
Fast Power Spectrum Estimation with Sparse
Learning for Wideband Spectrum Sensing

Shuai Liu(&), Wen Xiao, Yao Zhang, Jing He, and Jixin Wu

Xi’an Jiaotong University, Xi’an 710049, China
sh_liu@mail.xjtu.edu.cn

Abstract. The Compressed Sensing technology in wideband spectrum sensing
(WSS) has greatly improved the utilization of spectrum resources. Based on this,
we combining sparse learning and fast power spectrum estimation to achieve
WSS in this paper. Sparsity adaptive matching pursuit (SAMP) algorithm is
exploited to obtain the sparse sample representation for WSS. Then the limi-
tations of power spectrum estimation in WSS are considered. To ease the lim-
itations, the computational tasks are decomposed by multiple fast Fourier
transforms. Theoretical performance analysis is made to further explain the
proposed method. By improving the process of sample collection and power
spectrum estimation, the proposed method can effectively achieve the pur-pose
of fastly and exactly sensing. The final simulation results are utilized to verify
the applicability of the proposed method and its advantages over other methods.

Keywords: Wideband spectrum sensing � Power spectrum estimation � Sparse
learning

1 Introduction

In recent years, 5G technology has become more and more important in many new
applications and use cases, the emergence of 5G technology puts forward higher
requirements for the number of wireless device connections, which makes us have to
pay attention to the effective utilization of spectrum resources. As we all know, its
development is restricted by the scarcity of spectrum resources, so there is an urgent
need to resolve the resource shortage by effectively utilizing the spectrum resource.
WSS enables cognitive radio to be applied to a wider frequency band to meet the
development of modern wireless communication. Specifically, WSS is a process which
scans a wide frequency band consisting of several sub-bands of narrow frequency band,
so as to find the spectral cavity in the whole bandwidth and improve the spectrum
utilization. Now WSS is generally known and has become a field of interest for many
researchers [1, 2]. As an important research method in WSS, CS can reduce the
sampling burden and realize efficient and fast wideband spectrum sensing.

At present, there are two kinds of WSS technologies. One is the method based on
Nyquist sampling [3, 4]. Pei et al. proposed the sequential scanning method in [3]
which identifies the sensing order and sensing-access strategies to achieve maximum
energy efficiency. In [4], filter banks are introduced as a tool in CR systems, which can
achieve for spectrum sensing by choosing the proper one from various filter banks. Its
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performance is evaluated theoretically and through numerical examples. But the
methods based on Nyquist sampling usually suffer from either long sensing latency or
enormous hardware complexity.

Another one based on sub-Nyquist sampling is proposed [5, 6]. Among these, more
and more researchers achieve the WSS by exploring the compressed sensing theory [7–
12] to sense a wide frequency band via a low sampling rate. Utilizing the sparse or
statistical characteristics, the wideband spectrum signals can be reconstructed at a lower
sampling rate than the Nyquist rate. In [10], Zhao et al. schedules the sequential com-
pressed spectrum sensing by jointly exploring compressed sensing and sequential peri-
odic detection techniques to achieve more accurate and timely wideband sensing. Using
the heterogeneous wideband spectrum, the latent block-like structure is exploited to
construct efficient compressive spectrum sensing models for obtaining the well hetero-
geneous wideband spectrum in [11]. Fast matching pursuit, a fast and accurate greedy
recovery algorithm, is proposed for compressed wideband spectrum sensing in [12].

However, these compressed wideband spectrum sensing approaches also suffer
several limitations, including noise, the unavoidably high computational complexity of
reconstruction, and the low signal-to-noise ratio.

To solve these problems, reconstructing the power spectrum of the wideband
spectrum signal is proposed to replace the original signal, by using sub-Nyquist
[13–15]. The feature-based method is proposed for the primary user’s spectrum
identification by exploring the interference immunity with a reduced amount of data in
[14]. The approach in [15] exploited the statistical structure of random processes to
obtain the effective signal compression and showed an alternative perspective for
sparsity-agnostic inference.

