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Abstract. This paper studies on linguistic topological sapces which are
generate from Hedge algebra. We also indicate homotopy classes of homo-
topic functions on this spaces as well as its equivalence relations.
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1 Introduction

Natural language processing (NLP) holds significant significance in the realm
of artificial intelligence (AI) as it aids in the analysis, logical deduction,
and decision-making processes. Within this context, “Computing with words”
(CWW), a mathematical approach, addresses computational challenges framed
in natural language. CWW draws from fuzzy set theory and fuzzy logic, ini-
tially proposed by L. A. Zadeh, offering an approximation technique within the
range of values between 0 and 1. Notably, within the linguistic domain, linguistic
hedges assume a crucial role in forming sets of linguistic variables.

An established utilization of fuzzy sets involves fuzzy graphs, fuzzy neural
networks, and machine learning [2,8,11,12], which merge fuzzy sets with graph
theory. Fuzzy graphs find numerous applications in modeling and deducing fuzzy
knowledge, including scenarios like human trafficking, internet routing, and ille-
gal immigration [10]. These applications operate within the range of values from
0 to 1, excluding linguistic values.

Nonetheless, numerous scenarios are not easily represented within the numer-
ical context, such as linguistic summarization issues [9]. To address this challenge,
the paper employs an abstract algebraic framework known as hedge algebra (HA)
to facilitate the analysis of linguistic content. The subsequent sections of the
paper are structured as follows: Sect. 2 revisits key notions pertaining to word-
based modeling using (HA) and investigates the characteristics of topological
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linguistic spaces. In the primary Sect. 3, different categories of homotopic func-
tions and equivalence equations are explored. Finally, Sect. 4 outlines the paper’s
conclusions and outlines directions for future research endeavors.

2 Preliminary

In this segment, fundamental principles of HA are introduced alongside crucial
information utilized within this paper.

2.1 Hedge Algebra

First definition of a HA is 3-Tuple HA = (X,H,< ) in [6]. In [5], to
readily replicate fuzzy information, the 3-Tuple is augmented with the inclu-
sion of two elements, denoted as G and C. So HA = (X,G,C, H,<) where
H#0,G={c", ¢}, C={0,W,1}. Domain of X is L = Dom(X) = {dc| c €
G, § € H*(hedge string over H)} , {L, <} is a POSET (partial order set) and
x = hphp—1...hic Is referred to as the canonical string corresponding to the
linguistic variable z.

Ezample 1. Fuzzy subset X is Age, G = {c¢* = young; ¢~ = old}, H =
{less;more; very} so term-set of linguistic variable Age X is L(X) or L for short:
L = {less less young ; less more young ; young ; more more young ; very more
young ; very very young ...}

Fuzziness properties of elements in HA, specified by F (fuzziness measure) [5]
as follows:

Definition 1. A mapping F : L — [0,1] is said to be the fuzziness measure of
L if:

1Y eqer ey Fle) =1, F(0) = F(w) = F(1) = 0.
2. ZhieH F(hix) = F(x), € = hphp_1 ... h1c, the canonical form.
3. c}(hnhn,1 e hlc) = H;L:l g( 2) X M(.’E)

Truth and significance hold pivotal roles in fuzzy logic, artificial intelligence,
and machine learning. Within RCT (restriction-centered theory) in [9], truth val-
ues are structured hierarchically, encompassing ground-level or first-order truth
values as well as second-order ones. While first-order truth values adopt numer-
ical expressions, second-order truth values assume the form of linguistic inter-
pretations. A linguistic truth value, designated as “/,” constitutes a fuzzy set.
We study linguistic truth values on POSET L whose elements are comparable
(3].

Definition 2. A £ STRUCT[p] on relational signature p is a tuple:

e=(L f2, ) (1)

Consists of a universe L # Q) together with an interpretation of:
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— each constant symbol c; from p as an element cf el
— each a;-ary function symbol f,, from p as a function:

R L )
In HA, ¢ € L and there are order properties:

Theorem 1. In [6] let {4 = hy, ... hju and by = ky, ... kju be two arbitrary
canonical representations of {1 and lo, then there exists an index j < AN{m,n}+1
such that h; = k;, for Vi < j, and:

1. 01 < ¥y Zﬁ h]‘l‘j < kja:j where T; = hj_l - hlu;
2. lh =Ly iff m=n=7 and hjx; = kjx;;
3. 41 and Uy are incomparable iff hjz; and kjx; are incomparable;

Ezample 2. Take into linguistic variables: {7 high, Phigh, Zhigh} belonging to
the set L, where {7 high, Phigh, ZLhigh} correspond to linguistic truth val-
ues representing “very true,” “possible true,” and “less true,” derived from the
underlying truth of a variable pressure. Suppose there are propositions p = “Lucie
is young is ¥ high” and q = “Lucie is smart is Phigh.” The interpretations over
L are as follows:

— pressure(p) = V' high € L, pressure is a unary function.
— p A q = TVhigh A Phigh = Phigh €. A is a binary function.
— pV q = ThighV Phigh = Vhigh €. V is a binary function.

