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Abstract. In this paper, we investigate a millimeter wave multi-user
system to further improve the spectral efficiency. Millimeter wave chan-
nels with correlated estimation errors and sub-connected structures are
considered to develop a two-stage hybrid beamforming scheme. In the
first stage, the analog parts of beamformers are designed to maximize
RF-to-RF channel gains. In the second stage, the digital parts of the
beamformers are optimized by utilizing the equivalence between the max-
imization of mutual information and the minimization of weighted min-
imum mean square error. The numerical results show that the proposed
scheme has superior performance over other existing designs.

Keywords: millimeter wave · hybrid beamforming · multi-user ·
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1 Introduction

With the increasing congestion of sub-6GHz, millimeter wave (mmWave) band
receives wide research interests as the unexploited band for the fifth-generation
mobile communication. The severe path loss caused by short wavelength is the
main obstacle to the utilization of mmWave [1]. Fortunately, short wavelength
also enables small devices to package a large number of antennas. Thus, the
current enabling technology is to develop beamforming schemes which steers
the transmitting/receiving beams in a certain direction to combat the path loss.
However, for conventional multiple-input multiple-output (MIMO) systems with
fully digital beamforming, each transmitting or receiving antenna need to assign
one radio frequency (RF) chain. Applying such structure to mmWave systems
with large antenna arrays results in extremely high power consumption and hard-
ware complexity [2], which is unaffordable in practice. So hybrid beamforming,
which consists of analog part with only phase shifters and digital part with small
number of RF chains, is widely adopted in mmWave beamforming designs due
to the balance of cost, complexity, and system performance.
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The hybrid beamforming schemes for multi-user (MU) systems have been
studied in literature. In [3], the fully digital beamformer of each user is designed
to minimize the total mean square error (MSE) first. Then, the OMP-based
algorithm is applied to decompose the fully digital processors into hybrid ones.
However, the computational complexity of decomposing a matrix with large
antenna arrays is extremely high. To reduce the computational complexity, the
two-stage design scheme, which designs analog and digital beamformers succes-
sively, is adopted in [4–8]. In [4], the analog beamformers are determined firstly,
and the digital beamformers are designed to minimize the sum-MSE. In [5], a
joint design method is proposed to avoid the loss of information at each stage.
In [6], the analog and digital beamformers are updated iteratively to minimize
MSE. In [7], a piecewise successive iterative approximation algorithm is utilized
to design analog beamformers, and digital beamformers are designed by piecewise
successive approximation to avoid the loss of information. The aforementioned
works all adopt fully-connected structures in which each RF chain is connected
to all antennas. However, such a structure leads to severe insertion losses and
degrades the energy efficiency [9]. Thus, sub-connected structure is adopted in
[8]. The analog beamformers are designed to maximize RF-to-RF channel gains,
and the digital beamformers are obtained by applying zero-forcing (ZF) strategy
to eliminate the inter-user interference.

It is noted that the above works are all based on perfect channel state infor-
mation (CSI) assumptions. However, CSI imperfectness must be considered in
implementations. The estimation errors of angles are considered in [10,11]. In
[12], a robust hybrid beamforming scheme is proposed for MU full-duplex sys-
tems based on uncorrelated estimation errors. Correlated estimation errors are
investigated in [13] for point-to-point mmWave systems, in which the compressed
sensing based algorithm applicable for mmWave channels is considered to derive
the estimated channel model. To the best of our knowledge, the hybrid beam-
forming design for MU systems based on correlated estimation errors is still an
open problem.

We develop a robust hybrid beamforming scheme with sub-connected struc-
tures for MU systems in this paper. Unlike the study in [8], which assumes single
data steam users, a more general situation where each user is equipped with mul-
tiple RF chains to support multiple data streams is investigated in this paper.
The analog parts of beamformers are designed to maximize the gains of RF-
to-RF channels. The optimization of digital beamformers is solved iteratively
by utilizing the equivalence between the maximization of mutual information
and the minimization of weighted minimum mean square error (WMMSE). The
main contributions are summarized as follows: 1) A robust hybrid beamforming
scheme is proposed for MU mmWave systems based on correlated estimation
errors. 2) To improve energy efficiency, the sub-connected structure is adopted
in this paper. To the best of our knowledge, this is the first robust design for such
system configurations. Performance gains of the proposed design are highlighted
by numerical simulations in terms of sum rates and energy efficiencies.
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Fig. 1. System model.

