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Abstract. Classification is one of the main tasks of machine learning,
and ensemble learning has become a successful paradigm in the data
classification field. This work aims to present a new method for pruning
an ensemble classification model based on margin theory and ensemble
diversity. Firstly, a new unsupervised form of instances margin metric
is proposed, which does not need to consider the true class labels of
the instances. This mechanism can improve the robustness of the algo-
rithm against mislabeled noise instances. Then, the Jensen-Shannon (J-
S) divergence between the classifiers is calculated based on the probabil-
ity distribution of the class labels. Finally, all base classifiers are ordered
with respect to a new criterion which combines the obtained margin val-
ues and the J-S divergence of base classifiers. Experiments show that the
proposed method has a stable improvement on a significant proportion
of benchmark datasets over existing ensemble pruning methods.

Keywords: Ensemble learning - Classification - Multiple classifier
systems

1 Introduction

Ensemble learning is an important branch in the field of machine learning, which
trains multiple base models explicitly or implicitly from data. As a mainstream
machine learning paradigm, ensemble learning uses the strategy of “perturb and
combine” to train multiple base classifiers, that is, randomly perturb the sam-
ples space or features space and randomly adjust the parameters of the base
classifiers [1]. Individual classifiers may only focus on part of the information on
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the decision boundary, which leads to certain limitations when making classifi-
cation decisions. If the predicted information of multiple base classifiers can be
integrated, a more reasonable classification result can be obtained. At present,
many theoretical analyses and experiments have proved that integrating numer-
ous base classifiers to train data can overcome the limitations of a single base
classifier, improve the generalization performance of the original base classifiers,
thus improve the classification accuracy [2].

However, training a large number of base classifiers requires additional stor-
age resources, and the consumption of computing resources has also become a
problem that can not be ignored in ensemble learning. Besides, it is not the fact
that all classifiers used in the ensemble system can make the final classification
results better. The probability of having highly similar base classifiers increases
as the scale of ensemble model expands, and the accuracy of the entire ensemble
classification system will also decrease with the increase of bad base classifiers.
Zhou [3] has pruned the parallel ensemble methods in his research work and
found that it can achieve better generalization performance with a smaller-scale
ensemble. Some unnecessary base classifiers in the ensemble system are elimi-
nated by a certain method, so that the generalization performance after pruning
is better than the ensemble of all base classifiers before pruning. This is the
so-called ensemble pruning, also called selective ensemble or ensemble selection
[3]. The prerequisite for ensemble pruning is that all base classifiers have been
generated, and no new base classifiers will be generated during the construc-
tion process. This is different from the classic serial ensemble learning method,
which generates individual classifiers one by one during the training process, but
ensemble pruning may discard any base classifier that has been generated [4].

The existing ensemble pruning methods can be mainly divided into three
categories: sorting-based ensemble pruning, clustering-based ensemble pruning,
and optimization-based ensemble pruning [5]. Sorting-based ensemble pruning
method sorts individual classifiers in descending order based on a predetermined
criterion, such as classification accuracy, diversity of the ensemble model. Next,
the top-ranked base classifiers will be added to the final ensemble set [6,7].
The advantage of the sorting-based method is that it has lower computational
complexity, but there is currently no unified sorting criterion. Clustering-based
ensemble pruning method attempts to cluster similar base classifiers based on the
generalization performance of the base classifiers [8]. Some representative base
classifiers close to the cluster center can be used to fit the best decision boundary.
Clustering-based methods are usually classified into two steps: firstly, divide all
base classifiers into multiple clusters, which involves the problem, which cluster-
ing method is to be adopted. Secondly, select the appropriate base classifiers from
the clusters, which involves the problem of the pruning strategy to be used [9].
Optimization-based ensemble pruning method transforms the ensemble pruning
problem into an optimization problem, where, the final ensemble set is selected
through optimizing the overall generalization capability [10]. Since searching
for the optimal subset directly requires a lot of calculations, this method often
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resorts to optimization algorithms such as genetic algorithm, multi-objective
optimization algorithm, and hill-climbing algorithm [11].

