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Abstract. Nowadays, power systems, particularly distribution networks, often
operate close to their stability limit due to the rapid growth of new customers and
inauguration of industrial sectors. Though the advancement of renewable energy
sources (RESs) and Flexible Alternating Current Transmission (FACT) devices
are the right solutions to meet these demands, they increase the network’s com-
plexity and dynamic behavior. To solve these complexities, introducing advanced
controllers that are fast, accurate, and have a reliable synchronization method is
the most effective solution. On this basis, one of the foremost promising technolo-
gies that constitute the backbone of wide-area and local monitoring systems in
real-time is the Phasor Measurement Units (PMU) device. Thus, in this paper, the
synchrophasor estimation (SE) algorithm, which is the main component to build
up a PMU, is developed using the iterative interpolated DFT technique. Even if the
analyzed interferences are two harmonics (3rd and 5th), the developed algorithm
can work for any type and number of interferences. Based on the simulation result
demonstration, the algorithm can effectively estimate the amplitude, phase, and
frequency within the maximum error of 0.039, 0.002, and 0.0001.

This research work can solve various interrelated problems of electrical utili-
ties for those lacking a tool that can trace the system at proper time snapshot like
in our country Ethiopia.
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1 Introduction

Nowadays power systems often operate close to their stability limit due to the rapid
growth of newcustomers and inauguration of industrial sectors in the existing distribution
networks. Even if the advancement of RESs and FACT devices are the best solutions to
meet these demands, they increase the complexity and dynamic behavior of the system
[1].

Also, to enhance the efficiency of power system networks, they require the successful
coordination of real-time processes such as real-time power flows and demand-side
response along with the requirement of advanced technologies like grid control devices,
smart meters, and agent-based distributed controls [2, 3].
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To solve these problems, investing in grid reinforcement can be the first viable option.
However, this mechanism does not enable the control of flexible resources available
in active distribution networks (ADNs). On top of that, it also involves a significant
increase in capital expenditure. Another option that considerably reduces the required
investments compared to the previous one is introducing advanced controllers that are
fast, accurate, and have reliable synchronization methods [1]. These infrastructures are
better than present solutions such as SupervisoryControl andDataAcquisition (SCADA)
and the distribution automation system (DAS). Within this context, one of the foremost
promising technologies that constitute the backbone of wide-area and local monitoring
systems in real-time is the Phasor Measurement Units (PMU) device.

The scientific literature in the field of synchrophasor is relatively recent. Based on
the adopted signal model, its estimation algorithm can be a static or dynamic model [4].

Static signal model-based SE algorithms are the most common because of their low
computational complexity and estimation accuracies. The majority of these methods are
based on the direct implementation of the DFT due to its relatively low computational
complexity, the capability to reject close by harmonics, and its ability to separate and
identify the fundamental parameters of the signal [5–7]. Some methods have good per-
formance in SE like a phase-locked loop (PLL) but they are poor in parameter selection
[8]. Even though the method proposed in [7] tries to compensate for the long-range spec-
tral leakage of the negative image of the main tone, it does not account for the spectral
interference produced by tones other than the fundamental tone. The method presented
in [9] satisfies the IEEE P- and M-Class Compliant test of PMUs.

Nevertheless, it doesn’t consider the effects of odd harmonics like third and fifth-
order harmonics, in which its analysis is vital for developing countries like Ethiopia.
Some window-based methods may require an integral sample in each window [10].
However, non-integer samples in a window are common in reality because of some
off-nominal components which can result in errors in the DFT. Some algorithms may
have good harmonic rejection capability, but they are computationally complex and
susceptible to noise [11, 12].

1.1 Phasor, Synchrophasor, and Phase Measurement Unit

During normal operation of a power system, voltage and current waveforms are usually
modeled as follows.

x(t) = Ao. cos(ωot + ϕo), ==> ωo = 2π fot (1)

Phasor Definition: The electrical systems in a sinusoidal steady-state are simplified by
the adoption of a phasor transformation.

