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Abstract. In this work, we give an effective preconditioned numeri-
cal method to solve the discreted linear system, which is obtained from
the space fractional complex Ginzburg-Landau equation. The coefficient
matrix of the linear system is the sum of a symmetric tridiagonal matrix
and a complex Toeplitz matrix. The preconditioned iteration method
has computational superiority since we can use the fast Fourier trans-
form (FFT) and the circulant preconditioner to solve the discreted linear
system. Numerical examples are tested to illustrate the advantage of the
proposed preconditioned numerical method.
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1 Introduction

In this paper, we solve the space fractional complex Ginzburg-Landau equation
as follows [39]

∂v

∂t
+ (ν1 + iη1)(−Δ)

β
2 v + (κ1 + iζ1)|v|2v − γ1v = 0, (1)

v(x, 0) = v0(x), (2)

where x ∈ R, 1 < β � 2, i is the imaginary unit, 0 < t � T1, v(x, t) is a complex-
value function, ν1 > 0, κ1 > 0, η1, ζ1, and γ1 are real constants, and v0(x) is an
initial function. Furthermore, the operator (−Δ)

β
2 v(x, t) (1 < β � 2) in (1) is

defined [9] as follows
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− (−Δ)
β
2 v(x, t) = −

∂2

∂x2

∫ ∞
−∞ |x − ξ|1−βv(ξ, t)dξ

2 cos(βπ
2 )Γ (2 − β)

. (3)

The operator (−Δ)
β
2 is equivalent to

−(−Δ)
β
2 v(x, t) = −−∞D̂β

xv(x, t) +x D̂β
+∞v(x, t)

2 cos(βπ
2 )

,

where the two operators −∞D̂β
x and xD̂β

+∞ are defined in [32].
The fractional Ginzburg-Landau equation has been used to describe a lot of

physical phenomena; see [29,30,35]. However, there are few works on the numer-
ical methods for the fractional complex Eq. (1)–(2) [10,13,33,38,39]. Based on
the extensive application background of this equation, it is interesting to study
the numerical methods for solving the fractional complex Eq. (1)–(2).

Recently, some new approaches are proposed to improve network routing
and measurement [14,37,41]. Based on effective user behavior and traffic analy-
sis methods [4,5,17,19], new scheduling strategies are designed to raise resources
utilization [6,18,20,36] and energy-efficiency [21,22]. To test these new schedul-
ing strategies, traffic Reconstruction is important [15,16,23,24,27,40]. Fluid
model is effective model to reconstruct the bursty data traffic. Moreover, frac-
tional differential equation can be used to build the fluid model. In our paper,
we develop an effective preconditioned numerical method to solve the linear sys-
tem, which is discreted from the fractional complex Eq. (1)–(2). Compared to
the direct method, the complex linear systems can be fast solved by the circu-
lant matrix and the FFT at each step due to the Toeplitz structure of coefficient
matrices.

2 A Finite Difference Scheme

In this part, we exploit the fourth-order finite difference scheme [39] to discretize
the fractional complex Eq. (1)–(2). For the two operators −∞D̂β

x and xD̂β
+∞, the

WSGD method [12] is used to approximate them. The shifted Grunwald formulae
[28] is defined as

LÃβ

ĥ,p1
v(x) =

∑+∞
i=0 d

(β)
i v(x − (i − p1)ĥ)

ĥβ
,

RÃβ

ĥ,q1
v(x) =

∑+∞
i=0 d

(β)
i v(x + (i − q1)ĥ)

ĥβ
,

where p1, q1 are positive integers and the coefficients d
(β)
i are computed as follows

d
(β)
0 = 1, d

(β)
i =

i − β − 1
i

d
(β)
i−1, i ∈ Z

+.
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According to the reference [12] and using the shifted Grunwald formulae, the
WSGD operator is of the following form:

LD̃β
hv(x) =

∑+∞
i=0 z

(β)
i v(x − (i − 1)ĥ)

ĥβ
,

RD̃β
hv(x) =

∑+∞
i=0 z

(β)
i v(x + (i − 1)ĥ)

ĥβ
,

where
{

z
(β)
0 = λ̃1d

(β)
0 , z

(β)
1 = λ̃1d

(β)
1 + λ̃0d

(β)
0 ,

z
(β)
i = λ̃1d

(β)
i + λ̃0d

(β)
i−1 + λ̃−1d

(β)
i−2, i � 2,

(4)

and

λ̃1 =
β2

12
+

β

4
+

1
6
, λ̃0 =

2
3

− β2

6
, λ̃−1 =

β2

12
− β

4
+

1
6
.