2.2 Linguistic Topological Spaces

S S >

76 &%

Fig. 1. Tree of hedges
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Linguistic topological spaces (LTS), as presented in [4], can be regarded as a
particular instance of a fuzzy topological space [1].

Definition 3. [1] A fuzzy topological is a family T of fuzzy sets in X which
satisfies the following condition:

1. 9, X €T,
2. IfAABeT, then ANBeT,
3. If A; € T for each i € I then|J; A; € T.

T is called a fuzzy topoloty for X and the pair (X, T) is a fuzzy topological space
(FTS).

Definition 4. [}] A linguistic fuzzy topological is a family T of linguistic term
sets in L which the following condition holds:

1. ¢,LeT,
2. IfAABeT, then ANBeT,
3. If Ay €T for each i €I then|J; A; € T.

T is called a linguistic fuzzy topoloty for L.

Let L be a language which is generate from a HA with m hedges and T be a set
of subset of leaf nodes on a complete m-ary tree as Fig. 1 then we have property

Property 1. [4]

1. T is a linguistic topology on L
2. Couple (L, T) is a linguistic topological space.

Ezample 3. Give a HA:
HA = (2 = pressure; ¢t = high; % = {P, M, V}) (3)

be an HA with order as P < M < ¥ ( P for possible, M for more and ¥ for
very are hedges ). Let {h;, hj, h; € Z UW} in which W is the neutral element,
that is WeT = ¢ .. .then language L which generated from linguistic variable
Z is as follow Fig. 2:

L ={hih;hghigh|h; # h; A hi # hi A hj # h}
—{Phigh, Athigh, ¥ high,
P Mhigh, MPhigh, PV high,
U Phigh, MV high, ¥ Jhigh,
P AT high, V P Ahigh, PV Mhigh,
U MPhigh, MYV Phigh, APV high}
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Fig. 2. Hasse diagram

3 Linguistic Homotopic Ralations

Fuzzy homotopy theory on numerical domain [0, 1] was presented in [7]. This
paper study homotopic relations on linguistic domain L of linguistic topological
space [4].
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L x [0,1]

Fig. 3. Homotopic ralation diagram

Definition 5. Given two functions f: L — L and g : L — L. f and g are
said to be homotopic if there is a function h exists:

h:Lx[0,1] —L (4)
such that:
h(z,t) € L 5)
h(z,0) = f(x) and h(z,1) = g(z)
With functions f, g, h are illustrated as in the Fig. 3.

Ezample 4. With the parameter ¢ € [0, 1] and relationship between f and g as
follows:

h(z,t) = f(z) +t x [g(x) — f(z)]
Suppose f is the identity function

fla) ==
and g(x) denote a constant function:

(W)

g9(z)

Let M = (xp7) represent a point on line segment of fuzziness measure in Def-
inition 1. Point hA(M,t) = N with N = zy is the point on the line so that
F(xn) =t X F(xpr). Then, we have:
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Property 2. The relation on L, f ~ ¢ in which f is homotopic to g is an
equivalence equation.

Proof. Prove the relation satisfying the properties L, f ~ g¢: Reflexivity, sym-
metry and transitivity.

— Symmetry: Every function is homotopic to itself
Define a function h: L x [0, 1] — L as

Bat) =t x f(@)+ (1 1) x f(a)

This function satisfies the conditions for homotopy since h(z,0) = f(z) and
hz,1) = f(z)

— Symmetry: If f is homotopic to g, then g is homotopic to f. Let h; be the
homotopy between f and g.
Define a function h; : L x [0, 1] — L as

hi(z,t) = h(z,1 —1t)
hi(.) satisfies the conditions for homotopy since:
hi(x,0) = h(z,1) = g(x) and hy(z,1) = h(z,0) = f(z)

— Transitivity: If f is homotopic to g and g is homotopic to h, then f is homotopic
to h.
Let h be the homotopy between f and g, and let h; be the homotopy between
g and h. Define a function hy : L x [0, 1] — L as

ho(x,t) = h(z,t) + (1 — t) x (hi(x,t) — h(z,t))
ho satisfies the conditions for homotopy since
ha(x,0) = hy(z,0) = f(z) and ho(z,1) = hi(x,1) = h(x)

Since the relation f ~ g of homotopy satisfies reflexivity, symmetry, and transi-
tivity, it is indeed an equivalence relation.

4 Conclusion and Forthcoming Study

The paper study properties on linguistic topological space based on hedge algebra
and fuzziness measure.

— Study homotopic functions on linguistic domain L
— Show that the relationship between homotopic functions on L is an equiva-
lence relation.

In the future, two studies will be:

— Research on homotopy classes.
— Apply linguistic homotopy in quantum logic and homotopy data analysis.
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