It allows representing a sinusoidal function of time like the one expressed by an
Eq. (1) with a single complex constant and vice versa. Therefore, the above time-domain
signal canbe represented in the phasor formby transforming it into a complex exponential
via Euler’s formula [13].

x(t) = A. cos(ωt + ϕ) = Re
{
A
/√

2ej(ωt+ϕ)
}

= Re
{
A
/√

2ejωteϕ
}

(2)
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By assuming everything in the circuit remains at a steady sinusoid of the same
frequency, it is rational to associate the sinusoid x(t) to the complex number X and call
it phasor.

X = |X |.eϕ (in a polar form).

Where |X | = A
/√

2, is the RMS value.

x(t) � X = |X |.eϕ = |X |[cosϕ + j sin ϕ]
|X |.eϕ = Xr + jXi (in a rectangular form) and arg (X ) = ϕ = tan−1

(
Xi

/
Xr

)
.

Synchro Phasor: the signal x(t) in the above Eq. (1) can be represented as a synchropha-
sor using the complex function X(t)with amplitude A(t) and phase ψ(t) of the main tone
respectively, being t the UTC time-reference.

x(t) � X (t) � A(t).ejψ(t)

= A(t).ej(2π f (t)+ϕ)

= A(t)[cos(ωt + ϕ) + j sin(ωt + ϕ)] (3)

where A(t) and ψ(t) = 2π f (t) + ϕ are the instantaneous peak amplitude and phase
of the main tone of x(t). The representation of this function on the complex plane is a
complex number that describes a circular trajectory with an angular radius ω, amplitude
A, and its initial phase ϕ.

1.2 PMU Technology in Distributions System

The prototypes of the modern synchronized “phasor measurement units” (PMUs) using
GPS were built at Virginia Tech in the early 1980s, and it was commercial manufacture
in1991 [14, 15].

According to the IEEE Standard. C37.118.1-2011, PMU is a device that estimates
the synchro phasors such as frequency and rate of change of frequency (ROCOF) of the
voltage/current waveforms depending on a common UTC reference [5] (Fig. 1).
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Fig. 1. Basic block diagrams of PMUs [8]



218 K. Gizaw et al.

PMU technology has been initially developed to estimate transmission network
parameters. Eventually, it has emerged as a potential control of ADNs and microgrids
and a candidate for real-time monitoring [15].

By using synchrophasor technology, operators can monitor grid dynamics and reli-
ability metrics. Also, they can identify and diagnose system problems, system stresses,
oscillations, and other abnormal situations.

These enable them to take proactive actions to prevent or to reduce the footprint of
blackouts and enable faster recovery after events [16].

The following Fig. 2 shows the performance comparison of PMU and SCADAwhen
a voltage disturbance occurred on the Oklahoma power grid on April 5, 2011 [17].

Fig. 2. Performance comparison of PMU vs. SCADA measurements [17]

In the above figure, it is clearly depicted that PMUmeasurements are very precise to
captures the dynamic conditions. In contrast, SCADAmeasurement is not able to observe
the dynamic characteristics of the power system as it relies on steady-state power flow
analysis. As a result, it is not possible to take proper control action to alleviate the
oscillation.

The other problem is that SCADA technology only gives the magnitude of different
electrical quantities like voltages and currents. In the AC network, there is one essential
parameter apart from the magnitude that is the angle which is a key indicator of the
system stress. If we rely only on the magnitude of information without including the
angle, we might lose some information and monitor the systemwrongly [13]. These can,
in turn, cause serious interrelated problems in a power system like relay misoperation,
incorrect coordination between power equipment and it may also lead to a blackout.

2 DFT Theory and Its Effects

DFT is one of the most efficient tools to extract the frequency content of a finite and
discrete signal sequence, which is obtained from the periodic sampling of a continuous
time-domain signal.

PMU is nothing, but it is a name of a device where a robust algorithm can estimate
the phasors of electrical quantities deployed on in its microcontroller unit, which makes
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it very smart and expensive [7]. A direct implementation DF-based SE algorithm is
proposed in almost all of the previously reviewed literature due to low computational
complexity, capable to isolate and identify the main tone parameters, good rejection of
near harmonics, and accurate in steady-state and dynamic conditions [18]. Nevertheless,
these qualities comewith non-negligible drawbacksmainly caused byDFT computation,
such as aliasing and spectral leakage.

