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Abstract. To resolve the problems that the traditional image denoising meth-
ods are easy to lose details such as edges and textures, a new method of image
denoising was proposed. It based on the Curvelet denoising algorithm, using poly-
nomial interpolation thresholdmethod, combiningwithWrapping and Cycle spin-
ning techniques to determine the adaptive threshold of each Curvelet coefficient
for denoising the medical images. Simulation experiments confirm that the new
method reduces the pseudo Gibbs phenomenon, retains the details and texture of
the image better, and obtains better visual effects and higher PSNR values.
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1 Introduction

Images are noisy after acquisition and remote network transmission, which affects the
visual and application effects [1–3]. Noise in images has greatly affected people’s extrac-
tion of information from images, such as medical images, remote sensing images, and
computer vision images. Inmany fields such asmedicine and scientific, the requirements
for image quality have become higher and higher [4]. Therefore, we need to explore from
various angles to improve the quality of the image.

In the field of image denoising, people continue to improve the use of wavelet
transform for image denoising [5–7]. The theory of wavelet denoising is still developing.
Research is made on transform methods by selecting different basis functions or using
frames to transform non-decimating wavelet transforms or selecting the optimal basis
to transform the wavelet packets. Wavelet can not express Linear Singularity sparsely
and can only be applied to isotropic singular objects. It can’t fully study the geometric
characteristics of objects, such as the edge, contour and other main features of two-
dimensional image, which are the most interesting places for people.

E.J.Candes and D.L.Donoho established a multi-scale method particularly suitable
for representing anisotropic singularities-Ridgelet transform based on wavelet theory
[8, 9]. It has a strong ability of direction selection and discrimination, but for image
denoising of curve singularity, Ridgelet transformation needs to be carried out in blocks.
In order to further express the more general curve singularity of multi-dimensional
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signals, on the basis of Ridgelet transformation, the local Ridgelet transformation and
Curvelet curve transformation methods ware proposed to solve the curve singularity,
local straight lines with multiple scales are used to approximate the entire curve.

The first generation of Curvelet is a multi-scale pyramid, which has many direc-
tion and location elements in each scale. Its construction idea is to treat the curve as a
straight line in each block through a small enough block, and then use the local analy-
sis of its characteristics. E.J.Candes and D.L.Donoho proposed the second-generation
Curvelet transform theory, which is completely different in structure from the first gen-
eration Curvelet transform [10, 11]. The second generation of Curvelet is a new method
based on frequency domain. It no longer uses different scales to decompose objects,
no longer analyzes them in blocks, directly analyzes them in frequency domain. It also
has high anisotropic characteristics. It can accurately and effectively express important
information such as image edges with less non-zero coefficients, and it also has high
approximation accuracy for images and better sparse expression ability, which makes
the implementation simpler, faster, easier to understand, and the redundancy is greatly
reduced.

At present, telemedicine provides a broader development space for the application
of modern medicine [12–15]. Telemedicine technology has developed from the initial
TV monitoring and telephone remote diagnosis to the comprehensive transmission of
digital, image and voice using high-speed network, and realized the communication of
real-time voice and high-definition image [16–18]. In this paper, the second-generation
Curvelet transform is applied to image denoising. Based on this, existing algorithms are
improved to make the image signal-to-noise ratio higher, and the image display effect is
more real and clear.

2 Fast Discrete Curvelet Transform

Applying the Curvelet transform to image processing requires its discrete form. Com-
pared with other traditional multi-scale transform (such as wavelet transform) [19–21],
the discrete Curvelet transform is a new multi-scale analysis method [22–26], which
has obvious advantages in the expression of image edge direction features, and the
anisotropic features can better describe the edge and detail of the image [27, 28].

In the Cartesian coordinate system, f [t1, t2], ‘0 ≤ t1,t2 ≤ n is the input, and the
discrete form of the Curvelet transform can be expressed as:

cD(j, l, k) :=
∑

0≤t1,t2<n

f [t1, t2]ϕD
j,l,k [t1, t2] (1)

Where j, k, l represent the scale, direction, and position respectively, using a bandpass
function:

�(ω1) =
√

φ(ω1
/
2)2 − φ(ω1)2 (2)
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Definition �j(ω1) = �(2−jω1), using this function to achieve multi-scale segmen-
tation. For each ω = (ω1, ω2),ω1 > 0, corner window is:

1

2 2

1

( ) (2 )j
jV S V l (3)

Sθ l is a shear matrix.

