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Abstract. There are numerous applications whereby multi-robot cooperative sys-
tems are more useful than using a single robot. However, for a cooperative sys-
tem to implement tasks accurately, an effective formation controller is essential.
This paper presents a formation control method that is based on Differential Flat-
ness theory to improve coordination control of a model-based cooperative multi-
ple mobile robotic system. The Differential Flatness characterisation of the team
robots allows for the linearization of the system to a stable linear equivalent. Also,
the Flatness theory has the advantage of simplifying the trajectory planning task
because nonlinear differential equations can be converted to algebraic equation,
hence there is no need to integrate robot model differential equations. Each robot
is represented by a reduced number of variables which greatly reduces the compu-
tational cost especially when dealing with multiple robots that can otherwise entail
solving large robotic model differential equations. Simulations using a formation
of three differentially driven mobile robots in a leader-follower formation, is used
to validate the cooperative formation controller proposed in this paper.

Keywords: Formation control - cooperative control - Differential flatness -
consensus control - synchronization control - differentially driven mobile robot

1 Introduction

Research on multiple robot formations has recently garnered a great deal of attention
among robotics researchers [1-17]. This is because this type of system is more flex-
ible, adaptable to unfamiliar environments, and robust than a single robot. Formation
control applications include various cooperative tasks such as exploration [3], mining
support [4], agriculture [5], to name a few. Several approaches to mobile robot formation
control have been proposed in literature. These control approaches can be conceptually
categorized into four categories, namely: cooperation, consensus synchronization, and
coordination control.

In cooperative control, robots share information so that a common objective can be
achieved. Potential application areas of this formation control include search and res-
cue, surveillance, and explorations. In a cooperative group, individual robots might have
limited sensing, processing, and communication capabilities. It is for this reason that
the study in [6] used a probabilistic localization and control method that considers the
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motion and sensing capabilities of individual robots. The method allowed for robots to
alter their sensing topologies when needed. Additionally, to avoid communication break-
down between robots, the author in [7, 8] minimizes the frequency of the cooperative
robots’ communication and use minimal vision-based data. This enables the multi-robot
formations to navigate safely in cluttered environments.

Consensus control, on the other hand, involves robots constantly altering their data
so that they all come to the same decision. The possibility of consensus never being
reached is high, however, when there are time delays, miscommunications, and noise.
The study by [9] applied frequency domain analysis to convert the characteristic system
equations into quadratic polynomials with pure imaginary eigenvalues. This helped the
system to gain the maximum stability state during time delays and noise disturbances.
Similarly, [10] Converged the individual information of a robot with the information of its
neighbours despite communication delays. Also, the authors in [11, 12] used Lyapunov-
based controller while [13] used a knowledge-oriented task and motion planning method.
These enabled the robotic system to create a feasible obstacle free path.

Alternatively, synchronization control is used in several studies. In this approach
each robot follows a desired trajectory while keeping a synchronized formation two of
its neighbouring. Synchronous formation control is generally decentralized. The author
in [14] developed a nonlinear synchronization controller for nonholonomic unicycle
robots that allowed for directed and undirected information flow between the robots.
Thus, robustness is achieved despite disturbances. Alternatively, in [15], geometric path
following was developed with Lyapunov theory, backstepping, and helmsman behaviours
applied to each controlled path. Unlike other approaches synchronous formation control
has a simpler control structure with elevated motion coordination and robustness.

Finally, coordination control entails maintenance of certain kinematic relationship
between team robots. It is usually centralized. The authors in [16, 17] increased the
coordination of the multi-AUV. This was achieved by designed an integrated algorithm
which merges the homodromous degree, district-difference degree, and the dispersion
degree into the potential field function of the surface-water environment. In this approach,
no pre-learning procedure was required and the multi-AUV coordination was increased,
thereby decreasing the computational cost.

This paper aims to improve coordination control of cooperative multiple mobile
robotic system using differential flatness theory. The robotic formation is made up of
three differentially driven mobile robots with similar dynamics. One robot is designated
as a leader and the other two are followers. Using the kinematic models of the robots,
the robot differential flatness characterization is executed to exploit flatness properties
in order to design a flatness-based control algorithm for trajectories generation and
tracking.