Let the operator B be

Bv(x) = cβv(x − ĥ) + (1 − 2cβ)v(x) + cβv(x + ĥ),

where cβ = −β2

24 + β
24 + 1

6 . Therefore, the fourth-order approximation to the
operator (−Δ)

β
2 can be obtained by

Δβ

ĥ
v(x) =

LD̃β

ĥ
v(x) +R D̃β

ĥ
v(x)

2 cos(βπ
2 )

(5)

= B(−Δ)
β
2 v(x) + O(ĥ4). (6)

In the following, we will give the numerical discretization of (1)–(2) in the
domain Π = [a1, b1]. Let τ̂ = T1

N1
and denote ti = iτ̂ , where N1 is a positive

integer, 0 � i � N1. Given a grid function u = {ui|0 � i � N1}, denote

D̃tu
i+1 =

3ui+1 − 4ui + ui−1

2τ̂
,

ũi+1 = 2ui − ui−1.

Let ĥ = b1−a1
M1

and xi = a1 + iĥ, where M1 is a positive integer, 0 � i � M1.
Moreover, we denote FM1 = {i|i = 1, 2, . . . ,M1 − 1}. According to the method
of [39], we can obtain the following finite difference scheme for the fractional
complex Eq. (1) and (2):

BD̃tv
i+1
j + (ν1 + iη1)Δ

β

ĥ
vi+1

j + (κ1 + iζ1)B|ṽi+1
j |2ṽi+1

j − γ1Bṽi+1
j = 0,

j ∈ FM1 , 1 � i � N1 − 1, (7)

v0
j = v0(xj), j ∈ Z, (8)

vi
j = 0, j ∈ Z \ FM1 , 0 � i � N1. (9)
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In the practical computation, we can calculate u1 as follows [39]
⎧
⎨

⎩

B(v1
j −v0j

τ̂ ) + (ν1 + iη1)Δ
β

ĥ

v1
j+v0j

2 + (κ1 + iζ1)B|v(1)
j |2v(1)

j = γ1Bv
(1)
j ,

B(
v
(1)
j −v0j

τ̂/2 ) + (ν1 + iη1)Δ
β

ĥ
v0j + (κ1 + iζ1)B|v0j |2v0j = γ1Bv0j , j ∈ FM1 .

(10)

Let
vi+1 = [vi+1

1 , . . . , vi+1
M1−1]

T ,

D1 = τ̂(κ1 + iζ1)

⎡

⎢
⎢
⎢
⎣

|v01|2 0 . . . 0
0 |v02|2 . . . 0
...

...
. . .

...
0 0 . . . |v0,M1−1|2

⎤

⎥
⎥
⎥
⎦

− (2 + γ1τ̂)I,

D2 = (κ1 + iζ1)

⎡

⎢
⎢
⎢
⎢
⎣

|v(1)
1 |2 0 . . . 0
0 |v(1)

2 |2 . . . 0
...

...
. . .

...
0 0 . . . |v(1)

M1−1|2

⎤

⎥
⎥
⎥
⎥
⎦

− γ1I,

D3 = (κ1 + iζ1)

⎡

⎢
⎢
⎢
⎣

|ṽi+1
1 |2 0 . . . 0
0 |ṽi+1

2 |2 . . . 0
...

...
. . .

...
0 0 . . . |ṽi+1

M1−1|2

⎤

⎥
⎥
⎥
⎦

− γ1I,

Z =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

z
(β)
1 z

(β)
0 0 · · · 0 0

z
(β)
2 z

(β)
1 z

(β)
0 0 · · · 0

...
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0

z
(β)
M1−2

. . . . . . . . . z
(β)
1 z

(β)
0

z
(β)
M1−1 z

(β)
M1−2 · · · · · · z

(β)
2 z

(β)
1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (11)

and
Aβ = tridiag

(
cβ , 1 − 2β , cβ

)
,

then the fourth-order finite difference scheme (7)–(10) has the following form

2Aβv(1) = −AβD1v
0 − ωCv0, (12)

(Aβ +
ω1

2
C)v1 = (Aβ − ω1

2
C)v0 − τ̂AβD2v

(1), (13)

(
3
2
Aβ + ω1C)vi+1 = Aβ(2vi − 1

2
vi−1 − τ̂D3ṽ

i+1), 1 � i � N1 − 1. (14)

where C = Z + ZT and ω1 = (ν1+iη1)τ̂

2ĥβ cos( βπ
2 )

.
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3 A Fast Preconditioned Numerical Method

In this part, we give an effective preconditioned generalized minimum residual
(PGMRES) method [34] to solve the discreted linear system of the finite differ-
ence scheme (7)–(10), in which the preconditioned matrix is Strang’s circulant
preconditioner proposed in [2].