Sθ l :=
(

1 0
− tan θl 1

)
(4)

θ1 is not equally spaced, but the slope is equally spaced. Delimiting Ũj(ω) :=
ψj(ω1)Vj(ω), for each θ1 ∈ [−π

/
4, π

/
4), it has

Ũj,1(ω) := ψj(ω1)Vj(Sθ1ω) = Ũj,1(Sθ1ω) (5)

Fig. 1. Spatial and frequency domain maps of scale j

The discrete Curvelet transform method first transforms into the frequency domain
and then localizes it in the frequency domain. After localization, the inverse two-
dimensional fast Fourier transform is used to obtain the curve coefficient. Figure 1
is a spatial and frequency domain image where the scale is j. There are two discrete
Curvelet transform algorithms. The first is the discrete Curvelet transform algorithm
USFFT (Unequally-Space Fast Fourier Transform) based on fast Fourier transform in
non-equivalent space. The second is the fast discrete Curvelet transform algorithm based
on wrapping.
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2.1 Fast Discrete Curvelet Transform Based on USFFT

The fast discrete Curvelet transform method based on USFFT first transforms the fre-
quency domain [29–32], then localizes in the frequency domain, and then uses two-
dimensional Fourier transform after localization. The implementation processes of
USFFT are as follows:

Step1: For a given two-dimensional function f [t1, t2], 0 ≤ t1, t2 ≤ ω in Cartesian
coordinates, performing 2DFFT(Two-Dimensional Fast Fourier Transform), to get a
two-dimensional frequency domain representation:

∧
f [n1, n2], −n/2 ≤ n1, n2 ≤ n/2 (6)

Step2: In the frequency domain, for each pair (j, l), j is scale, l is angle, re-sampling
∧
f [n1, n2], getting sampled value

∧
f [n1, n2 − n1 tan θ1],(n1, n2) ∈ Pj, among them,

Pj = {(n1, n2) : n1,0 ≤ n1 < n1,0 + L1,j, n2,0 ≤ n2 < n2,0 + L2,j} (7)

L1,j and L2,j are the length and width components of the support interval of the
window function Ũj[n1, n2].

Step3: Multiplying the interpolated
∧
f by the window function Ũj:

Ũj,1[n1, n2] = ∧
f [n1, n2 − n1 tan θ1]Ũj[n1, n2] (8)

Step4: Performing 2DIFFT inverse transform on f̃j,1, we get a discrete set of curve
coefficients CD(j, l, k).

Mathematically speaking, localization and 2D FFT can be combined into one step,
which is to multiply the local Fourier transform basis by the localization window.

2.2 Fast Discrete Curvelet Transform Based on Wrapping

The core idea of fast discrete Curvelet transform based on Wrapping [33–35] is to wrap
around the origin, that is to say, in the specific implementation, any area is mapped to
the affine area of the origin one by one through periodic techniques. Curvelet wrapping
wave is shown in Fig. 2.

The algorithm processes are as the follows:
Step1: Fourier transform of two-dimensional image data in a Cartesian coordinate,

to get a frequency domain representation
∧
f [n1, n2],−n/2 ≤ n1,n2 ≤ n/2.

Step2: For each scale and direction parameter (j, l), interpolation method is used to

obtain
∧
f [n1, n2 − n1 tan θ1] for

∧
f [n1, n2].
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Fig. 2. Curvelet wrapping_wave

Step3: Multiply
∧
f with the fitting window

∧
Uj to get f̃j,l .

∧
f j,l[n1, n2] = ∧

f [n1, n2 − n1 tan θ1]Ũj[n1, n2] (9)

Step4: Wrapping around the origin, localizing
∧
f .

Step5: Inversing f̃j,l with 2DFFT, this gives the discrete Curvelet coefficient set
CD(j, l, k), j, l, k represent the scale, direction, and matrix coordinates of each direction.