The main challenge of ensemble pruning is to design a practical algorithm
that can reduce the ensemble scale without reducing the generalization perfor-
mance [12]. At present, relevant research [13] has proved that the ensemble prun-
ing method based on sorting is superior to the enumeration searching method,
which directly selects the best subset in terms of classification accuracy and
computational performance. In this paper, the concepts of instances margin [14]
are applied to ensemble pruning, and the fact is that when ensemble pruning is
performed, the instances with small margin values should be the main concern
[15]. The performance of a base classifier is evaluated by those instances with
small margin values. Besides, because the diversity of the classifier set is also
an issue in the process of constructing an ensemble model, a new measuring
criterion for pairwise difference is constructed to measure the diversity of the
classifiers set. All the individual base classifiers are sorted by a predefined crite-
ria, and the top-ranked base classifiers are incorporated into the final ensemble
classifiers subset, so this method has higher computational efficiency than other
state-of-the-art methods.

The rest of this paper is organized as follows. Section 2 presents the proposed
ensemble pruning methodology. Section 3 gives the details of the experimental
setup, results and comparative analysis. Discussions and concluding remarks are
given in Sect. 4.

2 Proposed Method

In this section, a new ensemble pruning method based on margin and diversity
named EPMD is proposed, which eliminates the useless base classifiers while
improving the final accuracy of the ensemble learning framework. In order to
solve the data classification problem effectively, the sample points near the clas-
sification decision boundary are more inclined to be focused on. Part of the orig-
inal dataset is used as a training dataset to generate the base classifiers pool,
and then a validation dataset is used to evaluate the generated base classifiers
based on the proposed heuristic metrics. After obtaining the simplified subset of
ensemble classifiers, classification tests are performed on the unused test dataset
to obtain the final classification results.

2.1 Generate Base Classifier Pool

Suppose the initial dataset is a matrix of dimension N x n: D = {x;,y;)|i =
1,2---,N}, including N samples @x; and N true class labels y;, y; €
{1,2,---, L}, that is, there are L classes in the original dataset. Each sam-
ple point x; is a d-dimensional feature vector; H = {l4ft = 1,2,--- ,T} is a
classifiers pool containing totally 7" base classifiers, each of which is equivalent
to a mapping function of x; : y; = h(x;), and y; is the predicted class label.
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Firstly, leave-m-out cross-validation is utilized to divide the initial data set
into three equal parts, which are used as training dataset D;. € RN X" val-

idation dataset D,, € R *™ and test dataset D;. € RN X" The operation
steps here are basically the same as the Bagging algorithm [16]. For the training

dataset Dy, € RN *n Bootstrap [17] method is used to perform m random sam-
pling with replacement. This work will be repeated until the number of samples
in each sample set is the same as in the initial training dataset before sampling.
After repeating T rounds of operation to obtain T sample sets Dy, 4(1 <t < T),
the sampled training subsets are different from each other, and |Dy, 4| = | Dy, |.

Next, Classification and Regression Tree (CART) [18] is utilized to train
each training dataset Dy.;, then obtain the ensemble classifiers ES =
{h1,h2, -+ ,hr}, and are added to the base classifier pool. The type of base
classifiers used here is not unique, CART tree is utilized here because it is more
sensitive to the perturbation of the input data, it is easier to produce diversified
base classifiers and the computational complexity is not high.

2.2 Base Classifier Evaluation

Each base classifier of the ensemble system ES is used to classify the validation
dataset samples, and the majority voting is used here to obtain the prediction
results matrix of the validation dataset:

Mat = [Ri, R, ,Ry,--- ,Ry] € RN % (1)

where R, = [Cy(x1),Ci(x2), -+, Ci(x;), -+ ,Cr(x )] is the vector formed by
the classification results of the ¢-th base classifier in the ensemble system E.S.
According to the classification results matrix Mat, the votes number matrix

Vote € RN XL of each data sample belonging to each class in the validation
dataset calculated (that is, the number of all base classifiers that classify the
data samples into a certain class). Sort the row elements of the votes number
matrix Vote in descending order, and get the sorted votes number vector v(z;) =
[Veys Vegs Ve, ] € RYXE for each data sample x; in the validation dataset.