Notation: Bold lower case and upper case letters denote vectors and matrices,
respectively. (·)T , (·)H , tr(·), E(·) stand for the matrix transpose, Hermitian
transpose, trace and expectation, respectively. ‖·‖F denotes the Frobenius norm.
x(i) is the i-th entry of vector x. X(m : n, i) denotes the sub-matrix composed
of corresponding rows and column of X. IK denotes the K × K identity matrix.
C

N×M is the set of all N × M complex matrices. X ∼ CN (P,K) means that X
is a complex Gaussian random matrix with mean P and covariance matrix K.

2 System and Channel Model

The downlink of the MU mmWave system with sub-connected structure is illus-
trated in Fig. 1, where a base station (BS) with N antennas serves K users with
M antennas on each user. Hybrid structures are employed at the BS and users.
The BS is equipped with KNrf RF chains to support KNs data streams, and
each user is equipped with Nrf RF chains to support Ns data streams. The
number of RF chains is subject to the constraint Ns ≤ Nrf ≤ min{N

K ,M}. The
signal transmitted at the BS can be expressed as

x = FRF FBBs, (1)

where FRF ∈ C
N×KNrf denotes the analog precoder at the BS; FBB =

[FBB,1, · · · ,FBB,K ] with FBB,k ∈ C
KNrf×Ns , k ∈ {1, 2, · · · ,K} denoting the

digital precoder at the BS associated with the k-th user; s = [sT
1 , · · · , sT

K ]T ∈
C

KNs×1 is the transmitted signal, with sk ∈ C
Ns×1 is the signal intended for

the k-th user, which satisfies E(ssH) = IKNs
. The power constraint at the BS

is
∑K

j=1 tr
(
FRF FBB,jFH

BB,jF
H
RF

)
= 1. The combined signal at the k-th user yk

can be expressed as

yk = WH
BB,kW

H
RF,kHkFRF FBB,ksk + WH

BB,kW
H
RF,kHk

· FRF

K∑

h=1,h�=k

FBB,hsh + WH
BB,kW

H
RF,knk, (2)
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where WBB,k ∈ C
Nrf×Ns denotes the digital combiner at the k-th user;

WRF,k ∈ C
M×Nrf is the analog combiner at the k-th user; Hk ∈ C

M×N is
the channel matrix from the BS to the k-th user, and nk ∼ CN (0, σ2

nk
IM ) is the

corresponding complex additive white Gaussian noise (AWGN).
Notice that because of the sub-connected structure, analog beamformers are

constrained as follows:

FRF = [frf,1, · · · , frf,KNrf
], (3)

WRF,k = [wrf,k,1, · · · ,wrf,k,Nrf
], (4)

where frf,p ∈ C
N×1, p ∈ {1, · · · ,KNrf} with non-zero elements in [(p−1)Ms+1]-

th to pMs-th element, wrf,k,q ∈ C
M×1, q ∈ {1, · · · , Nrf} with non-zero elements

in [(q−1)Md+1]-th to qMd-th element. Ms = N
KNrf

and Md = M
Nrf

are the num-
ber of antennas connected to each RF chain at the BS and the k-th user, respec-
tively. In this paper, we assume that Md of each user is the same for simplicity. As
the analog beamformers are implemented by phase shifters, none-zero elements
in analog beamforming matrices satisfy that |f (c)rf,p| =

√
1

Ms
, |w(d)

rf,q| =
√

1
Md

, for
∀c, d.

