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Abstract. Many researchers have become interested in wheeled mobile robot
(WMR) trajectory tracking control in recent years. This is due to the increased
application of mobile robots in the industry, the military, the home, and public ser-
vice. Classically, the movement of WMR is controlled depending on its kinematic
model.However, in real-time applications, both the dynamic and kinematicmodels
of robots and external disturbance and uncertainty affect systemperformance. This
paper proposes backstepping combined with a Nonlinear Proportional-Integral-
Derivative (NPID) controller to control a two-wheeledmobile robot (TWMR). The
kinematic and dynamicmodels of theWMRare derived. The dynamicmodeling is
derived using a Lagrangian approach, and stability of the system is achieved using
the Lyapunov method. The controller gains are optimized using the Genetic Algo-
rithm optimization technique. The proposed algorithms’ performance is tested
using Matlab software. The simulation result shows that the proposed method
achieved preferable reference trajectory tracking with a minimum tracking error.
The proposed controller outperforms the GA-based backstepping plus PID con-
troller in terms of root-mean-square (RMS) of trajectory tracking error (47.36%
in a linear and 60.32% in a nonlinear case). In addition, it shows good unknown
disturbance rejection and initial point change in all scenarios.

Keywords: Backstepping and NPID Controller · Trajectory Tracking ·
Two-Wheeled Mobile Robot · Genetic Algorithm · Lyapunov Stability Analysis

1 Introduction

Amobile robot is a robot that canmove its surroundings and is not fixed to agivenphysical
location. It can be autonomous or semi-autonomous, which means it can navigate in an
uncontrolled environment without needing a personal operator or electro-mechanical
guidance device. A wheeled mobile robot (WMR) is a mobile robot that navigates its
surroundings using a wheel’s rotation. It is a widely used mobile robot due to its ability
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to substitute humans in many fields. For example, in industry, the military, public and
private sector services, and production and distribution companies.

When the application of a WMR increases, the performance acquired from the robot
becomes a critical issue for researchers. The robot’s performance (in the case of trajec-
tory tracking) depends on the position error and orientation error for kinematic control,
while a velocity error will affect the performance in the case of dynamic control. The
movement or navigation of a WMR depends on three control problems: reference tra-
jectory tracking, line following, and point stabilization [1]. One of the main objectives
of reference tracking control is to control a robot’s position on a predetermined trajec-
tory with the minimum position and orientation error. Due to nonholonomic restrictions
in nonholonomic robots, trajectory tracking and motion control are not independent.
Trajectory tracking of nonholonomic robots in the robotic domain involves determining
trajectories from a starting point to a final point while considering mechanical limita-
tions and guiding the robot to follow the proposed trajectories. Several works on the
WMR’s trajectory control problem have been presented. Most of them are focused on
a nonholonomic constraint that depends on posture stabilization and trajectory tracking
[2]. Trajectory tracking makes the robot follow a predefined trajectory.

The two-wheeled mobile robot (TWMR) used in this work has two standard fixed
wheels that are actuated by two similar DC motors and a freewheeler. The freewheeler
is used to balance the robot’s body frame. Many control approaches have been applied
to control WMR trajectory tracking, for example, a kinematics-based backstepping con-
troller [3], Proportional-Integral-Derivative (PID) controller [4], Fuzzy logic controller
[5, 6], and Nonlinear PID controller. Furthermore, various optimization techniques (like;
Genetic Algorithm (GA), Particle Swarm Optimization, Grey Wolf Optimization, and
Neural Network) are used to optimize the controller gains.

In [7, 8], a kinematic controller combined with a torque control law using the back-
stepping control method is proposed for nonholonomic mobile robot control. Hassani
et al. proposed a backstepping method for trajectory tracking control of mobile robots
(MR) [9]. The authors presented kinematic and dynamicmodels. The challenging task of
this approach is that controller gains are obtained by trial and error and are less efficient.

In works by [10], a nonholonomic WMR is controlled by a Nonlinear Proportional-
Integral-Derivative (NPID) neural controller with a particle swarm optimization algo-
rithm. The Neural Network-based PID controller responds smoothly to the external
attenuation disturbance problem. The control method was based on a kinematic model
of the system by ignoring the robot’s dynamic model. In practical applications, both
dynamic and kinematic models of robots affect system performance. In the literature
[11] and [12] kinematic-based backstepping controller is applied to control robot coor-
dinates, and a PID controller is used for motor speed control. In [13], a combination of
PID and backstepping approach is used for trajectory control. However, it lacks control
parameter optimization and leads to the system being controlled only in an interesting
region.