Moreover, literature indicates that there are several problems associated with con-
trolling multi-robotic systems, including high energy consumption [16, 17], uncertainty
in observing robot workspaces [9], and resolution of communication protocols [6—8].
Also, the larger the system the more the dynamics of the coupled robotic network, thus
its control entail solving large robotic model differential equations which are almost
intractable to solve. Therefore, the main contribution of this paper is to significantly
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reduce the computational cost involved in dealing with multiple robotic systems by rep-
resenting the cooperative system with flat outputs and their derivatives up to a certain
order instead of its system state variables. Also, to simplify the trajectory generation
problem by using simple polynomials instead of integrating robot model differential
equations. As a result, the proposed method therefore greatly simplifies the cooperative
formation control.

This paper is sectioned as follows: Sect. 2 represent the mathematical of the coop-
erative multi-robotic system and the robots that make up the cooperative system. The
concept of differential flatness is introduced, and a flatness analysis of a differential
drive robot is presented in Sect. 3. Section 4 presents differential flatness-based tra-
jectory generation and design of a flatness controller for trajectory tracking and for
formation control. Also, the simulation tests results on effectiveness of the formation
controllers designed in the previous section is presented in Sect. 5. Finally, Sect. 6 give
some concluding remarks.

0 - X ¥ Global axis

Fig. 1. Differentially driven wheeled mobile robot (DDWMR).

2 System Description

The cooperative multi-robotic system is homogeneous. That is, it is made up of a group
of differentially driven wheeled mobile robots of similar physical characteristics. The
differentially driven wheeled mobile robot shown in Fig. 1 is made up of two drive
wheels attached on one axis, and each wheel is able to be independently driven forward
or backward. Also, the robot is non-holonomic, which basically means it has constraints
that cause a reduction in the local mobility of the robot.

The robot configuration is represented by the generalised coordinates g [x y 6] T
where (x, y) is the position and 6 is the heading orientation expressed in cartesian co-
ordinate system of inertial frame. The wheels with radii r are each positioned at a distance
b from the centre of the robot chassis. The Cartesian coordinates (x y) are located at a
distance d from and the centre of mass (CM). In the kinematic model the system inputs
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are the wheel velocities ér and él, while in the dynamic model they are the driving motor
torques 7, and 7;. The subscript r and [ represent quantities of right and left wheels
respectively.

A. Kinematic Model
The kinematics of the WMR including the nonholonomic constraints is described in
[18] as:

X cosf 0
g=1|y|=|sin60 [V}S(q)v(r) (1)
] 0o 1]|-¢

Where v is the forward (linear) velocity and w is the angular velocity. Furthermore,
the equivalent wheel inputs are then given by:

[ZJ Z%“ —bb]m @)

Because robot is nonholonomic, its wheels do not slide to the sides, that is velocity
component for the contact point perpendicular to the plane is zero. This is expressed as:

xsin@ — ycos9 =0
Or in matrix form:
A(g) = [sin6, —cos 6, 0] 3)

Note that S(g) is the null space of the non-holonomic constraint A(q).

B. Dynamic Model

Euler-Lagrange dynamic equations of motion are used to obtain the dynamic equa-
tions of the mobile robot However, friction and viscous forces will be ignored. The
dynamic model is therefore given as:

M @G+ V(g 9q=E@t — AT (@A 4

Or can also be written as:

mo 0 —dmy sin 0 X
0 mo dmg cos 0 v
—dmg sin§ dmg cos® d*mg + Iy 6
0 0 —dmof cos O 00 —dmgb cos6 | [ &
+ 100 —dmpfsind |+ | 00 —dmofsin6 ||y
00 0 00 0 6
cos @ cos @ . sin 0 A
= —| sin® sinf |:tri|— —cosf Ao
"L b —bp [T 0 A3
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For a mobile robot with n degree-of-freedom (DOF) that is subjected to m constraints
and has p inputs the generalized coordinates are ¢(r) € R™*! and M (g) € R™" is
the symmetric positive-definite inertia matrix. V (g, g) € R™" is the centripetal and
Coriolis force matrix, E(q) € R™*? is the actuation matrix, T € RP*! is the input vector,
AT(g) € R™" is the kinematic constraint matrix associated with the nonholonomic
constraint equation, and A € R™*1 jg the vector of constraint forces. m, is the robot
mass while /,, is the total equivalent moment of inertia. The input driving motor torques
T and T provide the robot motion hence the position of the robot (output) changes.