3.1 Toeplitz Matrix and GMRES Method

The Toeplitz linear system is as follows

Bn1u = b̃,

where Bn1 is a Toeplitz matrix, b̃ is a given vector. Toeplitz systems are widely
used in various fields; see [1,3,7,11,25,26,31]. The elements of an n1×n1 Toeplitz
matrix Bn1 satisfy (Bn1)ij = bi−j for i, j = 1, 2, . . . , n1. The elements of a
circulant matrix Cn1 satisfy c−i = cn1−i for 1 � i � n1 − 1 [2].

It is well-known that [8] the computation cost will be O(n1 log n1) operations
if one wants to compute the matrix-vector products Cn1u and C−1

n1
u by the fast

Fourier transform. In addition, we can calculate the matrix-vector product Bn1u
in O(2n1 log(2n1)) by the FFT [2]. These important properties can be exploited
to fast solve the discreted linear system in the form (12)–(14).

Consider the following non-Hermitian linear systems

Bu = b̃,

where B is a non-Hermitian matrix. As we know, the GMRES method [34] is
a very effective iterative method for solving these linear systems. Under normal
circumstances, the convergent rate of the this method is very slow because of
the very large condition number of the matrix B. To deal with this drawback,
we could exploit the preconditioned matrix to speed up the convergent rate of
the GMRES method. Please refer to [34] for the PGMRES method.

3.2 A Preconditioner for the Implicit-Explicit Difference Scheme

It can be seen that Aβ and C are Toeplitz matrices in the matrix-vector form
(12)–(14). According to Sect. 3.1, we can store an M1 ×M1 Toeplitz matrix BM1

in O(M1) of memory, and we can compute the matrix-vector product BM1u in
O(M1 log M1) by the FFT. Moreover, the coefficient matrices of the complex
linear systems (13) and (14) are non-Hermitian.

In this section, we exploit Strang’s circulant matrix as a preconditioner to
speed up the GMRES method. For the matrix Aβ in (12), the preconditioned
matrix is

S1 = s(Aβ),

where s(Aβ) is the Strang circulant matrix for the matrix Aβ . For the matrix
Aβ + ω1

2 C in (13), the preconditioned matrix is

S2 = s(Aβ) +
ω1

2
s(C).
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For the matrix 3
2Aβ + ω1C in (14), the preconditioned matrix is

S3 =
3
2
s(Aβ) + ω1s(C).

It easily knows that S1, S2 and S3 are circulant matrices. In the following, we will
see that the proposed preconditioners are very efficient to speed up the GMRES
method.

4 Numerical Experiments

In this part, we show the computational advantage of the PGMRES algorithm by
two numerical examples for the fractional complex equation. We denote “GaE”
by the direct method, which is implemented by left divide in MATLAB. For the
PGMRES method with Strang’s circulant preconditioner, we denote by “cPGM-
RES”. We stop the cPGMRES method if the condition satisfies

‖res1k‖2
‖res10‖2

< 10−7,

where res1k denotes the k-th residual vector for the cPGMRES method. In all
tables, “Icpu” denotes the computational time in seconds for GaE and cPGM-
RES, and “Ite” is the iteration numbers for cPGMRES.

Example 1. In this example, the parameters in the fractional complex Eq. (1)
and (2) are same as these in [39].

Furthermore, according to [39], the numerical exact solution v is calculated
with τ̂ = 10−4 and ĥ = 1.25 × 10−2. Let vĥ be the numerical solution. We
compute the error ERR = v − vĥ as the numerical accuracy at T1 = 2 with the
l∞
ĥ

norm.
We report the numerical results in Table 1. In this table, ERR1 and ERR2

denote the errors for the cPGMRES method and the GaE method, respectively.
We can see that there is little difference between numerical errors of the two
methods. But, if the size of the matrix in the complex linear systems (12)–(13)
is large, the computational times of GaE are much more than the computational
times of cPGMRES. Furthermore, Figs. 1, 2 and 3 show the distribution of the
eigenvalues for the matrix 3

2Aβ + ω1C and S−1
3 ( 32Aβ + ω1C) at T1 = 2, respec-

tively, when the size of the matrix is 320, and β = 1.3, 1.6, 1.9. In the figures, the
blue points indicate that most of the eigenvalues of the matrix S−1

3 ( 32Aβ +ω1C)
approach to 1, while the eigenvalues of the matrix 3

2Aβ + ω1C do not approach
to 1. Therefore, the figures show that our new preconditioner is very effective
for solving the linear systems (12)–(14).
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Table 1. Numerical results for Example 1

