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Abstract. Orthogonal time frequency space (OTFS) modulation can
provide significant error performance than orthogonal frequency division
multiplexing (OFDM) modulation in the high-speed scenario. However,
the fractional Doppler effects cause Doppler diffusion. In this paper, we
analyze the Doppler diffusion from both the formula and geometric levels.
In order to alleviate Doppler diffusion, we propose an adaptive orthogonal
basis scheme by using the Doppler shifts feedback of the receiver. Our
scheme alter the matrix of the inverse symplectic finite Fourier transform
(ISFFT) by the feedback. This scheme makes it possible to estimate the
channel more accurately. In the simulation results, we show that the
bit error rate (BER) and block error rate (BLER) performance of our
proposed scheme is not affected compared with OTFS. In addition, our
scheme can work even if the Doppler domain dimension is limited and
the Doppler shifts feedback of the receiver is inaccurate.
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1 Introduction

The sixth-generation (6G) era is expected to ultra-reliable wireless communica-
tion in the high-speed scenario such as high-speed railway, vehicle-to-everything
(V2X) and low-earth-orbit satellites (LEOS) communications [3,14,15]. While
the orthogonal frequency division multiplexing (OFDM) modulation deployed in
the fifth-generation (5G) mobile systems can achieve high spectral efficiency, it
is not robust to time-varying channels with Doppler shifts [1,2,4,5,16]. In order
to realize robust transmission, a new two-dimensional (2D) modulation scheme
as orthogonal time-frequency space (OTFS) was proposed [1].

In OTFS, the information symbols are multiplexed in the delay-Doppler
domain rather than the time-frequency domain as the OFDM [5]. The delay-
Doppler domain symbols are transformed into the time-frequency domain via
the inverse symplectic finite Fourier transform (ISFFT). Relying on this 2D
orthogonal transform, the OTFS modulation represents the time-varying mul-
tipath channel into the delay-Doppler domain, making all transmitted symbols
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experience the quasi-stationary channel [1-5]. Furthermore, the delay-Doppler
domain channel presents sparse characters since the delay and the Doppler shift
of the channel are limited for a wide-band system [6-9]. In addition, the channel
representation demonstrates attractive properties such as separability, compact-
ness, and stability which have the potential to be exploited for OTFS system
design [3,14,15].

The sparse character of the channel provides the possibility to estimate the
delay and Doppler shift [2]. However, interference cancellation is still necessary.
In the OTFS system, Raviteja et al. simplify the OTFS input-output relation
characterizing the interference [7]. In the case of an ideal waveform, there is no
inter-carrier interference (ICI) and inter-symbol interference (ISI) occurs. while
inter-Doppler interference (IDI) is still present due to unavoidable fractional
Doppler effects.

In this paper, we analyze the unavoidable fractional Doppler effects in the
case of an ideal waveform. Further, we show the Doppler diffusion caused by
fractional Doppler effects and analyze the diffusion both on the formula and
geometric level. Specially, we propose an adaptive orthogonal basis scheme to
alleviate this diffusion. Finally, our results show that with coding and ideal
channel estimation, the bit error rate (BER) and block error rate (BLER) per-
formances of adaptive orthogonal basis are not affected compared with OTFS.
Our scheme can work even when the Doppler domain dimension is limited and
the Doppler shifts feedback from the receiver is inaccurate.

The rest of the paper is organized as follows. Section 2 reviews the diagram
of the OTFS system. Next, we analyze the fractional Doppler effects in Sect. 3
and propose an adaptive orthogonal basis scheme in Sect.4. Numerical results
are presented in Sect.5 to verify the performance of our proposed scheme and
our conclusions are finally shown in Sect. 6.

Notations: Boldface capital letters stand for matrices and lower-case letters stand
for column vectors. The transpose, conjugate, conjugate transpose, and inverse
of a matrix are denoted by ()7, (0%, ()7, ()7, respectively. [|s|| is the f5-
norm of the vector s.  (-) denotes the Dirac delta function. ] is the modulo
operator of divider N. 0, I, and F, represent zero matrix, identity matrix with
the order L and L—order normalized discrete Fourier transform (DFT) matrix,
respectively. The operator diag{x} creates a diagonal matrix with the elements
of vector x.