The unconstrained form Eq. (4) is attained by eliminating A by multiplying S(q)" on
both sides of the equation and taking ¥(¢) = [v, w]” as the minimal projected coordinate.
Recall from the kinematic model, S(q) is the null space of the nonholonomic constraint
A(q). Thatis, A(q).S(q) = 0. Thus, the dynamic model is then written in the state space
form as:

x=fx)+gu ®)

By choosing the state variables as: x; =y, x3 =0,
x4 = v and x5 = w, the first order differentiation of equations is given as:

X =X =vcosf = x4 0S8 x3
X —y—vsm9 = X4 Sin x3
X3=0=w=xs

x4=1>=d92—

1 1
— 2
o (Tr47) = dxs” — Rmg (ug,uz) (6)

. b
s = |~dmqvé - & = ]

_ 1
S d?m,+ 1,

dzmo +1,
b
[—dmox4xs - 2~ )]

Finally, the dynamics of the differential drive robot in State space is given as:

X1 000 cosx3 O X 0 0

X2 000 sinx3 O X2 ] 0 0 “
iy 000 0 dxs||x| B -1 - 1L
)'65 0 0 O d_zilr’:(fls O X5 ﬁ,,b«kl,, m

C. Modelling the Cooperative System

The cooperative robotic system is homogeneous, that is, all the robots have similar
physical parameters and dynamics. In this study, leader-follower formation approach
is applied. This means, the system is designed such that a leader robot moves along a
desired trajectory and the two followers maintain a desired distance and orientation in
relation to the leader robot. Note that leader robot is the only one with information about
the desired trajectories to be tracked and the followers use information from the leader
to coordinate their motion.

Let the leader and a follower robot be denoted as R; and R;, respectively. In this
study, the subscript “j” and “i” denotes leader and follower respectively. Also, g; and
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q; are the generalized coordinates of the leader robot and follower robot respectively.
Thus, the states and the inputs of the leader and a follower can now be denoted as:

Xj _COSQjO_ Vi
l']j= yj = sin9j0 |:a)ji|
L0 L 0 1 |-
E’R [cos6; 0] -
gi=|3 | = sing 0 [H ®)
| 6; ] . 0 1 |-

Moreover, the constant relative distance between the leader and the follower robot
is denoted as I"¢ and the separation bearing angle is ¢'¢ . These are defined as:

dréff = \/(xj — Xi)z + (y] - yi)2
¢’ef = — arctanZ(yi — Vi, Xi — xj) —b ©)

In order to maintain the desired /¢ and "¢ a reference robot for the follower should
exist and it is given by:

Xref x; = 1" cos (¢! + 6)
Grf = | Yoy | = | 3j = I sin(@" +6) (10)
Gref 0;

The velocity equation of the reference robot is given by:

Kref &+ " sin(@" + 6,)6;
Gref = | S | = | 3 = U cos@™ +6)6; (11)
Oref 0;

The acceleration equation of the reference robot is given by:

g 1[5+ 1 [Gisin(@" +6;) + 0 cos(@™ +6)]
dref = | ey | = | 3 — U Gicos@™ + 6) — 67sin(¢™ +6)] (12)
Oref 0;

For a non-linear system

X =f(x,u) (13)

Where x is the state vector, (xeR"), and u is the control input vector (ueR™) where
m < n.

The system is differently flat if there exists an output y of m dimensions, such that y is
locally a function of x, # and a finite number of successive derivatives of the component
of u. That is:

Ol eeeeeennn. Vi) = hQe, u, it di. .. ... u) (14)



Multiple Mobile Robotic Formation Control Based on Differential 119

Conversely, x and u should be able to be expressed as functions of y up to a finite
number of its successive derivative, that is:

x=a(,y,V...... VY, u=By, v, V. ..... ylath)y (15)

If x and u are then substituted in the non-linear system equation, it gets identically
satisfied:

a=f(a p) (16)

Thus, y is a complete parametrization of the trajectories of the system, and hence y
is called a flat output.