In this paper, we reconstruct the power spectrum of the wideband signal through the
sub-Nyquist sampling, which is achieved by exploring the sparsity of the wideband
spectrum signal. Firstly, the proposed method uses the sparsity adaptive matching
pursuit algorithm (SAMP) to collect signals sparsely and reserve the latent information
contained in the original signal as much as possible [16, 17]. Secondly, the fast Fourier
transform (FFT) is exploited to obtain a fast power spectrum estimation [18]. In this
way, compared to the existing method, the proposed method can improve the com-
putational efficiency of power spectrum reconstruction and can be effectively applied to
the field of compressed wideband spectrum sensing.

2 Algorithm Design

2.1 The Proposed Method

The details of the proposed method are shown in Fig. 1. In this part, we will introduce
the sample collection by using the sparse sampling method and give a detailed
derivation process of how to realize the power spectrum estimation of signals with
FFT, includes using FFT to decompose computing tasks to reduce computational
complexity.
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First of all, some samples of l moment are collected in the m th channel by using
SAMP sparse sampling, it is given by

ymðlÞ ¼ xðlNTÞ ð1Þ

Then, since the collected data ym½l�f gM; L�1
m¼1; l¼0 is a partial subset of sub-Nyquist sampled

data x½n�f gLN�1
n¼0 . In order to establish the relationship between the Nyquist sampling

and the sub-Nyquist sampling data, an indicator sequence fI½n�gLN�1
n¼0 and a data

sequence h½n�f gLN�1
n¼0 are defined as follows

h½n� ¼ ymðlÞ; n ¼ lN
0; otherwise

�
ð2Þ

I½n� ¼ 1; n ¼ lN
0; otherwise

�
ð3Þ

In power spectrum estimation, the widely-used unbiased estimation of the signal x½n� is
given as

rx½k� � 1
Qkj j

X
n2Qk

ðx½n�x�½n� k�Þ ð4Þ

where Qk ¼ nj0� n� k� LN � 1; 0� n� LN � 1f g, Only data h½n�f g can be
obtained in the experiment, so we get a new unbiased estimation which is computed by

rx½k� � 1
Qk

X
n2Q̂k

ðx½n�x�½n� k�Þ

¼ 1
Qk

X
n2Qk

ðh½n�h�½n� k�Þ
ð5Þ

Fig. 1. The proposed method.
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where

Qk , Q̂k

�� ��, fnjI½n�I½n� k� ¼ 1g ð6Þ

once rx½k�f g is calculated, the power spectrum can be calculated by DFT.
In order to improve the spectrum resolution, L should be as large as possible within

the allowable range, but in this way, it will significantly increase the computational
complexity. Therefore, FFT is introduced in the solution process to solve this problem.
we divide (5) into two parts and introduced FFT for calculation respectively.

The first part can be defined as

rh½k� ¼
XLN�1

n¼0

ðh½n�h�½n� k�Þ ð7Þ

where n\ 0 or n� LN, let h½n� ¼ 0. At this point, we define ĥ½n�� �LN�1

n¼�LN þ 1 to be the

reverse for h½n�� �LN�1
n¼�LN þ 1 and define h½n�� �LN�1

n¼�LN þ 1 as follows

h½n� ¼ h½n�; LN � 1� n� 0
0; �LNþ 1� n\0

�
ð8Þ

Then rh½k� can be written as

rh½k� ¼
XLN�1

n¼�LN þ 1þ k
ð�h½n�ĥ�½k � n�Þ; k� 0

XLN�1þ k

n¼�LN þ 1
ð�h½n�ĥ�½k � n�Þ; k\0

8><
>:

¼ðaÞ
XLN�1

n¼�LN�1

ð�h½n�ĥ�P½k � n�Þ

¼ ð�h�ĥ�Þ½k�

ð9Þ

where P, 2NL� 1. As the periodic sum of ĥ½n�,ĥP½n� can be shown as

ĥP½n�,
Xþ1

k¼�1
ĥ½n� kP� ð10Þ

The symbol * of (9) represents cyclic convolution, and ðaÞ represents: When
�LNþ 1� n\0,h½n� ¼ 0 and when �2LN þ 1� n\� LN, ĥP½n� ¼ ĥ½n� NL� ¼ 0.
From this We can get as follows

rh , ½rh½�LNþ 1�. . .rh½LN � 1��T ;
�h, ½�h½�LN þ 1�. . .�h½LN � 1��T ;
ĥ, ½ĥ½�LN þ 1�. . .ĥ½LN � 1��T :