Aliasing: is a problem that is related to the finite BW of the data acquisition system
concerning the signal that we are interested to track. To be able to correctly reconstruct
the signal x(t) from x[n], it must be sampled at a sampling rate Fs that must be at least
two times higher than the maximum frequency component contained in the original
spectrum X(f) (Nyquist–Shannon theorem) [7]. It is usually corrected by using an anti-
aliasing filter, but this may introduce a phase shift all over the spectrum that has to be
compensated. The second mechanism to get rid of the problem is to select a higher
sampling frequency (Fs) than Fm (maximum frequency component of our signal) which
is unknown in the real signal. So, in the power system of such type applications, it is
usually set the sampling frequency at the value of 10th of kHz because, at this frequency,
typically don’t have any other interfering components except transient. In the power
system, the highest harmonic we can get is 25th harmonics, which is 1.25 kHz for 50 Hz
fundamental frequency [19]. So, if the sampling frequency is set to 10 kHz, 15 kHz, or
100 kHz this hypothesis seems good than the first case (Fig. 3).

(a)

(b)

(c)

-Fm -fo Fmfo

-Fs -Fs /2 -fo fo Fm Fs /2 Fs

-2Fs -Fs
-Fs /2

-fo
Fs /2

fo Fm Fs 2Fs

Fig. 3. Effects of aliasing [5]

Spectral Leakage: After the sampling of the original signal x(t), it must be grouped
in portions to be analyzed by the DFT. If the fundamental frequency (f o) is not an
integer multiple of frequency resolution (incoherent sampling), the zero crossings of the
translated sinc functions will not happen exactly at multiples of 1/T and all the DFT
indexes will not be an integer. As a result, we start to see several bins as they exhibit
non-zero projection on the entire basis set due to the smearing frequency components
as shown in Fig. 4. Even though most of the spectrum energy (bins that are adjacent to
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f o) will still be concentrated around, the highest frequency bin is not located precisely
at the f o. Spectral leakage can be short term or long term.

Fig. 4. Graphical representation of spectral leakage [5]

Short-term arise from the effects of the main lobe width of the FT of the adopted
window which in turn makes very difficult in identifying the “true” maximum of a
specific portion of the DFT spectrum.

Whereas the effect caused by the side-lobes (i.e., the “tails”) of the FT of the adopted
window is referred to as long-term. If it is not properly compensated by windowing, an
additional source of error is associated with the presence of cross interaction between
spectrum tones that are very close to each other, the so-called spectral interference occurs
(Fig. 5).

Fig. 5. Main and side lobes [9]

2.1 DFT Based SE Algorithms

Classical DFT-based SE. A trivial DFT-based SE algorithm approach estimates the
parameters of the main DFT tone directly from the position of a local DFT maximum
within a specific frequency range. It is based on the assumption that the maximum DFT
bin lies precisely at the fundamental frequency. But if the window does not contain an
integer number of periods of the signal x[n], leakage occurs, and the main tone of the
signal is located between two consecutive DFT bins as shown in Fig. 6.
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Fig. 6. Possible location of the three highest DFT bins

The pseudo-code of a trivial DFT-based synchrophasor estimation algorithm.

1. Sample the input signal x (t) x[n]at sampling rate Fs.
2. Apply the rectangular window wr (n) to x[n];
3. Compute the DFT of wr (n) · x[n];
4. Apply a maximum search technique to find the DFT bin with the highest am-

plitude |X(km)|; being km is the index of the highest DFT bin of the spec-
trum.

5. Return estimated value of amplitude, phase, and frequency of X(km);
, ( ) , ( )f k f A X k X km m m

6. End procedure 

The Interpolated-DFT Technique is a technique that allows estimating the main tone
spectrum location by calculating the abscissa of the maximum of an interpolation curve
of the DFT spectrum under the fulfillment of some essential assumptions. These assump-
tions are sufficiently higher sampling frequency thanFm, time-invariant parameters char-
acterize the input signal, and the bins that are going to interpolated are only generated
by the positive image of the tone.