2 System Model

We consider an OTFS system with M subcarriers with the sub-carrier bandwidth
of Af and N symbols with the length of T'. The total bandwidth and total
duration of OTFS system are B = MAf and Ty = NT. Moreover, the OTFS
system is critically sampled TAf = 1.

In this section, we introduce the diagram of the OTFS system. Figure 1
shows the transceiver diagram of the OTFS system [6]. The modulator first
maps the delay-Doppler information symbols [k, ] to the time-frequency sym-
bols X [n,m] by using the ISFFT. Next, the Heisenberg transform is applied
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Fig. 1. The transceiver of the OTFS.

to X [n,m] to generate the time domain signal s(t) for transmission over the
channel. At the receiver, the received time-domain signal is mapped to the time-
frequency domain through the Wigner transform (the inverse of the Heisen-
berg Transform), and then to the delay-Doppler domain using SFFT for symbol
demodulation.

In the following subsection, we will give the matrix expression of the above
process from the transmitter, channel and receiver.

2.1 Transmitter

First, using the ISFFT to map the delay-Doppler information symbols to the
time-frequency domain. It can be expressed as

X = FyXppF& (1)

where Xpp € CM*¥ represents the matrix form of the delay-Doppler domain
symbols z [k, 1] and X € CM*¥ ig the time-frequency domain symbol matrix.
Next, the transmitted symbols are mapped into the time domain by ultilizing

the Heisenberg transform, which can be expressed as
S = FIX = XppF¥ (2)

where S € CM*V is the time domain symbol matrix.

2.2 Channel

The signal s (t) is transmitted over a time-varying channel with channel response
h (7,v), which characterizes the channel to an impulse with delay 7 and Doppler
v [1]. The received signal is given by

r(t) = / / h(r,v)s(t— 1)l t=") (3)
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Equation (3) represents a continuous Heisenberg transform. Since typically
there are only a small number of channel reflectors with associated delays and
Dopplers, much more parameters are required for the delayed Doppler channel
model [8,10]. The sparse representation of the channel h (7,v) is given as

»
h(rv)=> hid(r—7;)6(v—1v;) (4)
=1

where P is the number of propagation paths, h;, 7; and v; represent the path
gain, delay and Doppler shift associated with the i-th path, respectively [12,13].
The delay and Doppler for i-th path are expressed as

L, kv, + Ko,

T MAPY' T TNT (5)

Ti

where I, k;, are integers and real —1/2 < k,,;, < 1/2. 1, k,, represent the delay
tap and Doppler tap corresponding to the delay 7, and Doppler frequency v,
respectively. And k,, represent the fractional Doppler shift from the nearest
Doppler tap k,, [12,13].

To obtain discrete time domain representation, s(t) and r(t) are sampled at
the interval of T'/M [18], expressed by vector s and r. In addition, the relation
of s and S shown as

s = vec(S) (6)

2.3 Receiver

After removal of CP at the receiver, received signal can be written as [18]
r=Hs+n (7

where n is white Gaussion noise vector with elemental variance o2 and H is the
equivalent time domain channel matrix and can be represented by (4)

P
H= Z hiHlﬂ: Ak’“iJr”vi (8)
i=1

where IT is a forward cyclic shift permutation matrix,
II = [es,e3,...,emnN, €1) (9)

where e; is the i-th column of the identity matrix In;ny. A is a diagonal matrix
expressed as
jom j2m(MN-—1)
A = diag{l,eMN, ... .7 MN (10)
We reshape r to received time domain symbol matrix R € CM*¥ and the
matrix R is transformed to the delay-Doppler domain through the Wigner trans-
form (the inverse of the Heisenberg Transform) and the SFFT respectively. It
can be expressed as
r = vec(R) (11)
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Y =FyR (12)
Ypp = F{,YFy = RFy (13)

where Y € CM*N and Ypp € CM*V are the time-frequency domain and the
delay-Doppler domain received symbol matrix.

3 Fractional Doppler Effects Analysis

In Sect. 2.2, we introduce the i-th path delay and Doppler 7; and v;. Since the
resolution of the sampling time 1/MAf is sufficient to approximate the path
delays to the nearest sampling points in typical wide-band systems [7], we do
not need to consider the fractional delay effects. However, we cannot ignore the
fractional Doppler effects.