A. Robot’s Differential Flatness Characterisation

The robots forming the cooperative system are differentially driven mobile robots and
their flatness analysis is similar. The kinematic model has two control inputs. Therefore,
the two flat outputs that have been selected are x and y. This is because the number of
flat outputs is always equal to the number of control inputs [19]. Thus:

[ F, X
F = = 17
_Fz} [y] an

When (17) is differentiated with respect to time the following equation is obtained:

- [F] _[x] [coso0][v
e=[E]=G =Ll w

X =vcos 6

y =wvsin 0

V=1

6=w (19)

Where the new input for the new extended system is u. To linearize the system a
second derivative of the system is given as:

P Fy _ [X] _ [cos@ —v sin 9] [ﬁ] (20)
E, y sinf wvcosf llw
To create diffeomorphism between the original states and flat outputs and their
derivatives, input prolongation is used.

Therefore, F is linear with respect to the new input # and w only if v not zero. For a
flat system, all the state variables can be expressed in terms of the flat outputs and their
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derivatives as follows:

x=F1
y=F
F,
0 =tan~!1-2
2
’. 2 .2
v = Fl +F2 (21)
. EFE+EE
u:v:7
[+ B
. F1F2_F2F'1
w=0=—3—"75

Furthermore, the flat outputs and their derivatives can completely be expressed in
terms of all the state variable and their derivatives:

F1=x
F,=y
Flz)'c:vcos %

Fr =y =vsin 6
Fl =ucos 0 —vwsin 0

Fr = iisin 6 — v cos 0 (22)

Moreover, this diffeomorphic relationship proves that there exists a one-to-one rela-
tionship between the state space and the flat output space. This makes it possible to
obtain full state.

3 Motion Planning and Control

A. Trajectory Generation

Recall that leader robot is the only one with information about the desired trajectories
to be tracked. Therefore, this section presents a polynomial-based trajectory planning
that satisfies a specific set of terminal conditions for the leader robot.

Since there are six terminal conditions for the six states x, y, 8, v, uand w, a fifth-order
polynomial is used:

Fi(1) = ast® + ast* + a3t + art* + ayt + ag
Fa(t) = bst> + bat* + b3t> + bot*> + byt + by (23)

With consideration of the limits of the robot, the terminal conditions are set and used
to determine the coefficients ay and by where k = [1, ...,5].

With the terminal conditions shown in Table 1, ax and by were obtained and the
desired trajectories were derived. The destination should be reached in fifteen seconds,
thus # = 15 s. The robot is driven from rest-to-rest positions.
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As aresult, the corresponding leader’s desired trajectories are:

F&(r) = 0.00001185¢° — 0.00044441* + 0.00444413
F£ () = 0.0000039517° — 0.00014817* +0.0014817> (24)

The leader will then track these trajectories and the followers will follow the leader
while maintaining a desired distance /¢ and orientation ¢"¢ in relation to the leader
robot.

B. Flatness-Based Controller Design

Following the derivation of the desired trajectory, a tracking controller based on
flatness is developed. Given that, F;(t) and F,(t) are the actual flat output trajectories,
and F19(t) and Fo4(t) are the desired flat output trajectories, then error is defined as:

e = Ffi —F
er=F{ —F, (25)
Let
Fy 81
= 26
HEE 26)
then the feedback control laws to the new inputs can then be defined as:
81 = F + pré1 + poe
8 = F{ + pré2 + foea 27)

Where £1, 09, p1, po are control the gains. Next the error dynamics of the system in
flat output space is determined.
Bo_s = P4 =4
F{—86=F-Fr=6 (28)

Therefore, the closed-loop error dynamics is defined as:

0=e¢; + p1e1 + poer
0 =& + p1e2 + poez (29

To guarantee exponential stability, the control gains were chosen such that all the
roots of the equations in (29) lie in the left half-plane of the complex plane.