Thus, to satisfy the first two assumptions, thewindow length containing a few periods
of a fundamental tone and the sampling rates selected in a few kilohertz, respectively.
Nevertheless, if the window includes few periods only, the DFT spectrum’s energy will
be concentrated in the lower frequency range; thereby, the positive and negative images
of the main tone of the spectrum become relatively very close to each other. During this
condition, the third assumption may not be fulfilled. Because in the case of incoherent
sampling, the negative image tails of the main tone leaks into its positive spectrum,
thereby bias the DFT bins used to perform the interpolation.

Thus, to solve this problem, the IpDFT starts its analytical analysis from the follow-
ing four equations describing Hanning (Hann) window in the continuous-time domain,
discrete-time domain, Fourier transforms and its DFT, respectively.

wh(t) = 0.5(1 + cos(2π t/T )) (4)

wH (n) = 0.5(1 − cos(2πn/N )), n ∈ [0,N − 1] (5)

WH (ω) = −0.25 · DN (ω − 2π/N ) + 0.5 · DN (ω) − 0.25 · DN (ω + 2π/N ) (6)
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WH (k) = −0.25DN (k − 1) + 0.5DN (k) − 0.25DN (K + 1) (7)

Where DN (ω) the Dirichlet kernel (FT of the rectangular window) and its DFT is:

DN (k) = e−jπk(N−1)/N sin(πk)

sin(πk/N )
, k ∈ [0,N − 1] (8)

Let’s consider the finite sequence (9) obtained by sampling with a sampling rate of a
continuous waveform x(t) characterized by a single frequency component at frequency:

x(n) = A cos(2π fonTs + ϕ), 0 ≤ n ≤ N − 1 (9)

WhereA is signal’s amplitude, fo is the signal’s frequency inHertz. Then its spectrum
can be expressed in terms of its positive and negative image as follows.

X (f ) = X+(f ) + X−(f )

= A

2
ejψWH (f − fo) + A

2
e−jψWH (f + fo) (10)

BeingWH (f ) the Fourier transform of the Hanning window, A and ψ the amplitude
and instantaneous phase of the signal x(t) respectively.

By letting the effects of leakage are properly compensated bywindowing, it is reason-
able to neglect the long-range spectral leakage produced by the negative spectrum image
on the positive frequency range thereby assumption three satisfieswhich is approximated
mathematically as:

X (k) ≈ X+(k), 0 ≤ k ≤ N/2 (11)

These for the Hanning window, the fractional term δ can be estimated starting from
the ratio between the two highest bins X(km) and X (km + ε) that, can be approximated
as follows [62].

X (km + ε)

X (km)
≈ WH

(
(ε − δ) · 2π/

N
)

WH (−δ · 2π/
N )

(12)

Where WH (·) is the FT of the Hanning window, which is approximated as:

|WH (ω)| ≈
∣∣∣∣sin(

ωN

2
)

∣∣∣∣ ·
∣∣∣∣

−0.25

sin(ω
2 − π

N )
+ 0.5

sin(ω
2 )

+ −0.25

sin(ω
2 + π

N )

∣∣∣∣ (13)

ε =
{
1 if|X (km + 1)| > |X (km − 1)|
−1 if|X (km + 1)| < |X (km − 1)| (14)

By replacing (14) in (12) and recalling that lim
x→0

sin(x) = x, after simplification we

get:

X (km + ε)

X (km)
=

∣∣∣∣
0.5

δ(δ − ε)(δ − 2ε)

∣∣∣∣
∣∣∣∣
δ(δ + 1)(δ − 1)

−0.5

∣∣∣∣ ⇔=
∣∣∣∣
δ + ε

δ − ε

∣∣∣∣
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Therefore, the frequency correction δ becomes:

δ = ε
2|X (km + ε)| − |X (km)|
|X (km)| + |X (km + ε)| (15)

Then IpDFT technique computes the initial waveform parameters (i.e., its frequency,
amplitude, and phase) as follows:

f = (km + δ)�f

A = |X (km)|
∣∣∣∣

πδ

sin(πδ)

∣∣∣∣
∣∣∣δ2 − 1

∣∣∣
ϕ = � X (km) − πδ

(16)

2.2 The Iterative IpDFT Technique

IpDFT technique tries to compute the main tone parameters by letting the DFT bins are
only generated from the positive image of the spectrum. Nevertheless, this assumption
is not always the case and the bins may influence by the negative image of the main
tone itself and other interfering tones like harmonics. Thus, the i-IpDFT technique tries
to eliminate any interferences iteratively, and finally, it estimates the fundamental tone
parameters.