The mmWave channel with a uniform linear array can be formulated as
follows

H =

√
NM

Np

Np∑

m=1

αmar (θm)at (φm)H
, (5)

where Np is the number of scattering paths; αm denotes the complex gain of the
m-th scattering path; ar and at denote the receive and transmit array response
vectors with the angle of arrival (AoA) θm and the angle of departure (AoD)
φm, respectively. The channel can be rewritten compactly as follows

H = ArDAH
t , (6)

where Ar = [ar(θ1), · · · ,ar(θNp
)] and At = [at(φ1), · · · ,at(φNp

)] are the receive
and transmit array response vector sets, respectively. D is a diagonal matrix,
with the m-th diagonal element being

√
NM
Np

αm. The relationship between the

actual channel and the estimated channel can be expressed as [13]

H̄ = H + NΦ, (7)

where Φ is the estimation processing matrix. N ∼ CN (0, σ2
eI) denotes the

AWGN during the training period. The channel model in (7) applies to all the
channels in the system, we drop the subscripts here for ease of notation. For
more details about the correlated channel model, please refer to [13].

Notice that, the estimation algorithms applicable for mmWave channels will
result in correlated errors, as described in (7). So the existing robust designs
based on uncorrelated channel model in [12] are not applicable now. In the
Sect. 4, the numerical results will show the loss of performance due to the mis-
match of the channel model.
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3 Robust Hybrid Beamforming Designs

In this section, a two-stage scheme is developed to design hybrid beamformers. In
the first stage, the analog beamformers are designed to maximize estimated RF-
to-RF channel gains. In the second stage, the digital beamformers are optimized
by utilizing the equivalence between the maximization of mutual information
and the minimization of WMMSE.

3.1 Analog Beamforming Designs

The RF-to-RF estimated channel at the k-th user can be expressed as

Ĥk = WH
RF,kH̄kFRF . (8)

The gain of the i-th eigenmode in the k-th RF-to-RF estimated channel can
be express as

∣
∣wH

rf,k,iūk,iv̄H
k,ifrf,(k−1)Nrf+i

∣
∣ , (9)

where i ∈ {1, · · · , Nrf}; uk,i and vk,i are the i-th columns in left and right singu-
lar matrices i.e., Ūk and V̄k, of H̄k, with ordered singular value decomposition
H̄k = ŪkΛ̄kV̄H

k . The analog beamformers are design as follows

wrf,k,i[(i − 1)Md + 1 : iMd] =
√

1
Md

· phase
{
Ūk[(i − 1)Md + 1 : iMd, i]

}
, (10)

frf,(k−1)Nrf+i[((k − 1)Nrf + i − 1)Ms + 1 :

((k − 1)Nrf + i)Ms] =
√

1
Ms

· phase
{
V̄k[(i − 1)Ms + 1 : iMs, i]

}
,

k ∈ {1, · · · ,K}. (11)

Proof. wrf,k,i and frf,(k−1)Nrf+i can be expressed as

wrf,k,i =
√

1
Md

[01×(i−1)Md
, ejθ

(k,i)
1 , · · · , e

jθ
(k,i)
Md ,

01×M−iMd
]T ,

frf,(k−1)Nrf+i =
√

1
Ms

[01×(k−1)Nrf+i−1)Ms
, ejφ

(k,i)
1 ,

· · · , ejφ
(k,i)
Ms ,01×N−((k−1)Nrf+i)Ms

]T . (12)

The polar forms of ūk,i and v̄k,i are ūk,i = [γ1ejα
(k,i)
1 , · · · , γMejα

(k,i)
M ]T , v̄k,i =

[ρ1ejβ
(k,i)
1 , · · · , ρNejβ

(k,i)
N ]T . Then, the gain of the i-th eigenmode in the k-th RF-
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to-RF estimated channel can be expressed as
∣
∣wH

rf,k,iūk,iv̄H
k,ifrf,(k−1)Nrf+i

∣
∣ =

∣
∣
∣
∣
∣
∣

√
1

Md

iMd∑

f=(i−1)Md+1

γfe(θ
(k,i)
f −α

(k,i)
f )

∣
∣
∣
∣
∣
∣

·
∣
∣
∣
∣
∣
∣

√
1

Ms

((k−1)Nrf+i)Ms∑

g=((k−1)Nrf+i−1)Ms+1

ρge
(β(k,i)

g −φ(k,i)
g )