ð11Þ

424 S. Liu et al.



By referring to the theorem of circular convolution, it can be obtained: F2NL�1rh ¼
ðF2NL�1�hÞ 	 ðF2NL�1ĥÞ. F2NL�1 represents the discrete Fourier Transform (DFT) at
ð2NL� 1Þ-point. 	 represents the product of corresponding elements in two vectors.
Since fĥ½n�g represents the time reversal for f�h½n�g, consider the property of complex-
conjugate and time-reversal for DFT, the sequence fĥ�½n�g is the DFT complex conjugate
of f�h½n�g. So we can get

ðF2NL�1�hÞ 	 ðF2NL�1ĥÞ ¼ F2NL�1�h
�� ��2 ð12Þ

Where 
j j2 represents the square of the complex vector module. Finally, we can get the
final form of rh shown as

rh ¼ F�1
2NL�1 F2NL�1�h

�� ��2 ð13Þ

According to (6), the second part is defined as:

Qk ¼
X
n2Qk

I½n�I½n� k� ð14Þ

At this point, we calculate Qk by introducing FFT, firstly, we define

q, ½Q�LN þ 1. . .QLN�1�T ;
�I, ½�I½�LNþ 1�. . .�I½LN � 1��T :

ð15Þ

where

�I½n� ¼ I½n�; LN � 1� n� 0
0; �LN þ 1� n\0

�
ð16Þ

Note that the definition of the second part is similar to the first part, according to the

computational process of (7), we can get q ¼ F�1
2NL�1 F�1

2NL�1
�I

�� ��2.
After we compute fQkg and rh½k�f g, we get the result of (5): rx½k� ¼ rh½k�=Qk . The

final power spectrum estimation can be obtained by performing DFT on this result.

2.2 Theoretical Performance Analysis

We found that the proposed method only involves FFT, IFFT and some simple multi-
plication operations. It can be easily calculated through floating-point operations in total.
Obviously, compared with existing methods, the proposed method is dominant in the
calculation and can compute efficiently in parallel. In this part, we will calculate the
mean square error (MSE) for the proposed method, and make a theoretical analysis of it.
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ŝ represents the estimated power spectrum, and s represents the actual power
spectrum. MSE can be solved as

E½ ŝ� sk k22� ¼
ðaÞ

E½rx�k k22 þ 1TD(rxÞ�2E½̂s�Hsþ sk k22
¼ E½̂s��sk k22 þ 1TD(rxÞ

ð17Þ

In (17), rx represents the autocorrelation vector estimation, F represents the DFT
matrix, and ðaÞ represents: E½ rxk k22�¼ E½rx�k k22 þ 1TD(rxÞ, 1 is a vector where all terms
are 1, D(rxÞ is the variance of each element for rx. Therefore, the mean square error of
the estimator can be given by

MSE ¼ 1TD(rxÞ ð18Þ

we simplify the main calculation task to the variance of the rx element of the vector,
therefore, we obtain

D(rx½k�Þ

= E
1
Q2

k

X
n2Qk ;m2Qk

ðx½n�x�½n� k�x½m�x�½m� k�Þ
�����

�����
2

2
4

3
5� E[rx½k��j j2 ð19Þ

we assume a special case where the signal x½t� is a white signal with zero mean and
variance r2. When k 6¼ 0, there is D(rx½k�Þ ¼ 1

Q2
k
r4; Where k ¼ 0, D(rx½k�Þ ¼ r4

Q2
0
.

Therefore, for this special case, MSE can be simplified as

MSE ¼ 1TD(rx½k�Þ ¼ r4
X
k

1=Qk ð20Þ

It is easy to conclude that the increase in the number of data samples will reduce MSE,
while the more sparse learning sampling data, the larger fQkg can be obtained, thus
estimating accurately.

3 Simulation Experiments

In this part, this paper provides experimental results to prove the accuracy and effec-
tiveness of the proposed method.