In order to analyze the fractional Doppler effects independently, we analyze
the case of ideal waveforms and consider the simple channel estimation scheme
[11,12]. In this scheme, we set the delay-Doppler domain symbol matrix Xpp
as

sch

1, (m,n) =(0,n
Xpp...,.(m, 1) = { O,(()ther?s (0. (14)

mel0,1,...,M—1],n,n; €[0,1,...,N — 1]

We recall (1) that the ISFFT process is combined by the matrix Fj; and FL.
The elements of F can be expressed as

1 —i2rmn
FN(m,n):ﬁe T m,n € [0,1,...,M —1] (15)

According to (2), Xpp,,, is transformed to the time domain. Then trans-
mitting through the ideal channel with o2 = 0, (7) can be written as

Tsch = Hssch (16)
Finally, we reshape rs.; to Rsen, and obtain Ypp,., by (12) and (13),

Ypob.,, = RechFn (17)

sch

where Ypp,,, contains all paths channel response in the delay-Doppler domain.
Focus on the i-th path channel response, it can be expressed from (10) and (15)

=2

—1

o (owy AR YAFEM) | (g —1—m)k
6327"( MN )eJ27T( k N ) (18)
k=0
o Fvg trv; gl o Fatng—1=m)
= 4T TN E /<™ N (19)

k=0
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where m € [0, N—1] and k,, + &, represents the i-th path Doppler. Futhermore,
we can derive (19) as

= (20)

Nz_:lej%r(’“vi*"%;"k’l*m) - {N, ky, ¥ Ky, ¥ g —1—m=0
= 0,ky, + Ky, + g —1—m#0

When k., is zero, since ny, is an integer, we have m = ky, + Ky, + ng — 1 is
also an integer. That means only one impulse in the Doppler domain according
to (20). But when x,, is not zero , m is a decimal. That means the one impulse
will diffuse to the whole Doppler domain. We refer to this diffusion as the frac-
tional Doppler effect. In practice, the diffusion is not serious when the fractional
Doppler is close to 0, which is shown in the left part of Fig.2. Conversely, the
diffusion is serious when the fractional Doppler is close to 0.5, which is shown in
the right part of Fig. 2.

Fig. 2. Schematic diagram: k., = 0 and k., = 0.5.

Next, we try to make a geometric analysis of the Doppler diffusion. Fy can
be regarded as a matrix composed of N orthogonal column vectors, which can
be considered as channel vectors generated by N consecutive integer Doppler
values. The channel estimation process can be looked upon as N vectors to
represent the estimated channel vector. When the channel vector and N column
vectors are not orthogonal, they cannot be represented by the matrix F y, so the
results are serious diffusion in the Doppler domain.

4 Adaptive Orthogonal Basis Scheme

In Sect. 3, we analyze the fractional Doppler effects and serious diffusion in the
Doppler domain. To alleviate this diffusion, we propose an adaptive orthogonal
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basis scheme based on OTFS. In the previous section, we know the Doppler shifts
of the time-varying channel are changing. If receiver feedback the Doppler shift
value at a certain time and we can calculate the channel vector from it. Based on
this channel vector, we use adaptive our scheme to alleviate the Doppler diffusion.
In particular, even if the Doppler is changing or inaccurate, our proposed scheme
can work normally within an error range.

Next, we will introduce the implementation of our scheme. Our scheme aims
to alter the DFT matrix F 5: Replace the corresponding column vector of the F
with the calculated channel vector to form an orthogonal basis transformation
matrix. After applying the adaptive orthogonal basis, the effect of alleviating
diffusion is changed from Fig.2 to Fig. 3.

Fig. 3. Schematic diagram of adaptive orthogonal basis.