∣
∣
∣
∣
∣
∣
. (13)

According to the Cauchy-Schwartz inequality, we have
∣
∣
∣
∣
∣
∣

√
1

Md

iMd∑

f=(i−1)Md+1

γfe(θ
(k,i)
f −α

(k,i)
f )

∣
∣
∣
∣
∣
∣

2

≤ 1
Md

iMd∑

f=(i−1)Md+1

|γf |2
iMd∑

f=(i−1)Md+1

∣
∣
∣e(θ

(k,i)
f −α

(k,i)
f )

∣
∣
∣
2

=
1

Md

iMd∑

f=(i−1)Md+1

|γf |2 . (14)

The equality holds when θ
(k,i)
f = α

(k,i)
f , ∀f . Similarly, |v̄H

k,ifrf,(k−1)Nrf+i| has

the maximum when β
(k,i)
g = φ

(k,i)
g , ∀g. So we have the conclusion in (10) and

(11).

3.2 Digital Beamforming Designs

After determining the analog beamformers, the problem is reduced to optimiza-
tion of low-dimensional digital beamformers. After fixing the analog beamform-
ers, the k-th effective channel can be constructed as

H̃ = Ĥk + ΣkNkΨk (15)

where Σk = WH
RF,k; Ψk = ΦkFRF . Substituting (15) into (2), the k-th combined

signal can be rewritten as

yk = WH
BB,kH̃kFBB,ksk + WH

BB,kH̃k

K∑

h=1,h�=k

FBB,hsh

+ WH
BB,kñk, (16)
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where ñk = WH
RF,knk. To simplify the design, the minimum mean square error

(MMSE) receiver is adopted, which is given by

WBB,k =

⎡

⎣Ĥk

⎛

⎝
K∑

j=1

FBB,jFH
BB,j

⎞

⎠ ĤH
k + Qk

⎤

⎦

−1

·ĤkFBB,k, (17)

where Qk =
∑K

j=1 σ2
etr

(
ΨkFBB,jFH

BB,jΨ
H
k

)
ΣkΣH

k +Rñk
is obtained by utiliz-

ing Lemma 3 in [14]; Rñk
= E

(
ñkñH

k

)
= σ2

nk
WH

RF,kWRF,k.
Then, the digital precoder at the BS is designed to maximize the lower bound

of average mutual information, which is given by [15]

Ilb (sk, ỹk) = − log detMk, (18)

where ỹk denotes the received signal before combining at the k-th user; Mk is
the MMSE matrix of the k-th user, which can be formulated as

Mk = WH
BB,k

⎡

⎣Ĥk

K∑

j=1

(
FBB,jFH

BB,j

)
ĤH

k + Qk

⎤

⎦WBB,k

− WH
BB,kĤkFBB,k − FH

BB,kĤ
H
k WBB,k + INs

. (19)

The optimization problem can be formulated as

max
{FBB,j}

K∑

j=1

Ilb (sj , ỹj) (20)

s.t.
K∑

j=1

tr
(
FRF FBB,jFH

BB,jF
H
RF

)
= 1.

It is still difficult to directly solve the above problem. Therefore, the equiv-
alence between the maximization of mutual information and the minimization
of WMMSE is utilized in this paper. The minimization problem of WMMSE is
formulated as follows

min
{FBB,j ,Vj}

K∑

j=1

tr (VjMj) (21)

s.t.
K∑

j=1

tr
(
FRF FBB,jFH

BB,jF
H
RF

)
= 1,

where Vj is a constant weight matrix. Notice that, by setting

Vj = M−1
j , (22)

the Karush-Kuhn-Tucker (KKT) conditions of problems (20) and (21) can be
satisfied simultaneously.
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Proof. Taking the derivative of −∑K
j=1 Ilb (sj , ỹj) w.r.t FBB,k, we have

∂
(
−∑K

j=1 Ilb (sj , ỹj)
)