Preferable trajectory tracking of WMR is achieved by considering the disturbances,
noise, or internal model changes (uncertainty) that will affect the system in real-time
applications. Including aWMR system dynamic model is vital for good trajectory track-
ing and stabilization. The main contribution of this paper is the design of a backstepping
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controller combined with an NPID controller for stabilization and trajectory control of
TWMR. The proposed strategies consist of two approaches. A backstepping controller
is used at the control robot’s position, and NPID controls the robot’s velocity. The Lya-
punov method justifies the stability of the system. Kinematic and dynamic models of a
proposed framework are taken into account.

Additionally, the controller parameters are also optimized using a GA optimization
method. The developed control method is tested by simulation on Matlab/Simulink
software. The system’s performance will be analyzed with unknown disturbances and
changes in the initial position. The proposed system tracking capability is comparedwith
a GA-based backstepping controller and a GA-based backstepping plus PID controller.

The next sections of this paper present system modeling, control approach design,
results and discussions, and conclusions.

2 System Modeling

2.1 Kinematic Modeling of the TWMR

A system modeling of the differential drive MR platform in this study consists of kine-
matic and dynamic modeling. As seen in Fig. 1, the WMR is represented in Cartesian
coordinates. The robot setup body has two wheels with a radius of r and a distance L
from the center P and free castor wheels to balance the robot setup body. C is the robot’s
center of mass (CoM), and d is the distance between the CoM and the center of the wheel
axis. The position of the WMR in the inertial reference frame (XI ,YI ) with origin point,
O, and the local robot frame (XR,YR) they are attached to the body frame. The angle
between the local robot and global reference frames is represented as theta (θ) in radian.
Moreover, v and ω are robot linear and angular velocities, respectively.

Let us represent the robot coordinates in inertial and local frames as follows [14]:

qI = [
xI yI θI

]T
(1)

qR = [
xR yR θR

]T
(2)

A robot’s motions in the global frame are translated into motions in the local frame
by using a standard orthogonal transformation matrix and vice versa. I.e.,

q̇R = R(θ)q̇I (3)

where:

R(θ) =
⎡

⎣
cos(θ) sin(θ) 0

− sin(θ) cos(θ) 0
0 0 1

⎤

⎦ (4)

The contribution of the translational and rotational velocity components of the wheel
velocities in the local robot frame is as follows:

[
ẋR, ẏR, θ̇R

]T =
[
1

2
r(ϕ̇r + ϕ̇l), 0,

r

2L
(ϕ̇r − ϕ̇l)

]T
(5)
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Fig. 1. 2D representation of WMR

where
.
ϕr and

.
ϕl is the angular velocity of the right and left wheels, respectively. In an

inertial frame, the differential drive WMR velocity is given as:

[
ẋ ẏ θ̇

]T = r

2

⎡

⎣
cos(θ) cos(θ)

sin(θ) sin(θ)

1/L −1/L

⎤

⎦
[

ϕ̇r

ϕ̇l

]
(6)

In Fig. 1, a wheel presents three kinematic constraints on DWMR. The first constraint
is that DMWR cannot slide sideways, i.e., no non-slipping constraint exists, while the
others are related to the motion of the wheels. The actuated wheels cannot rotate in the
wrong direction. I.e., there are only pure rolling constraints [15, 16].

.
y cos(θ) − .

x sin(θ) − d θ̇ = 0 (7)

ẋ cos(θ) + ẏ sin(θ) + Lθ̇ − rϕ̇r = 0

ẋ cos(θ) + ẏ sin(θ) − Lθ̇ − rϕ̇l = 0 (8)

The nonholonomic constraint in Eqs. (7) and (8) can be written in matrix form as:

A(q)q̇ = 0 (9)

where A(q) is the constraint matrix and
.
q is configuration coordinate given as:

A(q) =
⎡

⎣
− sin(θ) cos(θ) −d 0 0
cos(θ) sin(θ) L −r 0
cos(θ) sin(θ) −L 0 −r

⎤

⎦ (10)

q̇ = [
ẋ ẏ θ̇ ϕ̇r ϕ̇l

]T
(11)

If the inertial and mass of the wheels were neglected, WMR satisfied pure rolling and
non-slipping. As a result, Eq. (10) is reduced to the following matrix:

A(q) = [− sin(θ) cos(θ) −d
]

(12)
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Consider S(q) as a smooth and independent vector field distributed in the null space of
a matrix A(q).