Taking the two-path channel as an example, we introduce the specific method
in this scheme. We set fpoppier1 and fpoppier2 to represent two path Doppler
shift values. According to (8) and (10), channel matrices of the two paths are
expressed as

50 sMo L s(IN-1)M
s sgM+1 [ s(N-1)M

Hi=| : @ o (21)
5M72 52M72 5NM72

sM—1 g2M—1 sNM-1

b
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I §M ...g(N—l)M
51 §M+1 ,..g(Nfl)M

H,; = : : . : (22)
€M—2 £2M—2_” fNM—Q
fM_l £2M—1 ENM_l
927 fDoppleri 927 fDoppler2 .
where § = e~ M~y  and £ = e~ m~ . Then, we perform the singular
value decomposition (SVD) of channel matrices. It can be expressed as
H, = U, %, V! (23)
H, = U,Z, V7] (24)

After decomposition, the path channel vector v; and vy can be obtained
from the first column of the matrix V; and Vo

Vi = Vl(l, 1) (25)
Vo = Vg(:, 1) (26)

Finally, we use channel vector replaces the nearest column vector in Fp and
obtain Qu after Schmidt orthogonalization. This process is shown in Fig. 4.

FN QN

Schmidt
orthogonalization

[
2,
Jeo
.
"

IIIIIIIIIIIISI"re,,]aC&
CITTTTTTITTITIsN,

Fig. 4. Schematic diagram of adaptive orthogonal basis.

Compared with OTFS, the advantages of adaptive orthogonal basis scheme
are improving the accuracy of channel estimation and reducing the cost of guard
symbols by alleviating Doppler diffusion.
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5 Simulation Results

In this section, we present the simulation results with coding and ideal channel
estimation to compare the BER and BLER performance of our proposed scheme
and OTFS. In addition, we show the performance of different symbols number
N for the OTFS systems. Furthermore, the performance of different Doppler
shifts feedback from the receiver is also shown.

The simulation setup is illustrated in Table 1. For channel model, we use
two-path channel model, and the path delay, path Doppler and path power are
[0,50/9] ws, [1.25, —3.125]kHz and [0, 0]dB, respectively.

Table 1. Simulation Parameters

Parameter Value

Carrier frequency 4 GHz
Number of subcarriers(M) | 120
Number of symbols(N) 12
Subcarrier spacing(Af) 15 kHz
CP length 25/9 ps
Modulation 4-QAM

In Fig. 5, we compare the BER of different symbols number NV in the Doppler
domain. We use the channel estimation in [17] and compare the case of N = 12,
N =24 and N = 48. We can see that the performance is better as N increases.
Obviously, the larger the N, the smaller the fractional Doppler effect [7]. In order
to better verify the performance of our scheme, we limit the number of symbols
to N =12.

In Fig.6, we compare the BER and BLER performance of the OTFS and
our proposed adaptive orthogonal basis scheme. For fairness, we choose the ideal
channel estimation with coding. It can be obtained that the adaptive orthogonal
basis scheme has the advantage of alleviating Doppler diffusion without affecting
performance. This advantage will further bring benefits, such as reducing pilot
symbols expenses and obtaining channel estimation gains.

In practice, the Doppler shift feedback from the receiver is inaccurate, we
further evaluate the performance of our scheme in the presence of Doppler error.
We consider two Doppler error cases: +£0.3kHz and +1kHz. In Fig. 7, we show
the BER and BLER performance of our scheme with different Doppler error
cases. We can see that the BER loss of two error cases at —2dB are 0.1dB
and 0.2 dB respectively, the BLER loss are smaller. It can be obtained that our
proposed scheme can work even when the number of symbols is limited and the
Doppler shifts feedback from the receiver is inaccurate.
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Fig. 6. The BER and BLER performance of the OTFS and our proposed scheme.
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Fig. 7. The performance of our scheme with different Doppler error cases.

6 Conclusion

In this paper, we have analyzed the unavoidable fractional Doppler effects in the
case of ideal waveform and show the cause of diffusion from both formula and
geometric levels. In particular, we proposed an adaptive orthogonal basis scheme
to alleviate the Doppler diffusion. In our scheme, we modified the matrix of the
inverse symplectic finite Fourier transform by using the Doppler shifts feedback
of the receiver. In the simulation results, we show that the BER and BLER
performance of our proposed scheme are not affected compared with OTFS when
coding and ideal channel estimation. And our scheme can work even when the
number of symbols N is limited and the Doppler shifts feedback from the receiver
is inaccurate.
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