∂FBB,k
= −∂

∑K
j=1 tr

(
Mj∂M−1

j

)

∂FBB,k
, (23)

where ∂ log detX = tr
(
X−1∂X

)
is utilized. Similarly, by taking the derivative

of
∑K

j=1 tr (VjMj) w.r.t FBB,k, we have

∂
(∑K

j=1 tr (VjMj)
)

∂FBB,k
=

∑K
j=1 tr

(
∂

((
M−1

j

)−1
)
Vj

)

∂FBB,k

(a)
= −

∑K
j=1 tr

(
Mj∂

(
M−1

j

)
MjVj

)

∂FBB,k
, (24)

where ∂X−1 = −X−1∂(X)X−1 is utilized in (a). When Vj = M−1
j , The equiv-

alence of (23) and (24) can be obtained. Considering that the constraints in
(20) and (21) are identical, we conclude that the KKT conditions of the two
optimization problems can be satisfied simultaneously.

We propose an alternating algorithm to solve the WMMSE problem. By
fixing FBB,h, h �= k, the corresponding Lagrange function of solve FBB,k can be
written as follows

LFBB,k
=

K∑

j=1

tr (VjMj) +

λ

[
K∑

i=1

tr
(
FRF FBB,jFH

BB,jF
H
RF

) − 1

]

, (25)

where λ is the Lagrange multiplier. By setting the partial derivative of LFBB,k

to zero. FBB,k can be solved as

FBB,k =

⎧
⎨

⎩

K∑

j=1

[
ĤH

j WBB,jVjWH
BB,jĤj + σ2

etr (Vj

·WH
BB,jΣjΣH

j WBB,j

)
ΨH

j Ψj

]
+ λFH

RF FRF

}−1

· ĤH
k WBB,kVk. (26)

Notice that, the optimum λ must be positive and the power constraint is a
decreasing function of λ for λ > 0. Therefore, one-dimensional search techniques
can be utilized to λ. We adopt the bisection method by setting the minimum
Lagrange multiplier as λmin = 0 and the maximum Lagrange multiplier as a
pre-defined value λmax. By substituting λ into (26), FBB,k can be obtained.
The steps of the proposed robust beamforming scheme for multi-user systems
are summarized in Algorithm 1.



Robust Hybrid Beamforming for Multi-User Millimeter Wave Systems 117

Algorithm 1. Proposed robust hybrid beamforming design
Require: Construct FBB randomly; set λmin, λmax, and the termination criteria ε1

and ε2;
1: Calculate analog precoders FRF,k for all k according to (3);
2: Calculate analog combiners WH

RF,k for all k according to (4);
3: repeat
4: Update digital combiners WBB,k for all k according to (17);
5: Update MMSE matrix Mk for all k according to (19);
6: Update weighted matrix Vk = M−1

k for all k;
7: while λmax − λmin > ε1 do
8: setting λ = λmax+λmin

2
;

9: calculate FBB,k for all k according to (26);
10: if

∑K
j=1 tr

(
FRFFBB,jF

H
BB,jF

H
RF

)
< 1 then

11: λmax = λ;
12: else
13: λmin = λ;
14: end if
15: end while
16: until The change of

∑K
j=1 tr (VjMj) is below ε2.

Since the constant weighted matrix Vk is updated with each iteration, it does
not ensure that the objective function decreases monotonously. We are unable
to directly demonstrate the convergence of the proposed algorithm. Fortunately,
its convergence can be proved by proving the convergence of an equivalent opti-
mization problem as follows

min
{FBB,j ,Vj}

K∑

j=1

[tr (VjMj) − log detVj ] (27)

s.t.
K∑

j=1

tr
(
FRF FBB,jFH

BB,jF
H
RF

)
= 1.

When FBB,j and Vj are fixed, optimizing (27) w.r.t WBB,j gives the same result
as step 5 in Algorithm 1. Similarly, by fixed other variables, optimizing (27) w.r.t
Vj and FBB,j gives the same results as steps 6 and 9 in Algorithm 1, respectively.
Thus, the objective function in (27) decreases monotonically. A similar procedure
was adopted in [16] to prove the monotonous convergence of equivalent problems,
in which traditional fully digital transceivers are optimized iteratively under
perfect CSI assumptions. According to [16], the objective function in (27) has
a lower bound, so the convergence of Algorithm1 to a local minimum can be
guaranteed.

