of fundamental tone and each harmonic is uniformly distributed on interval ½0; 2p�.

When N ¼ 128; SNR ¼ 50dB; THD ¼ 5%, Fig. 1 show the MSE of d with
respect to the signal frequency quantization value v of the proposed algorithm and MV-
IpDTFT(3) algorithm [11]. Two iterations are carried out for both algorithms. The
quantized value v is in the interval ½2:51; 12:1�. We calculate a point with a step of

Fig. 1. Simulated MSE of the proposed method and MV-IpDTFT(3) method with respect to
v (N ¼ 128; SNR ¼ 50dB; THD ¼ 5%)
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1=16. It can be seen from Fig. 1, when v[ 5:5, the MSE(d) of the proposed algorithm
with two term MSD window is the lowest. When 2:51� v� 5:5 and dj j is close to 0.5,
the MSE(d) of the proposed algorithm with two term MSD window is the lowest.
When 2:51� v� 5:5 and dj j is close to 0, the MSE(d) of MV-IpDTFT(3) algorithm
with two term MSD windows is the lowest.

When N ¼ 128; SNR ¼ 50dB; THD ¼ 5%, Fig. 2 show the MSE of d with
respect to the signal frequency quantization value v of the proposed algorithm and
Candan algorithm [10]. Two iterations are carried out for both algorithms. The
quantized value v is in the interval ½2:51; 12:1�. We calculate a point with a step of
1=16. It can be seen from Fig. 2, the MSE(d) of Candan algorithm is similar to that of
MV-IpDTFT(3) algorithm. When v[ 5:5, MSE(d) of the proposed algorithm with two
term MSD window is the lowest. When 2:51� v� 5:5 and dj j is close to 0.5, the MSE
(d) of the proposed algorithm with two term MSD window is the lowest. When
2:51� v� 5:5 and dj j is close to 0, the MSE(d) of Candan algorithm with two term
MSD windows is the lowest. It can also be seen from Fig. 1 and Fig. 2 that for the
same estimation algorithm, when H is smaller, the MSE(d) is lower, and the estimation
performance is better.

Fig. 2. Simulated MSE of the proposed method and Candan method with respect to
v (N ¼ 128; SNR ¼ 50dB; THD ¼ 5%)
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When N ¼ 128; SNR ¼ 50dB; THD ¼ 5%, Fig. 3 show the MSE of d with
respect to the signal frequency quantization value v of the proposed algorithm and MV-
IpDTFT(2) algorithm [11]. Two iterations are carried out for both algorithms. The
quantized value v is in the interval ½2:51; 12:1�. We calculate a point with a step of
1=16. It can be seen from Fig. 3, when v[ 6, MSE(d) of the proposed algorithm with
two term MSD window is the lowest. When v� 6, in most cases, the MSE(d) of MV-
IpDTFT(3) algorithm and the proposed algorithm with two term MSD windows are
lower than the other algorithms. It can also be seen from Fig. 3 that for the same
estimation algorithm, when H is smaller, the MSE(d) of frequency estimation is lower,
and the estimation performance is better.

4 Conclusion

In this paper, an interpolation frequency estimation algorithm based on DFT and cosine
windows is proposed. Firstly, the sampling sequence of the signal is multiplied by a
cosine window. Then, N-point DFT is used to get the coarse estimation of frequency.
Finally, the accurate frequency estimation is obtained by DFT interpolation of the
maximum spectral line and the two DTFT samples on the left and right of the maxi-
mum spectral line. It can be seen from the simulation results, the performance of the
proposed algorithm is better than that of MV-IpDTFT(3) algorithm, MV-IpDTFT(2)
algorithm and Candan algorithm. When 2:51� v� 5:5 and dj j is close to 0.5, the MSE
(d) of the proposed algorithm with two-term MSD window is lower than MV-IpDTFT

Fig. 3. Simulated MSE of the proposed method and MV-IpDTFT(2) method with respect to
v (N ¼ 128; SNR ¼ 50dB; THD ¼ 5%)
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(3) algorithm and Candan algorithm. When v[ 6, MSE(d) of the proposed algorithm
with two-term MSD window is lower than the competing algorithms. The proposed
algorithm can actively suppress the effects of the harmonic interference signal. It can be
used in complex applications with both additive white Gaussian noise and harmonic
interference.
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