3.1 The Setting of Experimental Parameters

During the experiment, this paper uses the band-pass FIR filter to filter zero-unit
variance White Gaussian Noise and produces 5 wide-sense stationary signals in the
frequency range of [0, 1] GHz. The purpose of this experiment is to identify the
frequency position of the signal propagating over the band [0, 1] GHz. For the system
parameters, we set the signal component bandwidth as 10 MHz, and 2 GHz for the
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Nyquist sampling rate, the carrier frequencies are set as 100, 210, 360, 450, and
670 MHz respectively. SAMP algorithm is adopted to collect the sub-Nyquist samples
in this proposed method, so we set the number of sampling channels as M ¼ 8, the
sampling rate as 100 MHz in each channel, and we collect the samples with a duration
of 1 ms for each channel in this experiment. The downsampling factor is set as
N ¼ fnyq=ð100MHzÞ ¼ 20. The spectral resolution is set to 60 kHz, corresponding to
the 33,335-length power spectrum. Therefore, there is 2NL� 33335, and
L� 32000=2N � 667 data samples need to be collected for each sampling channel.
Finally, we consider the selection of window function, which can reduce the spectrum
energy leakage. We use a hanning window to the autocorrelation sequence in this
proposed method, in order to achieve a more accurate power spectrum estimation.

3.2 The Analysis of Experimental Results

First, we design an experiment with the results shown in Fig. 2. The signal-to-noise
ratio (SNR) is set as −5 dB in each experiment. Zero mean Gaussian noise is used to
corrode the original signal to generate noise signals. Here, SNR is given as

SNR = 10 log10

PNt
n¼1 x½n�j j2
Ntr2

ð21Þ

It can be seen from Fig. 2 that the proposed method can recover the true power
spectrum accurately. In addition, the results show that for the sub-Nyquist sampling
data within 10 ms, the recovery accuracy of the proposed method is slightly higher than
the condition of 1 ms samples. The results show that the accuracy of power spectrum
estimation with sparse learning can be improved by increasing the sampling time.

Figure 3 shows the ROC curve of the method proposed in this paper with different
SNRs, this advantage is particularly suitable for WSS, the receiver must work in a low
SNR state to obtain sensitivity in the practical sense, it can be calculated as

S ¼ 10 logðkTsystÞþ 10 logðBÞþNFRX þ SNR ð22Þ

In (22), B represents the bandwidth of the signal, NFRX means the noise figure of the
receiver, and its value is 6 dB. Therefore, we can calculate the receiver sensitivity is
S ¼ �174dBm/Hzþ 10 logð1GHzÞþ 6dBþ SNR = � 78dBm. In order to achieve
the receiver sensitivity of −80 dbm, in this case, we take the SNR as
�80� ð�78Þ¼ � 2 dB. The sampling rate of ADC is set as 100 MHz, 125 MHz, and
200 MHz respectively. The corresponding downsampling factor n are 20, 16, and 10,
respectively. As we can see, the result of Fig. 4 is based on the condition that SNR is
set as −15 dB. Figure 4 shows that the performance of the method is gradually
improved with the increase of the sampling rate.
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From the running time of the experiment shown in Fig. 5, it can be seen that the
proposed method significantly improves the computational efficiency compared with
the frequency-domain method. We find that there is the same number of channels and
sampling rate for MWC and SAMP algorithms, so the comparison is reasonable. For
these two methods, though collecting data samples at an interval of 1 ms, this exper-
iment considers that the frequency resolution is set as 62.5 kHz. The operating

Fig. 2. The results of power spectrum reconstruction with different samples and method:
(a) noiseless Nyquist samples collected within 1 ms; (b) noisy Nyquist samples collected within
1 ms;(c) 1 ms noise sub-Nyquist samples via the proposed method; (d) 10 ms sub-Nyquist
samples via the proposed method.

Fig. 3. True positive rate and false positive rate in different SNRs.
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conditions of the experiment are as follows: a 2.60 GHz Intel i7CPU and 16.0 GB of
RAM laptop using MATLAB R2020a. The average running time and ROC curves are
showed in Fig. 5, which can be seen that our method attains convergence faster than
the frequency- domain method. In addition, the time required by the proposed method
is about half of that of the frequency-domain method, therefore, we can conclude, our
method effectively reduces the computational complexity, the practical system based
on FPGA can be better implemented [19].