A new unsupervised form of instances margin metric is proposed here to
eliminate useless weak classifiers:

_ro_ v
NS (ve) 2)
\/(Ucl - v02)2 + (UC2 - U03)2 +oee (UCL—l - UCL)2'

margin(a;, y;)

For a sample point (x;,y;) in the validation dataset, v., represents the num-
ber of votes of the class with the most votes, that is, the vast majority of base
classifiers in the ensemble system classify and predict the sample (x;,y;) into
class c¢1, and v., represents the number of votes for the class with the second
most votes, and so on, v., represents the number of votes for the class label with
the least number of votes.
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Fig. 1. Generation framework of the proposed method EPMD.

Next, the classification results matrix Mat is compared with the true class
labels vector to find all the data points D,,,_¢ that are correctly classified. For each
classifier in the base classifiers pool, the number of validation dataset samples
that are correctly classified and predicted is counted by formula (3):
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N
Nr(ht) = ZW(Ct(mi)vyi)a (3)

where I(true) = 1,1(false) = 0.
Based on each classifier h; in the base classifiers pool, the average margin
value is calculated by formula (4):

1
D(hy) = ——— - margin(x;,y;). 4
( t) NR(ht) (:L yi)ZGD“at g ( Y ) ( )

Considering that the existing selective ensemble learning algorithms based on
margin values rarely involve the diversity between base classifiers, the Jensen-
Shannon (J-S) divergence [19] is employed here from the perspective of infor-
mation theory. For the classification results of each base classifier in the base
classifiers pool, its probability distribution is calculated with respect to the class
labels, and thereby the J-S divergence is obtained. The J-S divergence measures
the degree of difference between the probability distributions of the classification
results of different classifiers, eliminates base classifiers with low diversity, and
improves the overall diversity of the ensemble system.

Let p = {p1,p2,...,px} and ¢ = {q1,92,...,9x} be the two probability
distributions on the random variable X, where K is the number of discrete
random variables. Then the J-S divergence between the probability distributions
P and (@ is defined as:

78(m.a) = 5[5(0). 21 2) + 5(0. 217)]. 5)

where S is the Kullback-Leibler divergence (K-L) divergence between the two
probability distributions:

) =2 pcloglt L (k=120 K (6)
k

The J-S divergence can be obtained by the formulas (5) and (6), as shown in
formula (7):

IS(pg) = H(m) ~ JH(p) ~ 3H(q)

{Zpk log(p o )—|—qu log(p +qk>} (7)

The classification prediction result of a certain classifier h; in the base classifier
pool:

R, = [Ci(z1), Ci(x2), -+ Cilai), -+, Colm )] (®)
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Calculate the probability distribution of the class labels of the original dataset:

pe = (p1,p2,- i ,oL)7 (9)

where p; is the probability distribution about class label I:

N
p=) 1(Ci(mi) = I)/N'. (10)

The J-S divergence between two different classifiers (Classifiers Jensen-Shannon
divergence) is obtained by formula (7) as follows:

L

1
CJIS(Py,Py) = | pi-log +qu log (11)
2{1_1 (p —|—ql) (p +(]l)}
CJSy CJSyg -+ CJSir
CJSa1 CJSys -+ CJSar
CJS = . o : : (12)

CJSt1 CJSry -+ CJSrr

When the J-S divergence between two different classifiers in the base classifier
pool is larger, it indicates that the information difference between the proba-
bility distributions of the corresponding classification results is greater. Then
the average degree of difference between the t-th base classifier and other base
classifiers is defined as:

. CJS,
CJS; = —ZS 1;: L

(13)

The greater the average degree of difference between a certain base classifier
and other base classifiers, the greater the diversity contribution that the base
classifier makes to the ensemble system. In order to take average margin and
diversity contribution of the base classifier into consideration simultaneously,
a trade-off between margin and diversity (M D) is defined as an objective

function:
1

®(hy)

where A € [0, 1] is a regularization factor, which is used to balance the importance