These two fast discrete Curvelet transform algorithms have the same output, but the
latter is faster and more efficient. When the edge contour direction is consistent with the
direction of the Curvelet wave, there will be a large Curvelet coefficient. Otherwise, the
Curvelet coefficient is close to zero.When the speckle noise or debris that ismuch smaller
than the target object which appears in the image, applying the Curvelet transform not
only makes it easy to filter it out, but also does not lose edge details, which is helpful
for accurate edge extraction.

3 Improved Image Denoising Algorithm

According to the Curvelet transform theory, a larger Curvelet coefficient corresponds to
a stronger edge, and a noise corresponds to a smaller coefficient. Although the threshold
method can be used to obtain a good denoising effect and local features such as image
edge can be retained well, it will cause visual distortion such as ringing, pseudo Gibbs
effect [36, 37]. So the image display effect is not ideal. The hard threshold function
will lose a lot of detailed information in the denoised image, because the hard threshold
is discontinuous at the threshold point, which will overkill the transform coefficients.
Although the soft threshold function has good overall continuity, it is an amount that
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subtracts a threshold from the original coefficient, which directly affects the degree of
approximation of the reconstructed signal to the real signal. The derivative of the soft
threshold function is not continuous, but we need to operate on the first derivative, second
derivative or higher derivative of the signal, and the soft threshold is not suitable for this
case. Based on the above considerations, in order to obtain better medical visual effect
and reduce the noise caused by long-distance transmission [38–40], this paper uses a
polynomial interpolation method based on the hard threshold to improve the denoising
algorithm.

Define p (x) as a cubic polynomial:

P(x) = R0x
3 + R1x

2 + R2x + R3 (10)

The improved threshold function expression is:

∧
w =

⎧
⎨

⎩

w, |w| > λ2

sign(w)P(w), λ1 ≤ |w| ≤ λ2

0, |w| < λ1

(11)

From the continuous and differentiable properties, the following relationship is
obtained:

P(λ1) = 0,P(λ2) = λ2, P
′(λ1) = 0,P′(λ2) = 1 (12)

The cubic function has high-order differentiability.

P(x) = λ1+λ2

(λ1 − λ2)
3 x

3 − 2λ21+2λ1λ2+2λ22
(λ1 − λ2)

3 x2+λ31+λ21λ2+4λ1λ22
(λ1 − λ2)

3 x − 2λ21λ
2
2

(λ1 − λ2)
3

(13)

Where λ1, λ2 meet the conditions: 0 < λ1 < λ < λ2. Interpolating with a cubic
polynomial in the interval λ1 ≤ |w| ≤ λ2, the improved threshold function is continuous
and differentiable at λ1, λ2. The threshold function is continuous as a whole and has
high-order derivability. λ1,λ2 can be selected according to actual needs.When the values
of λ1 and λ2 are almost equal, the threshold function is the hard threshold function. In
addition, adjusting λ2 when it is greater than the threshold can keep the details well,
which overcomes the defect of soft threshold to some extent, so it has the incomparable
flexibility of soft and hard threshold function.

In order to suppress the pseudo Gibbs phenomenon caused by the lack of invariance
of the transformation during the threshold denoising process, this paper uses a translation
image to change the position of the discontinuous points. The Cycle spinning method
performs cyclic translation on the signal. This method first performs cyclic translation on
the noisy signal, then performs threshold denoising, and finally performs reverse cyclic
translation.
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Suppose the translation is (i, j), i ∈ (0,M ), j ∈ (0,N ), M and N are image width and
height. After each translation denoising, we will get a result Yi,j, the two-dimensional
image can translate the row and column at the same time. The linear average of the
denoising results can suppress the pseudo Gibbs phenomenon and get the denoising

image
∧
Y (i, j). The specific process is shown in the following formula:

∧
Y (i, j) = 1

K1K2

K1K2∑

i=1,j=1

Y−i,−j(F
−1(T [F(Yi,j)])) (14)

In the above formula,K1,K2 are the maximum translation of rows and columns. Full
translation is based on the entire signal length. T is the threshold, F and F−1 are wavelet
transform and inverse transform, Yi,j represents panning the image. Y−i,−j represents
the opposite translation operation after denoising. This method can well suppress the
pseudo Gibbs phenomenon. The translation invariant wavelet denoising method can
also reduce the RMSE(Root Mean Square Error) between the original signal and the
estimated signal.