C. Flatness-based Formation Controller

Desired trajectories of the flat outputs of the followers can be constructed using the
position output of the leader and predefined distance /"¢ and orientation ¢"% with respect
to the leader robot. For the first follower (followerl):

Fi — "cos(¢p" + 6;1)

1
F
|:F]1‘.1ref:| = [F _ lrf;flsin(¢refl +6; )] (30)
2 ref 2 il
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And for the second follower (follower2):

2 ~
Fy | _ |:F1 — l’ef?COS(¢ref2 +9i1)] 31)
F]2‘2r€f Fy — lrefZSin(¢ref2 +6;1)
Having constructed the desire trajectories, the next step is to define the error.
f1_ pf1 _pf1
e/ = Flf ref F1)c
f1 — 1 _ 1
e’ =F 2 et F A 32)
f2 — —
e/ =F" | ; F
f2 _ pf2 _pf2
e/ =F" ; F,
B 51/ .
Let F}S = |58 then the feedback control laws to the new inputs can then be
2
defined as
51f5 = F‘lfsref + plfsélfS + pofSe,’s 33)
5,7 = szsref + 576, + by e,

~ fs ~ fs
Where o1 , pg , plfs , pofs are control the gains and subscript s = [1, 2] specifies
the robot. Next the error dynamics of the system in flat output space is determined.

i fs _ fs _ ifs B _ s fs
Flf ref 51f - Flf ref Fl - el (34)
. fs S o fs . .

F2 ref - 52 = F2 ref - F2 = ezfs

Therefore, the error dynamics is defined as:
0=2"+ & + o
0=2 + ') + i)y (35)
To track the reference trajectory with added disturbances or uncertainty, [1] defines
a fd which represents the set of variables (x and u) of the actual follower robot that is set

to converge to their reference F' i (t). The control law and error e; where e; = F' i — Fy,
are such that

és(t) =fa(es®) + FL@O), u(es® + FL®)) —f (FL©). 1))

is asymptotically stable for all disturbances.

4 Simulation and Results

MATLAB/Simulink simulation software is used to demonstrate the effectiveness of the
flatness controller. Two main cases are presented in this section. Firstly, the ability of
leader to follow its predefined trajectories and secondly, the ability of the followers to
maintain a desired distance and orientation in relation to the leader robot. As previously
mentioned, the system is made up of three similar robots, one of the robots is a leader
and the other two are followers.
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A. Effect of a Flatness Controller on the Leader Robot

Using fifth-degree polynomial together with terminal conditions shown in Table 1
below, the desired trajectories have been derived (Eq. 24). The robot should reach its
desired destination in fifteen seconds, thus = 15 s. The robot is driven from rest-to-rest
positions.

30 Vragmenry ; o OO Ty

1 o Vummcrory PR Tty

vaN %

o (oaiinte) . L

A~
L T T T |

Fotmny
o

BN

#1300 _son) Yrmecory 204 ST Ty

V.8V

!
| |

Faremen’
rprsnm’

o
™
o
-

Toma (econde)

Fig. 2. ader robot Flat Outputs Trajectories.

Figure 2 therefore shows the desired trajectories of flat outputs F'; and F, together
with their desired velocities and accelerations (Table 1).

Table 1. Leader’s Desired Terminal Conditions.

State Initial condition Final condition
x(m) 0.0 1.5
y(m) 0.0 0.5
6(rad) 0.0 0.0
v(m/s) 0.0 0.0
w(rad/s) 0.0 0.0
(m/s2) 0.0 0.0
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Furthermore, the effectiveness of this controller was tested. A comparison was made
between WMR’s open-loop response, which is the response of WMR without a con-

troller, and its response with a flatness-based controller. The flatness controller gains
were chosen to be:

pox =2,p1,=1,01y,=6,00y =9

The open-loop response is shown in Fig. 3. It can be seen that although the desired
final terminal condition of the x-coordinate (F1) is 1.5m, the actual value reached is
0.78m. Also, instead of the desired 0.5m, the final y-coordinate (F2) value reached
by the WMR was 1.25m. Evidently, in the absence of a controller, the robots fails to
follow the desired trajectory. Contrarily, in Fig. 4, the flatness-based control performs
well and reaches the desired trajectory in about 0 s with the error converging to zero.
Consequently, the robot can follow the desired trajectory accurately.

Desined and Actual r<cordinte toiectry Onared 499 Actl y Crcnith Vactes
w

0 g W ) 0 0 W E)
Tena fsaconds) Tesa fsaconds)

Fig. 3. Leader’s Flat output Trajectory tracking open-loop response.
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Fig. 4. Leader’s Flat output Trajectory tracking response with flatness-based controller.