So, to start the mathematical analysis of the i-IpDFT, let us consider a 3rd harmonic
is added in the signal described by the Eq. (9). Hence, the highest and second-highest
DFT bins, are used to estimate δ according to (15), they can be expressed as:

X (km) = 1

B

[
A

2
ejϕ · W (−δ) + A

2
e−jϕ · W (2km + δ)

]
+ X

(
Km,3

)
(17)

X (km + ε) = 1

B

[
A

2
ejϕ · W (ε − δ) + A

2
e−jϕ · W (2km + ε + δ)

]
+ X

(
Km,3 + ε

)

(18)

Where X (Km,3) and X (Km,3 + ε) are the contribution of third harmonics for the first
and second highest DFT bins respectively.

X (Km,3) = A3

2B

(
ejϕ3 · W (−δ3)

)
+ A3

2B

(
e−jϕ3 · W (2km,3 + δ3)

)
(19)

X (Km,3 + ε) = A3

2B

(
ejϕ3 · W (ε − δ3)

)
+ A3

2B

(
e−jϕ3 · W (2km,3 + ε + δ3)

)
(20)
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The second terms after the addition sign in the Eqs. (17) to (20) are spectral interfer-
ence coming from the negative spectrum image of the corresponding tones. Then, these
estimations can be subtracted from the original DFT bins to reduce the spectral interfer-
ence so that the positive image of the spectrum mostly generates the compensated DFT
bins. These compensated DFT bins are used to update the value of delta in the Eq. (15)
and which again updates the tone parameters which is iterated for defined number iter-
ations or performed until a given convergence criterion is achieved. Additionally, this
process can be similarly used to eliminate any near harmonic components.

As a procedure, the effect of the main tone’s negative image has to be compensated
first iteratively, which affects highly before we analyze the contribution of harmonic
components. Then the effects of harmonics can be analyzed one by one starting from
the first harmonic which is closer to f o. The estimated frequency can be expressed as;

fo = kpeak�f . (21)

Where kpeak can be expressed as:

kpeak = kmax + δ, −0.5 ≤ δ ≤ 0.5 ⇒
{
kpeak = kmax, (δ = 0),→ coherent, no leakage

kpeak �= kmax, (δ �= 0) → incoherent, leakage

Being km the index of the DFT bin characterized by the highest amplitude and δ is
a fractional correction term.

Incoherent sampling, the highest DFT bin of the signal’s spectrum is located at the
maximum of the window lobe that can be used to estimate the frequency of the signal.

Figure 7 shows the general flow chart of the work. The first step is acquiring the input
signal through current and potential transformers. Once the signal is received it has to
be sampled at the desired sampling rate Fs and then it must be clustered in portions to
be analyzed by the DFT which is called windowing. After the windowing, the first three
DFT maximums has to be computed based on the trivial and IpDFT approach. Then
after the errors in finding DFT maximums can be minimized by eliminating the effect
of negative image spectral interference of the corresponding tone by using a technique
called e-IpDFT.Once the effect of negative image interferences is eliminated to endurable
value the spectral energy is computed which is vital to quantify the effect of other
interferences. If the spectral energy is above some threshold value, the true parameters
of all interferences are going to be estimated and subtracted from the original DFT
spectrum iteratively to increase the accuracy of estimated fundamental tone parameters.
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Fig. 7. General flow chart

3 Simulation Results and Discussion

For all scenarios, the fundamental phase is taken as 1.0471975511966 rad and the ampli-
tude of the 3rd and the 5th harmonics are taken as 10% & 1% of the corresponding
fundamental amplitude. The white Gaussian noise is considered as 60 dB.
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3.1 Estimated Parameters When the Fundamental Frequency is Below 50 Hz

For frequency below 50 Hz, Ao& f o, are randomly generated as 9.64310742178912 and
48.7340275 Hz respectively whereas the phase of the 3rd and 5th harmonics are assumed
to be 0.130855503942357 rad and 0.00727912525993756 rad respectively.