We also set a experiment based on the assumption that the time-domain method
uses sparse learning [20], to compare the proposed method with the traditional time-
domain method [21], its results are shown in Fig. 6. The values of some system

Fig. 4. True positive rate and false positive rate in different compression ratios.

Fig. 5. The ROC of the frequency-domain method and our method, the running times are 0.36 s
and 0.18, respectively.
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parameters are the same as those described above. Specially, we set the SNR as
−12 dB, and the frequency resolution as 1 MHz. Data samples continuously collected
within 0.1 ms were used in this experiment. Figure 6 shows the ROC curve and the
average running time of this experiment. As we can see from the experimental results
in Fig. 6, the proposed method has better performance than the traditional time-domain
method.

Fig. 6. The ROC of the proposed method and the time-domain method, the running times are
0.03 s and 0.13 s, respectively.

Fig. 7. The results of power spectrum reconstruction with different samples and method:
(a) 1 ms noiseless Nyquist samples; (b)1 ms noisy Nyquist samples; (c) 1 ms noise sub-Nyquist
samples, under the proposed method; (d) 10 ms sub-Nyquist samples, under the proposed
method.
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The proposed method is based on the assumption that multi-band signals are
generalized stationary, and the generalized stationarity is a widely used assumption for
spectrum sensing, also for compressed power spectrum estimation [22]. However, the
actual signal may be either cyclostationary or non-stationary. The statistical properties
of non-stationary random signals, such as mean and variance, vary with time. In other
words, it is characterized by slow time-varying statistics. So they can be regarded as
generalized stationery signals for a short time in these circumstances, and the proposed
method is also suitable for cyclostationary communication signals. In order to prove
these results, we simulate two cyclostationary communication signals, QAM16 signal
and BPSK signal whose frequency range is [0, 1] GHz, The carrier frequencies are set
as 280 MHz and 150 MHz respectively, the SNR is set as −10 dB, and the sparse
learning sampling architecture is set as mentioned earlier in this section. From Fig. 7,
we can conclude that the proposed method is suitable for cyclostationary signals and
can produce accurate power spectrum estimation for it.

In order to illustrate that the method proposed in this paper does not impose a
sparse constraint on the monitored spectrum when reconstructing the power spectrum
[23], we carried out this experiment in a multiband signal consisting of 32 narrowband
components in a frequency range of [0, 1] GHz and set the bandwidth of narrowband
signal as 20 MHz. The spectrum occupancy is computed as (32 � 20 MHz)/
(1 GHz) = 64% from the parameter settings described earlier, it shows that the mon-
itored power spectrum is not sparse. Two comparative experiments are shown in Fig. 8.
In the results of the reconstructed power spectrum showed in Fig. 8, we set the NMSE
as 0.0014 and 0.0055 respectively. As we can see, this method also provides a precise
power spectrum estimation even if the monitored spectrum is not sparse.

Fig. 8. Left: Reconstruct the power spectrum using 10 ms noiseless Nyquist samples under the
proposed method; Right: Reconstruct the power spectrum using noiseless Nyquist samples
collected within 1 ms.
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4 Conclusion

In this paper, we introduce the sparse sampling method and FFT into the fast power
spectrum estimation. Aiming at the high computational complexity of traditional
methods and unable to meet the requirements of the real-time spectrum sensing system,
a fast compressed power spectrum estimation method is proposed. By collecting the
sub-Nyquist samples with sparse sampling, we improve the sampling rate in WSS.
Next, the method reconstructs the power spectrum estimation model, specially, when L
is large, it will provide better spectral resolution, but increase the computational
complexity in this model. To address the problem, FFT is introduced into the com-
putational process, the computational complexity is reduced by using three FFT.
Experimental data analysis shows that the proposed method can meet the requirements
of a real-time spectrum sensing system with low computational complexity and can be
effectively implemented in the actual system, the final experimental results listed above
also prove the effectiveness and computational efficiency of our method.
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