TMD(he) = A- (=) + (1= A) - log(1 + e~ C75), (14)

of these two classifiers metrics @¢(h:) and CJS;. By sorting all the classifiers in
the base classifier pool in descending order according to the obtamed value, a
new base classifier sequence can be obtained: ES = {h}, hy,--  hy, -+, T}
which satisfies TMD(h; ;) > TMD(h;), 0 < t < T. The higher the ranking
of the base classifier, the larger the value, and it is considered to have better
generalization performance.
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By selecting the first S' base classifiers that can maximize the average clas-
sification accuracy of the ensemble system on the validation dataset, a selective
ensemble classifiers subset is obtained as follows:

ES, e = arg max accuracy(ES/). (15)
S,(1<S<T)

Finally, the ensemble pruning task has been modeled as an objective function
value ordering problem as shown in (15), the pruned classifiers subset is used
to predict the test dataset and then the final classification results are obtained.
The flowchart of novel method for ensemble pruning proposed in this paper is
shown in Fig. 1.

3 Experiments and Results

In this section, several experiments are presented to evaluate the performance
of the proposed ensemble pruning method.

3.1 Datasets and Experimental Setup

Table 1. Summary of UCI repository datasets used in experiments

Datasets # of samples | # of features | # of classes | Division ratio
Glass 214 9 6 70:70:70

Zoo 101 16 7 33:33:33

Air 359 64 3 120:120:119
Hayesroth 160 3 53:53:53
Appendicitis | 106 2 35:35:35
M-of-N 1000 13 2 333:333:333
Car 1728 4 576:576:576
Ecoli 336 8 112:112:112
DNA test 1186 12 3 395:395:395
Tic-tac-toe 958 2 319:319:319
Seeds 210 3 70:70:70
Segment 2310 18 7 770:770:770
Tae 151 5 3 50:50:50

Vowel 528 10 11 176:176:176
Wdbc 569 30 2 189:189:189
Wpbc 198 25 2 66:66:66
Breast-w 699 10 2 233:233:233
X8D5K 1000 8 5 333:333:333
Penbased 10992 16 10 3600:3600:3600
Phoneme 5404 5 2 1800:1800:1800
Ringnorm 7400 20 2 2400:2400:2400
Spambase 4597 24 2 1532:1532:1532
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Table 2. Average accuracy by the ensemble pruning methods and by complete bagging