The Frequency domain format of the windowed signal is shown in Fig. 8 (a). From
this figure, the three signals of the spectrum which are the fundamental, 3rd, and 5th

harmonics are shown. The classical DFT algorithm estimates the frequency exactly the
index corresponding to the highest DFT bin which is 50 Hz in this case. Thus, to estimate
the exact fundamental frequency the interference and the leakages need to be considered
in Fig. 8 (b). The interferences around the fundamental tone from Fig. 8 (b) are occurred
due to the trivial difference between the actual amplitude and the estimated one.

Fig. 8. (a) Frequency domain of windowed signal, and (b) interference spectrum after subtracting
the main tone and 3rd harmonics, fo = 48.7340275031078

Lambda λ in Fig. 7 is set to 0.0001 for all scenarios where it is used to activate the
algorithm to compensate for the interferences when their effect is significant. The errors
in Fig. 9 are obtained after an elven iteration and the value of En at this iteration is found
to be 0.000013454306809327.

3.2 Estimated Parameters When the Fundamental Frequency is 50 Hz

At a frequency of 50 Hz, Ao is taken as 10 whereas the phase of the 3rd and 5th harmonics
are assumed to be 0.466031331142832 rad and 1.2263488297847 rad respectively as
they are generated dynamically for each scenario.

It is already discussed that when the time domain signal is an integer multiple of the
sampling frequency there will be coherent sampling thereby the maximum DFT bin is
located almost in the middle of the other two bins which are nearly equal in amplitude
as shown in Fig. 10 (a). As a result; the smearing frequency components reduced and
the algorithm able to estimate the fundamental parameters in small iterations (Table 1).

Figure 10 (b) depicts the negative image leakages of the main tone for all DFT bins
that have to be compensated for each positive image bins.
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Fig. 9. Error in amplitude, phase, and frequency, fo = 48.7340275031078 Hz

Fig. 10. (a) Frequency domain of windowed signal, and (b) magnitude of negative leakage of the
main tone, fo = 50Hz

Table 1. Errors in amplitude, frequency, and phase fo = 50 Hz

Iteration 1 2

Amplitude error 0.03914 0.03914

Frequency error 0.000142 0.000141

Phase angle error 0.002917 0.002915

3.3 Estimated Parameters When the Fundamental Frequency is Above 50 Hz

The algorithm is also tested when the real frequency is above the nominal value which
is 50 Hz. The amplitude and the real frequency are assumed to be 9.48665553956213
and 51.6415849459746 Hz respectively. Similarly, the phase angle of the harmonics is
randomly generated and their instant values for this scenario are 1.05155216148873 rad
and 2.03957598834408 rad for 3rd and 5th harmonics respectively.
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The classical DFT estimates the frequency 52 Hz which is the index of the highest
DFT bin from Fig. 11 (a) but it is not the fundamental or the real frequency. Figure 11
(b) presents the interference after removing the main tone and 3rd harmonics and it is
shown that there is an interference around the fundamental component other than the 5th

harmonics which is due to the difference between true and estimated amplitude..

Fig. 11. (a) the spectrum of the windowed signal and (b) interferes spectrum after subtracting the
main tone and 3rd harmonics (Fig. 12).

Fig. 12. Errors in amplitude, frequency, and phase, fo = 51.6415849459746 Hz

4 Conclusion

In this research work, an efficient method called the i-IpDFT technique has been antici-
pated to estimate the phasor parameters of the fundamental tone at three different instant
of input signal parameters. The simulation results show that the i-IpDFT SE technique
is robust and solves the limits of the IpDFT technique when estimating the parameters
of a signal corrupted by interference signals and leakage generated by them and by the
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main ton itself. The errors in all scenarios are within the limit and acceptable for further
applications of the power system, especially for distribution systems where most of its
operations are not going on a nominal value as they are typically corrupted by non-linear
loads and other factors.

Thus, considering the effects of noise and odd harmonics like third and fifth-order
harmonics to know the real or fundamental parameters of the power system is vital for
developing countries like Ethiopia.
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