B. Effect of a Flatness based Controller on the Robotic Formation

To maintain formation, the followers track the leader, while maintaining a constant
bearing ¢’ and distance d’® to the leader. Using the trajectory of the leader and the
desired bearing and distance from the leader, terminal conditions and desired trajectories
of the followers can be constructed. Table 2 shows these terminal conditions, together
with the desired distance and orientation of follower to the leader. Figure 5 then presents
the reference trajectories of the followers such that formation is maintained and the
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desired terminal conditions in Table 2 are met. The flatness property of each robot is
established, and flatness controllers are used on each robot to track these trajectories. Here
again a comparison between WMR’s open-loop response and a flatness-based controller
response is made. Figure 6 shows the F| and F, open-loop response of followerl and
follower2. From this figure compares the Fy and F, desired and actual trajectories. The
two robots fail to track the desired trajectories, therefore there is a need for a controller.

Recall that the desired trajectories are calculated such that they ensure maintenance
of a constant distance and orientation relative to the leader. Therefore, failure for the
follower robots in tracking these trajectories means failure in the maintenance of the
predefined formation. This is evident of the errors in the separation distance and bearing
from the leader as seen in Fig. 7 and Fig. 8. It can be seen from the two figures that the
distance and orientation errors do not converge to zero. This is a clear indication that the
three robots are out of formation.

£, (m)

o s 0
Time (seconds) Tine (seconds)

Fig. 5. F| and F, Formation Reference Trajectories for Formation Maintenance.
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Fig. 6. followers’ open loop response: Fy and F trajectory tracking.

The distance and bearing errors are significant, as a result formation is not achieved.
It is therefore evident that there is a need for a controller in order to compensate for the
open-loop insufficiency. As a result, a flatness controller was designed for each follower.
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Table 2. Desired Terminal Conditions for followers.
Robot Initial (F1)m | Final (F1) m | Initial (F2) m | Final (F2) m | Distance | Bearing
@<)m | (¢")rad
Leader 0 1.5 0 0.5 - -
Follower 1 | —0.49 1 —0.11 0.33 0.52 0.2276
Follower2 | —1.03 0.17 —0.22 0.5 1.054 0.2109
E ‘; o
Time (seconds) ° & ! ¢ Time (seconds) ° *

Fig. 7. I"¥ and 9" Open-Loop Error Response of Followerl.

Emor bearing between Follower2 and Leader

-“/
o]

&

02

03

PPy (3)

0;
04
05

08

[
\
|
l’
|
|
i
\,

ks

0
Time (seconds)

£ o

‘Time (seconds)

Fig. 8. "¢/ and ¢" Open-Loop Error Response of Follower2.

The gains for followerl controller were chosen to be:

po=3,p1=2,p1=5p=38

Also, the gains for follower2 controller were chosen to be:

plo=2.p1=1p1=6p0=9

Figure 9 shows the tracking response of the follower robots when flatness-based
controllers are used. Furthermore, in this case, it is evident the tracking ability of the
robot has improved; the robots successfully track the desired trajectories. Thus, the
distance and bearing errors converge to zero and thus a constant distance and bearing is
maintained (Fig. 10). Both robots can maintain the desired distance and bearing relative

to the leader, thus formation was successfully maintained.
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Fig. 9. Flatness-Based Trajectory Tracking Response of the Follower Robots.
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Fig. 10. Separation Distance I"¥ and Separation Bearing ¢"% Error Response for the Followers
with Flatness-Based controller.

5 Conclusion

This paper presented coordination control of a leader-follower cooperative multiple
mobile robotic system using differential flatness theory. Simulations are presented to
demonstrate the effectiveness of the approach. The formation is made up of three dif-
ferentially driven mobile robots with similar dynamics. One robot is a leader, while the
other two are followers. Using their kinematic models, the robots’ flatness properties
were exploited to design a flatness-based control algorithm for motion planning. Moreso,
trajectories were generated and tracked such that the follower robots maintained a con-
stant desired relative distance and orientation with reference to the leader. Based on the
results obtained, differential flatness characterisation enabled the linearization of the
system to a stable linear equivalent system and significantly reduced the computational
cost especially when dealing with multiple robots that can otherwise entail solving large
robotic model differential equations. For further study, the effects of flatness trajectory
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planning would be tested for the mobile robots under friction, or with modelling errors,
unreliable estimates, and additional perturbation.
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