A(q)S(q) = 0 (13)

In this case, S(q) is a linearly independent distributed field vector that is used to transform
velocities w(t) = [v, ω] in terms of the inertial reference frame given as:

S(q) =
⎡

⎣
cos(θ) −d sin(θ)

sin(θ) d cos(θ)

0 1

⎤

⎦ (14)

Therefore, the WMR kinematic model in an inertial frame is formulated as follows:

q̇ = S(q)w(t) =
⎡

⎣
cos(θ) −d sin(θ)

sin(θ) d cos(θ)

0 1

⎤

⎦
[
v
ω

]
(15)

where w(t) is the velocity vector given as w(t) = [
v ω

]T
, w ∈ Rp×1 for all t.

2.2 System Dynamic Modeling

An MR system having an n-dimensional configuration space R, with generalized coor-
dinate q = [q1, q2, ..., qn] and subject to m input constraints can be described as
[15];

H (q)q̈ + C(q, q̇)q̇ = E(q)τ − AT (q)ρ (16)

where H(q) is an inertial matrix represented as n × n positive definite matrix, C(q,
.
q)

is Coriolis and Centripetal torques represented as n × n matrix, ρ is a vector associated
with Lagrange multipliers kinematic constraints, E(q) is the control input of n × m
transformation matrix, AT(q) is matrix associated with constraints, τ is input torque
vector. The generalized Lagrangian form of WMR for fixed conventional wheels is
given as follows [16]:

d

dt

(
∂T

∂
.
q

)
− ∂T

∂q
= E(q)τ − AT (q)ρ (17)

The total lagrangian energy is defined as L = T − W, where T is kinetic energy and W
is potential energy (equal to zero because there is no lateral movement, only horizontal
movement). The total lagrangian energy of the robot is calculated by considering a
dynamic constraint on a fixed standard wheel.

L = 1

2
mt(ẋ

2 + ẏ2) + mt(ẋd θ̇ sin(θ) − ẏd θ̇ cos(θ)) + 1

2
I θ̇2 + 1

2
Iw(ϕ̇2

r
.
ϕ +ϕ̇2

l ) (18)

where mt = mc + 2mw and I = mcd2 + Ic + 2mw
(
d2 + L2

) + 2Im. mc is a mass of
WMR devoid of wheels and motors, and mw is the combined mass of wheel and motor,
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andmt is the total mass of the robot. Ic is the inertia of WMRwithout wheels and motor,
Iw is the inertia of a single wheel and motor around its axis, Im is the inertia of the single
wheel and motor about the y-axis is parallel to the wheel plane, and I is the total inertia
of the robot.

The MR dynamic modeling is obtained by substituting the Lagrangian energy
expression in Eq. (18) into Eq. (17) and, after rearrangements, we obtained as follows:

⎡

⎣
mt 0 mtd sin(θ)

0 mt −mtd cos(θ)

mtd sin(θ) −mtd cos(θ) I

⎤

⎦q̈ +
⎡

⎣
0 0 mtd θ̇ cos(θ)

0 0 mtd θ̇ sin(θ)

0 0 0

⎤

⎦q̇

= 1

r

⎡

⎣
cos(θ) cos(θ)

sin(θ) sin(θ)

L −L

⎤

⎦
[

τr

τl

]
+

⎡

⎣
− sin(θ)

cos(θ)

−d

⎤

⎦(−mt(ẋ cos(θ) + ẏ sin(θ)))

(19)

This dynamicmodel inEq. (20) is simplified and transformed into a proper representation
to eliminate the constraint terms [17]. A simplified dynamic model is given as:

[
mt 0
0 I

][
v̇(t)

ω̇(t)

]

+
[

0 −mtd θ̇

mtd θ̇ 0

][
v(t)

ω(t)

]

= 1

r

[
1 1
L −L

][
τr

τl

]

(20)

3 Proposed Method Design

This section develops two proposed control algorithms: the backstepping controller and
the NPID controller. Figure 2 shows the proposed controller with a TWMR system.