In this paper, based on the Curvelet transform, combining the Wrapping method and
Cycle spinning, the pseudo Gibbs effect is suppressed, and the improved polynomial
interpolation threshold function method is used to denoise. The specific methods are as
follows:

Step1: The noisy image is cyclically translated with a translation amount of 1. The
translation method is as described above.

Step2: TheWrapping-based Curvelet transform is performed on the translated image
to obtain the discrete Curvelet coefficient set CD(j, l, k) at all scales and directions.

Step3: The improved polynomial interpolation thresholding function is used to
denoise the Curvelet coefficients at different scales and directions.

Step4: Performing Curvelet inverse transform, and translate to reconstruct the image
to get the denoised image.

Step5: Reverse cycle translation of denoised image, repeat the above steps and
average the results after iteration, and the final denoising result x(i, j) is obtained.

This method can not only effectively remove the pseudo Gibbs phenomenon and
show better surface quality, but also can obtain smaller RMSE and improve the signal-
to-noise ratio.

4 Simulation Experiment and Performance Analysis

In order to test the superiority of the new denoising algorithm, we selected a human lung
medical imagewith a size of 256× 256 for experiments in theMatelab2018 environment.
The original image is shown in Fig. 3. Figure 4 is a comparison ofWrap Curvelet and the
new algorithm in different noise standard deviations of 5, 10, 15, 20, and 30. Table 1 is the
results of PSNR under different noise standard deviations. Test methods include: mean
filtering denoising, wavelet threshold denoising,Wrap Curvelet algorithm denoising and
denoising algorithm of this paper.
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Fig. 3. The original image

As shown in Fig. 4, compared with Wrap Curvelet, the algorithm of this paper has a
clearer image of different noise standard deviation. The new algorithm can better restore
the texture in the image, and retains the edge information better with different noise
standard deviation.

As shown in Table 1, from the perspective of PSNR, among the four denoising meth-
ods, wavelet threshold based method is better than mean filtering, and Wrap Curvelet
based method is better than wavelet threshold method. Combined with other algorithms,
the new algorithm has the highest PSNR value, better reduces the pseudo Gibbs phe-
nomenon and ringing effect in the image. It also reduces the RMSE of the signal, better
preserves the high frequency details and texture of the image.

Fig. 4. Comparison of denoising results of different algorithms
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Fig. 4. (continued)
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Table 1. Comparison PSNR with different algorithms in different SD

Standard
deviation of
noise

Before noise
reduction

Mean filtering Wavelet
threshold

Wrap curvelet This paper

5 31.1235 31.4453 31.8456 32.3592 36.4286

10 28.1703 29.0435 29.5667 29.7805 32.6237

25 24.587 25.1864 26.6482 27.9592 30.5172

20 22.1149 23.8642 25.1867 26.6603 29.0218

30 18.6075 22.5378 24.5753 25.1131 27.1014

5 Conclusion

Traditional medical image denoising is processed in the spatial or frequency domain.
However, noise, edges and pixel points on the contour are located in places where the
grayscale changes abruptly. They all correspond to the high frequency components in
the image spectrum. Therefore, the image processed by the traditional noise reduction
methods are likely to make the details, such as edge contours, lines blurred. So that the
image quality can be reduced. In order to reduce the shortcomings of losing edges and
textures details, this paper proposes an improved image denoising algorithm based on
Curvelet transform. Polynomial interpolation threshold method is used in this algorithm,
Wrapping and Cycle spinning technology are combined, the Curvelet coefficient thresh-
old can be determined adaptively, so as to achieve the denoising of medical images. The
experiments show that the algorithm in this paper has a good effect on the suppression of
medical image noise, and has good subjective vision. It can improve the shortcomings of
the image acquisition by instrument and remote transmission, it has practical application
significance.
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