4 Simulation Results

In this section, the sum rate and energy efficiency of the proposed beamform-
ing scheme are evaluated for different configurations. The number of users is
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Fig. 2. Sum rate comparison at different SNR.

K = 4. The propagation paths for different channels are all set as Np = 4. The
elements of mmWave channels, i.e., complex gains of propagation paths, and
AWGN matrices obey complex Gaussian distribution. The AoAs and AoDs fol-
low Laplacian distribution with uniformly distributed mean angles over [−π

2 , π
2 ].

The angular spread is restricted to 10◦. The variances of estimation errors for
different channels are assumed to be identical for simplicity. The signal-to-noise
ratio (SNR) is defined as 10lg 1

σ2
n
. The stopping criteria in Algorithm 1 are set

as ε1 = 10−8, ε2 = 10−4. λmin and λmax are set to 0 and 50, respectively. All
simulations are averaged over 1000 channel realizations.

Figure 2 shows the sum rate comparison between the proposed design and
other existing designs. The fully-connected structure design is obtained by
replacing sub-connected structures in the proposed design with fully-connected
structures. The MMSE design minimize MSE by replacing the weighted matrix
with an identity matrix. The design based on uncorrelated estimation errors is
obtained by forcing the covariance matrices to be identity matrices in the pro-
posed design. The antenna configurations are set as N = 64, M = 8, σ2

e = 0.5,
Ns = Nrf . As we can see, the proposed design is only inferior to the fully-
connected design. The proposed design outperforms the MMSE design by 5.28%
at SNR = 15 dB. The performance gap caused by model mismatch is quite large.
The proposed design outperforms the design based on uncorrelated estimation
errors by 25.6% at SNR = 10 dB. Besides, the performance of the non-robust
joint design with sub-connected structures in [8], which only applies to single
data stream users is also illustrated in the figure. We can see the performance
improvement is significant as the number of data streams increases. When the
number of data streams reduced to one, the proposed design still outperforms
the design in [8] by 27.6% .
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Fig. 3. Energy efficiency at different SNR.

Figure 3 shows the energy efficiency comparison of the designs in Fig. 2. The
power consumption at the BS side can be expressed as [2]

Pfully =N(KNrf + 1)PPA + NKNrfPPS + PBB + KNrf

· (PRFC + PDAC),
Psub =NPPA + NPPS + PBB + KNrf (PRFC + PDAC),

where PPA denotes the power of power phase amplifiers; PPS denotes the power
of phase shifters. PBB denotes the power of baseband processing; PRFC denotes
the power of RF chains; PDAC denotes the power of digital-to-analog converts.
The power consumption at the user side can be obtained by corresponding sub-
stitutions. The value of each component follows [2]. As we can see, although the
fully-connected design provides higher sum rate, its energy efficiency is the worst.
The sub-connected designs provide better energy efficiency due to the reduced
number of phase shifters. The proposed design outperforms the fully-connected
design by 226% at SNR = 15 dB. Besides, the proposed design has the best
energy efficiency and outperforms the MMSE design and the design based on
uncorrelated estimation errors by 5.3% and 25.7% respectively at SNR = 15 dB.
Furthermore, with the increase of the number of data streams, the system has
higher energy efficiency. Even if the number of data streams is reduced to one,
the proposed design outperforms the design in [8] by 24.4% at SNR = 15 dB.

5 Conclusion

Correlated estimation errors and sub-connected structures are considered to
design a robust beamforming scheme for MU mmWave systems in this paper. A
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two-stage design procedure is proposed. In the first stage, analog beamformers
are designed to maximize channel gains. In the second stage, digital beamformers
are designed to maximize mutual information and handle inter-user interference.
The simulation results confirm the superiority of the proposed design in com-
parison with other existing designs.
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