β (τ̂ , ĥ) cPGMRES GaE

ERR1 Ite Icpu ERR2 Icpu

1.3 (2−4, 0.4) 3.7500e − 2 3.1 0.0470 3.7500e − 2 0.0160

(2−6, 0.2) 2.4074e − 3 3.0 0.1090 2.4074e − 3 0.1870

(2−8, 0.1) 1.6404e − 4 2.9 0.4070 1.6405e − 4 3.1100

1.6 (2−4, 0.4) 2.1789e − 2 3.0 0.0320 2.1789e − 2 0.0150

(2−6, 0.2) 1.3764e − 3 2.8 0.0780 1.3764e − 3 0.1570

(2−8, 0.1) 8.8752e − 5 2.0 0.3120 8.8693e − 5 3.0000

1.9 (2−4, 0.4) 1.4653e − 2 2.1 0.0160 1.4653e − 2 0.0150

(2−6, 0.2) 9.1163e − 4 2.0 0.0620 9.1163e − 4 0.1570

(2−8, 0.1) 5.7246e − 5 2.0 0.2970 5.7246e − 5 3.1250

0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6
0

0.01

0.02

0.03

0.04

0.05

0.06

Real(λj)

Im
ag

(λ
j)

β=1.3, eig(A)

0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25 1.3
−0.03

−0.02

−0.01

0

0.01

0.02

Real(λj)

Im
ag

(λ
j)

β=1.3, eig(S−1A)

Fig. 1. Example 1: Spectrum of 3
2
Aβ + ω1C (upper) and S−1

3 ( 3
2
Aβ + ω1C) (lower),

when β = 1.3.

Example 2. In this example, we take the parameters which are same as these
in [39]. Moreover, we compute the exact solution v with τ̂ = 10−4 and ĥ =
1.25 × 10−2.
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Fig. 2. Example 1: Spectrum of 3
2
Aβ + ω1C (upper) and S−1

3 ( 3
2
Aβ + ω1C) (lower),

when β = 1.6.
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Fig. 3. Example 1: Spectrum of 3
2
Aβ + ω1C (upper) and S−1

3 ( 3
2
Aβ + ω1C) (lower),

when β = 1.9.
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Fig. 4. Example 2: Spectrum of 3
2
Aβ + ω1C (upper) and S−1

3 ( 3
2
Aβ + ω1C) (lower),

when β = 1.3

0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6
0

0.05

0.1

0.15

0.2

Real(λj)

Im
ag

(λ
j)

β=1.6, eig(A)

0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25
−0.1

−0.05

0

0.05

0.1

Real(λj)

Im
ag

(λ
j)

β=1.6, eig(S−1A)

Fig. 5. Example 2: Spectrum of 3
2
Aβ + ω1C (upper) and S−1

3 ( 3
2
Aβ + ω1C) (lower),

when β = 1.6.

Table 2 gives the numerical results and Figs. 4, 5 and 6 show the distribution
of the eigenvalues for the matrices 3

2Aβ + ω1C and S−1
3 ( 32Aβ + ω1C) at T1 = 2,

respectively, when the size of the matrix is 320, and β = 1.3, 1.6, 1.9. Similar
to Example 1, the computational results and figures indicate the superiority of
the preconditioned numerical method.
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Fig. 6. Example 2: Spectrum of 3
2
Aβ + ω1C (upper) and S−1

3 ( 3
2
Aβ + ω1C) (lower),

when β = 1.9.

Table 2. Numerical results for Example 2

β (τ̂ , ĥ) cPGMRES GaE

ERR1 Ite Icpu ERR2 Icpu

1.3 (2−4, 0.4) 1.6529e − 4 3.9 0.0250 1.6529e − 4 0.0160

(2−6, 0.2) 1.1880e − 5 3.7 0.1160 1.1879e − 5 0.1870

(2−8, 0.1) 7.5537e − 7 3.0 0.4440 7.5333e − 7 3.2500

1.6 (2−4, 0.4) 2.1495e − 4 3.4 0.0250 2.1495e − 4 0.0160

(2−6, 0.2) 1.6276e − 5 2.8 0.1010 1.6276e − 5 0.1400

(2−8, 0.1) 1.0397e − 6 2.6 0.3470 1.0396e − 6 3.0790

1.9 (2−4, 0.4) 3.3256e − 4 2.9 0.0250 3.3256e − 4 0.0160

(2−6, 0.2) 2.5996e − 5 2.6 0.0960 2.5996e − 5 0.1560

(2−8, 0.1) 1.6857e − 6 2.2 0.3000 1.6857e − 6 2.9380

5 Conclusion and Future Work

In this work, we have given a fast preconditioned numerical method to solve the
linear system, which is discreted from the space fractional complex Ginzburg-
Landau equation. We propose a circulant preconditioner due to the Toeplitz
structure of the coefficient matrix of the linear system. Numerical examples
show that the preconditioned numerical method is very efficient.
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