Fig. 2. Kinematic-based backstepping and NPID controller with a proposed system model

3.1 Backstepping Controller

A backstepping control method is a nonlinear controller designed in a recursive way that
combines the choice of a Lyapunov function with the design of a feedback controller.
A Lyapunov stability analysis function guarantees the global asymptotic stability of
the designed controller [18]. In this paper, a backstepping controller is designed based
on a nonlinear kinematic controller, as shown in Fig. 2. The main objective of this
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controller is to determine the system’s angular and linear velocity control laws to track
a given trajectory with reference velocity inputs and a posture error configuration. A
nonholonomic mobile robot trajectory track can be described and formulated as follows:

q̇r = [
ẋr ẏr θ̇r

]T =
⎡

⎣
cos(θr) 0
sin(θr) 0

0 1

⎤

⎦
[
vr
ωr

]
(21)

From Fig. 2, the posture error between a reference trajectory (qr = (xr, yr, θr)) and
current robot pose (q = (x, y, θ)) is given as:

ep =
⎡

⎣
ex
ey
eθ

⎤

⎦ =
⎡

⎣
cos(θ) sin(θ) 0

− sin(θ) cos(θ) 0
0 0 1

⎤

⎦

⎡

⎣
xr − x
yr − y
θr − θ

⎤

⎦ (22)

If a CoM is at the center of the wheel axes (d = 0), the time derivatives of posture error
become:

ėp = [
ėx ėy ėθ

]T =
⎡

⎣
ω ey − v + vr cos(eθ )

−ωex + vr sin(eθ )

ωr − ω

⎤

⎦ (23)

The control law, which makes a system asymptotically stable, will be designed based
on the pose error dynamics obtained. Auxiliary velocity control inputs as a function
of pose error and input velocities will be proposed depending on the pose error’s time
derivatives using Lyapunov theory. Let us present a scalar function V as a Lyapunov
function candidate as:

V = 1

2

(
e2x + e2y

)
+ 1

Ky
(1 − cos(eθ )) (24)

Therefore, for Ky > 0 one can see V ≥ 0 otherwise, V = 0 if ep = 0 and V > 0 if
ep �= 0. The time-derivative of a Lyapunov function V with a posture error as in Eq. (23)
is given as follows:

V̇ = ėxex + ėyey + 1

Ky
ėθ sin(eθ )

= −ex[v − vr cos(eθ )] − sin(eθ )

[
1

Ky
(ωr − ω) − vrey

]
≤ 0 (25)

The auxiliary velocity control input that satisfies the Lyapunov function candidate by
using a backstepping control law is formulated as follows [7]:

wc =
[
vc
ωc

]
=

[
Kxex + vr cos(eθ )

ωr + Kyvrey + Kθvr sin(eθ )

]
(26)

where Kx, Ky, and Kθ are positive constants adjusted to reduce the posture error. The
velocity control rule described above is called a kinematic-based backstepping controller.
The stability of this control velocity is verified by using the Lyapunov function.

V̇ = ėxex + ėyey + 1

Ky
ėθ sin(eθ ) = −Kxe

2
x − Kθ

Ky
vr sin

2(eθ ) ≤ 0 (27)
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It is clear that
.

V≤ 0, otherwise,
.

V= 0 if ep = 0 and
.

V< 0 if ep �= 0. Therefore,
the derivative of a Lyapunov function is a negative-definite function. The system is
asymptotically stable at an equilibrium point ep = 0 under the condition that reference

velocity wr = [
vr ωr

]T
and proposed constant positive gains

(
Kx,Ky, and Kθ

)
are

bounded and continuous.

3.2 Nonlinear PID Controller

A NPID controller is used to control the velocity of a robot at a dynamic control loop
level, as in Fig. 2. A newNPID controller whose architecture is analogous to the standard
PID controller is proposed. However, the proportional and derivative actions are linear,
whereas the integral action has a nonlinear function. Hence, the error input to the integral
action is scaled by a nonlinear gain function in the product of the error and the nonlinear
gain. An NPID controller used in this work is similar to an NPID controller used in work
[19].