on test datasets

Datasets Bagging SEMD MDEP UMEP COMEP
(%) (proposed) (%) | (%) (%) (%)
Glass 0.6595 0.6824 0.6567 0.6614 0.6678
(0.0625) (0.0276) (0.0684) | (0.0598) | (0.0527)
Zoo 0.8220 0.8716 0.8347 0.8512 0.8486
(0.0936) (0.0709) (0.0796) | (0.0710) | (0.0762)
Air 0.8282 0.8453 0.8218 0.8310 0.8247
(0.0490) (0.0504) (0.0486) | (0.0476) | (0.0471)
Hayesroth 0.7294 0.7709 0.7377 0.7666 0.7879
(0.0881) (0.0707) (0.0783) | (0.0712) | (0.0614)
Appendicitis | 0.8314 0.8377 0.8303 0.8337 0.8354
(0.0625) (0.0580) (0.0641) | (0.0643) | (0.0638)
M-of-N 0.9157 0.9484 0.9230 0.9274 0.9421
(0.0277) (0.0218) (0.0265) |(0.0263) | (0.0227)
Car 0.9373 0.9442 0.9392 0.9401 0.9420
(0.0148) (0.0139) (0.0139) | (0.0152) |(0.0131)
Ecoli 0.7945 0.7994 0.7950 0.7963 0.7956
(0.0410) (0.0379) (0.0420) | (0.0406) | (0.0379)
DNA test 0.9057 0.9122 0.9040 0.9074 0.9065
(0.0168) (0.0188) (0.0167) |(0.0182) | (0.0180)
Tic-tac-toe | 0.8655 0.8948 0.8696 0.8663 0.8867
(0.0227) (0.0193) (0.0245) | (0.0253) | (0.0209)
Seeds 0.8840 0.8907 0.8831 0.8840 0.8859
(0.0471) (0.0428) (0.0475) | (0.0464) | (0.0471)
Segment 0.9524 0.9557 0.9519 0.9537 0.9553
(0.0100) (0.0093) (0.0102) | (0.0100) | (0.0096)
Tae 0.4814 0.4912 0.4778 0.4904 0.4914
(0.0689) (0.0766) (0.0599) | (0.0716) | (0.0706)
Vowel 0.7197 0.7362 0.7124 0.7165 0.7150
(0.0410) (0.0373) (0.0435) | (0.0412) | (0.0390)
Wdbc 0.9385 0.9379 0.9386 0.9371 0.9366
(0.0192) (0.0214) (0.0175) | (0.0209) | (0.0196)
Wpbc 0.7239 0.7345 0.7244 0.7279 0.7274
(0.0523) (0.0459) (0.0482) | (0.0500) | (0.0542)
Breast-w 0.9594 0.9559 0.9582 0.9554 0.9545
(0.0125) (0.0127) (0.0125) | (0.0144) | (0.0127)
X8D5K 0.9917 0.9937 0.9932 0.9931 0.9929
(0.0071) (0.0066) (0.0059) | (0.0068) | (0.0063)
Penbased 0.9732 0.9755 0.9728 0.9729 0.9736
(0.0039) (0.0035) (0.0041) | (0.0042) | (0.0036)
Phoneme 0.8695 0.8709 0.8687 0.8685 0.8697
(0.0081) (0.0083) (0.0079) | (0.0079) | (0.0091)
Ringnorm 0.9461 0.9506 0.9457 0.9456 0.9453
(0.0067) (0.0055) (0.0067) | (0.0065) | (0.0067)
Spambase 0.9288 0.9310 0.9287 0.9282 0.9290
(0.0073) (0.0062) (0.0078) | (0.0074) | (0.0071)
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The experiments are run on 22 randomly selected datasets from UCI Machine
Learning repository [20] and Keel repository [21], these datasets are selected for
comparative analysis since they are usually widely used in the similar ensemble
learning methods. Table1 gives a summary of these datasets. In the experi-
ments, a dataset is randomly divided into three equal parts by cross-validation,
which are training dataset, validation dataset and test dataset. CART tree [18§]
is utilized as the base classifier, which comes from the Classregtree classifier
implemented in MATLAB 2016a. The initial ensemble classifiers scale is set
to 200 base classifiers; the results of 100 repeated experiments are averaged to
obtain the final classification accuracy. In order to ensure the fairness of the
experiments, the division ratio of each experimental dataset remains the same
when different classification methods are performed on the same dataset, which
ensures that the training dataset, validation dataset, and test dataset are the
same for each classification method.

3.2 Comparative Analysis of the Proposed Method to the
State-of-the-Art Ensemble Learning Methods

Four algorithms are selected for comparison with the proposed method EPMD
in the experiments, all of which are ensemble learning classification algorithms.
Among them, Bagging [16] is the most classic ensemble learning algorithm with-
out ensemble pruning; both UMEP [6] and MDEP [22] are ensemble pruning algo-
rithms that use margin theory for selective ensemble; COMEP [23] is a selective
ensemble algorithm that uses the normalized variation of information and the nor-
malized mutual information to sort and select ensemble classifiers. In the experi-
ments, for convenience, a in MDEP is set to 0.2 according to the original paper,
and A in the algorithm proposed by this paper and COMEP are both set to 0.2.
For different data sets, different A values will have slightly different results.

Average classification accuracies of five ensemble learning methods on 22 test
datasets are given in Table 2, the results with better performance of the proposed
method are highlighted in bold. For most datasets, the method proposed by this
paper can show better classification performance compared with Bagging and
other three ensemble pruning methods. In addition, this experiment also calcu-
lated the size of the classifiers subset after ensemble pruning, and compared the
four selective ensemble classification algorithms. The running speed of the ensem-
ble learning method mainly depends on the complexity and number of the base
classifiers in the ensemble system; for algorithms that uniformly use the same base
classifiers, minimizing the scale of the ensemble system can reduce the running
time and storage overhead. After selective ensemble, the average number of classi-
fiers in the ensemble classifier subset obtained by the four ensemble pruning meth-
ods based on sorting is shown in Table 3. Our proposed method is slightly higher
than the COMEP method in the classifier scale after selective ensemble, but the
overall gap is not big, and the ensemble scale is significantly smaller than the other
two classification algorithms UMEP and MDEP. It reveals that using the method
of our proposed method can significantly reduce the number of classifiers in the
ensemble system and then reduce the computational cost.
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The time complexity of the proposed method can be simply expressed as:
O(T x m x log(m) x n) + O(T x N') + O(T x log(T)) + O(T), where m is the
number of samples in each sampling subset, and the other symbols here have the
same meaning as before. Since the number of samples, N ', and the number of
features, n, are both fixed values, the final time complexity can be approximately
expressed as: O(T xlog(T)). It can be seen that for the same data set, the running
time of the algorithm depends to a large extent on the number of base classifiers.
As the number of base classifiers in the ensemble model continues to increase,
the running time consumed will also become longer.