The time-domain equation of the NPID controller for velocity control of TMWR is
given as:

Uk(t) = Kpk

[
ec(t) + 1

Tik

∫ t

0
v(t)dt + Tdk

dec(t)

dt

]

= Kpk ec(t) + Kik

∫ t

0
v(t)dt + Kdk

dec(t)

dt
, k = 1,2 (28)

where Uk = [U1, U2]T = [uv, uω]T is NPID controller output, Kpk is proportional
gain constant, Tik is an integral time, Tdk is derivative time, Kik = Kpk/Tik is integral
gain, Kdk = KpkTdk is derivative gain constant in the case of a parallel PID controller.
An error signal ec(t) is given as the difference between the control and actual velocity
(ec(t) = wc − w). The nonlinear scaled error function v(t) in the integral and derivative
control action is given as

v(t) = k(e)ec(t); where k(e) = exp

(
− ec(t)2

2�w2
c

)
(29)

where k(e) is a nonlinear gain function, �wc �= 0 is controlled velocity change, i.e.,
�wc = wc(i) − wc(i − 1) and i denotes the discrete instant of time. According to [19],
a typical value of �wc is 0.5, 1, and 1.5.

3.3 The Controller Gains Optimization by Using a GA

A genetic algorithm is a random search algorithm used to solve nonlinear equations
and optimize complex problems. It employs probabilistic transition rules rather than
deterministic rules and iteratively evolves a population of potential solutions known as
individuals or chromosomes. Each iteration of the algorithm is referred to as a “gen-
eration”. The evolution of solutions is mimicked using a fitness function and genetic
operators such as selection (reproduction), crossover, and mutation [20]. Table 1 shows
a pseudo-code of GA optimization processes.
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The GA optimization tunes a controller gain to obtain the best gains parameters with
a possible minimum objective function. The objective function is obtained using integral
time-weighted absolute error (ITAE).

ITAE =
∫ tf

0
t|e(t)|dt (30)

where e(t) is an error between desired and actual values and tf is time duration. ITAE
penalizes an error that persists long, resulting in more significant discrimination than
IAE or ISE [19].

Table 1. Pseudo-code of the genetic algorithm

Start
Set t = 0;
Generate initial population P(t);
Compute the fitness of an individual in P(t);
do while < Stop condition for not satisfied >

Set t = t + 1;

Select from individual P(t − 1) to set a tentative population P(t);

Perform Cross-over individual in P(t);

Perform Mutation of an individual in P(t);
Compute the fitness of an individual in a new population P(t);
end while
Output the best individual P(t) as the best solution;
Stop

4 Results and Discussions

To investigate a controller’s performance for a capability to track a given reference
trajectory, adaptability, and robustness for an uncertain system model, two scenarios
are considered for the reference trajectory: linear reference trajectory and nonlinear
reference trajectory.

(xr, yr) = (t, 2t), (xr, yr) = (−5 sin(t/5), 10 sin(t/10)), ∀t ≥ 0. (31)

Linear Trajectory Tracking Performance: In linear reference trajectory tracking, a
robot rapidly follows a given trajectory because the controller can easily anticipate
the future behavior of a tracking line or tracking error. The robot simulation parameter
configuration is as in [21]. mt = 120 kg, L = 0.33m, d = 0.1m, r = 0.135m, I =
15.0565 kgm2. A proposed controller gain parameter is optimized by the GA optimiza-
tion method. The obtained controller gains are Kx = 33.3095,Ky = 98.76,Kθ =
10.2058,Kp1 = 71.4881,Kp2 = 99.8081,Ki1 = 0.0441,Ki2 = 0.0251,Kd1 =
0.9483andKd2 = 0.1803.
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As shown in Fig. 3, a robot tracks a given reference trajectory with a minimum
tracking error at q0 = (0, 0, 0) initial states in the x position, the y position, and the
robot steering angle. The tracking errors in the x, y, and steering angles converge to zero
in a short settling time. However, a limitation of the backstepping controller is that it
produces a significant overshoot response when the robot’s initial position is changed.
To see the capability of the robot to track a given trajectory with a proposed controller,
consider a change in the initial state and apply an unknown disturbance to the system.
Hence, change the robot’s initial position from (0, 0, 0) to (2, 1, pi/2) and see in Fig. 4
the change in a simulated robot system dynamics model.

Fig. 3. The x position, y position, and robot angle tracking performance with (0, 0, 0) initial
position: linear trajectory

A trajectory tracking performance is shown in Fig. 4, which clearly shows that the
robot has a considerable peak value at the start of robot motion due to initial position
change. Later this value decreases. The robot adapts to the initial position changes
with a short settling time and a slight overshoot in reference position tracking. Thus,
the proposed method’s trajectory tracking ability in linear reference trajectory inputs
is almost perfect, and the obtained results are smooth and robust to an initial position
change.

Nonlinear Reference Trajectory Tracking Performance: This scenario applies a sinu-
soidal reference input to the system. The robot stabilized and followed a given path with
a minimum trajectory tracking error, as shown in Fig. 5 and Fig. 6.
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Fig. 4. The x position, y position, and steering angle tracking performancewith the initial position
is (2, 1, pi/2): linear trajectory

Fig. 5. Nonlinear trajectory tracking and tracking error performance with initial position is (0, 0,
0).

The robot smoothly tracks its reference trajectory in the x and y positions and a
reference steering anglewith the possibleminimum tracking error. A proposed controller
has better tracking capability than a backstepping plus PID controller, as shown in Fig. 5.
A tracking performance response with (3, 2, pi/2) initial position change in Fig. 7 and
Fig. 8 demonstrated that the proposed control method has a better tracking performance
even if the initial position changed. The backstepping controller produced a significant
overshoot when the robot’s initial position changed. However, the robot quickly tracks its
position after the initial position changes. The proposed controller has a better tracking
performance and can quickly adapt to initial position changes than the backstepping plus
PID controller.
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Fig. 6. The x position, y position, and robot angle tracking performance with the initial position
is (0, 0, 0): nonlinear trajectory.

Fig. 7. Nonlinear trajectory tracking performance with initial position change to (3, 2, pi/2).

Robustness of a Control law with Unknown Disturbance: System model uncertainty
may occur during selecting plant parameters for a simple representation because varying
parameters and all the precise disturbance are not well known. These directly impact
systemperformance in a real-time application. The unknown and unmodeled disturbance
torque in the form of [τd1, τd2] = [0.1sin(2t), 0.1sin(2t)] is applied to both wheels of
the motor, and accordingly, linear trajectory and nonlinear trajectory performances are
depicted in Fig. 9 and Fig. 10, respectively.
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Fig. 8. The x position, y position, and steering angle tracking performance with initial position
is (3, 2, pi/2): nonlinear trajectory

Fig. 9. Robot pose tracking performance with unknown disturbance: linear trajectory

As in Fig. 9 and Fig. 10, the control law has better unknown disturbance rejection.
In linear trajectory tracking cases, the response to the unknown disturbance imposes
change on a tracking response, while sinusoidal reference inputs were less affected by
disturbance. This change has an almost insignificant effect on trajectory tracking errors.
Therefore, the control law is smooth and gave a robust response to unknown disturbance
and initial position change. The nonholonomicWMR has been controlled and stabilized
by a control law in a predefined region with minimum position tracking error. The robot
quickly follows a given reference trajectory, and its position tracking error converged to
zero. In addition, the proposed controller outperforms the GA-based backstepping plus
PID controller in terms of root-mean-square (RMS) of trajectory tracking error (47.36%
in a linear and 60.32% in a nonlinear case).



Trajectory Tracking of a Two-Wheeled Mobile Robot 303

Fig. 10. Robot pose tracking performance with unknown disturbance: nonlinear trajectory

5 Conclusion

This paper presented backstepping combined with a nonlinear PID controller in the
trajectory tracking control and stabilization of a two-WMR. The kinematic and dynamic
modeling of a TWMR were formulated. The dynamic system models of the robot were
derived using Lagrangian approaches. A backstepping plus NPID controller is designed
to control a robot’s trajectory tracking. The stability of a proposed controller is achieved
using the Lyapunovmethod. The proposed controller achieved better reference trajectory
trackingwith aminimum tracking error in both scenarios. The robot follows its reference
trajectory quickly if its initial position is changed. It also has better unknown disturbance
rejection. The control law in this work does not update its parameters if the interest
region (desired trajectory) is changed. A control law based on adaptive mechanisms and
a self-taught controller is preferable and recommendable for better tracking capability
in different environments.
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