Table 3. Average number of base classifiers selected by the ensemble pruning methods
on test datasets

Datasets SEMD (proposed) | MDEP | UMEP | COMEP
Glass 20.600 30.390 | 24.790 | 11.980
Zoo 15.810 19.120 | 14.080 | 8.920
Air 20.230 38.770 | 42.650 |19.390
Hayesroth 16.810 23.600 |16.410 | 9.040
Appendicitis | 10.460 18.540 |13.670 | 18.930
M-of-N 18.650 37.800 | 45.400 | 13.930
Car 14.960 40.040 |37.540 | 16.020
Ecoli 12.050 21.260 |16.170 | 10.980
DNA test 16.950 40.250 | 37.470 | 19.090
Tic-tac-toe 18.200 42.090 |50.220 |15.430
Seeds 7.170 16.200 |12.660 | 7.710
Segment 14.430 41.320 |31.560 | 15.420
Tae 21.670 22.180 |18.120 | 10.950
Vowel 23.590 55.230 | 51.010 | 27.650
Wdbc 10.940 23.280 | 15.680 | 11.410
Wpbc 12.260 20.030 | 17.270 | 9.400
Breast-w 8.180 26.040 | 16.620 9.020
X8D5K 6.990 13.140 | 13.480 | 7.380
Penbased 28.510 66.820 | 67.790 | 35.350
Phoneme 24.060 65.750 |62.640 | 25.250
Ringnorm | 28.540 61.190 | 58.960 | 42.080
Spambase 23.120 50.830 | 54.380 | 23.650

4 Conclusion

In this paper, we proposed a novel ensemble pruning algorithm or selective
ensemble algorithm based on margin theory and ensemble diversity (EPMD).
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This method presents a new unsupervised form of average samples margin mea-
surement criterion, it considers the margin distance from the unknown data
samples to the classification decision boundary, and then characterize the over-
all performance of the classifiers in the ensemble system according to the sam-
ples margin values. In addition, the J-S divergence of the classification results
is calculated with respect to the probability distribution of the class labels, and
used to evaluate the diversity of the base classifiers in the ensemble system. All
base classifiers are sorted according to the proposed measurement criteria, and
a simplified ensemble classifiers subset is generated by selecting the subset of
classifiers that can maximize the overall accuracy. Our idea comes from the fact
that the combination of a large number of base classifiers is not always a perfect
ensemble, and relatively few excellent classifiers with diversity are sufficient to
obtain the best generalization performance. Different from the ensemble pruning
methods that simply pursue the maximization of accuracy, the proposed method
also obtains the complementarity between the base classifiers to some extent.

To evaluate the performance of the proposed ensemble pruning algorithm,
we compare it with the classic Bagging algorithm and three state-of-the-art
ordering-based methods. The experiments are performed on the 22 benchmark
datasets from UCI repository and KEEL repository. The results show that our
proposed method has varying degrees of advantages on most datasets. The pro-
posed method has achieved higher classification accuracy than the comparison
methods on 18 benchmark datasets. In addition, the size of the pruned classi-
fiers set is smaller than that of any other comparison methods on 13 benchmark
datasets. Therefore, the proposed method can achieve relatively good general-
ization performance with a relatively small ensemble scale, thereby achieving
the purpose of ensemble pruning. Since the experiments are only performed on a
single-type base classifier, more different types of base classifiers will be further
explored along with considering the impact of hyperparameters on the classifi-
cation results.
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