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Abstract. This work proposes a multi-factorial evolutionary algorithm
encouraging crossovers among solutions with similar target objective func-
tions and suppressing crossovers among solutions with dissimilar tar-
get objective functions. Evolutionary multi-factorial optimization simul-
taneously optimizes multiple objective functions with a single popula-
tion, a solution set. Each solution has a target objective function, and
sharing solution resources in one population enhances the simultaneous
search for multiple objective functions. However, the conventional multi-
factorial evolutionary algorithm does not consider similarities among
objective functions. As a result, solutions with dissimilar target objectives
are crossed, and it deteriorates the search efficiency. The proposed algo-
rithm estimates objective similarities based on search directions of solu-
tion subsets with different target objective functions in the design vari-
able space. The proposed algorithm then encourages crossovers among
solutions with similar target objectives and suppresses crossovers among
solutions with dissimilar objectives. Experimental results using multi-
factorial distance minimization problems show the proposed algorithm
achieves higher search performance than the conventional evolutionary
single-objective optimization and multi-factorial optimization.

Keywords: Multi-factorial optimization · Evolutionary algorithms ·
Objective function similarity

1 Introduction

In product developments and releases, multiple variant products with different
specifications are often developed and released simultaneously. For instance, mul-
tiple smartphone models with different display sizes and processors depending
on various users’ demands are simultaneously developed and released from a
device maker. These multiple models involve common parts that can be shared,
and the independent and parallel design optimization of each model will not be
efficient. This kind of design optimization problem belongs to the class of multi-
factorial optimization problem. Multi-factorial optimization is that simultaneous
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optimizations of multiple objective functions on common design variables. Evo-
lutionary algorithms are particularly suited for multi-factorial optimization since
solutions can share design variable information while parallelly optimizing mul-
tiple objective functions [1,2].

The conventional evolutionary approach [1–4] assigns an objective function
to each solution as a skill factor and simultaneously optimizes multiple objective
functions by using a single population, a solution set. To generate new solutions,
the conventional MFEA [1,2] uses crossover, which recombines design variable
values of solutions in the population. MFDE [3] is based on the differential evo-
lution [5] and uses differential vectors of solutions in the design variable space.
MFPSO [4] is based on the particle swarm optimizer [6] and uses velocity vectors
obtained by historical and current solutions in the design variable space. These
conventional algorithms commonly recombine solutions to generate new solu-
tions. However, the conventional algorithms recombine solutions without con-
sidering similarities among objective functions. The recombinations of solutions
with skill factors of similar objective functions encourage optimizations of their
objective functions. However, the recombinations of solutions with skill factors
of dissimilar objective functions deteriorate the simultaneous optimization of
their objective functions. The use of similarities among objective functions for
the recombinations would enhance evolutionary multi-factorial optimization.

To accelerate evolutionarymulti-factorial optimization, in thiswork,we extend
the conventional MFEA that uses the crossover for the recombination. The pro-
posed algorithm estimates similarities among objective functions and utilizes
them for crossovers to generate new solutions. The proposed algorithm encour-
ages crossovers of solutions with skill factors of similar objective functions. This
enhances the information exchange among these solutions and synergic effects for
optimizations of these similar objective functions. Conversely, the proposed algo-
rithm suppresses crossovers of solutions with skill factors of dissimilar objective
functions. We use multi-factorial distance minimization problems [7] with several
situations of objective function similarities and compare the search performance of
the proposed algorithm with the conventional MFEA [1,2] and the single-objective
EA without any interactions of solutions with different skill factors.

2 Multi-factorial Optimization Problem

2.1 General Definition

The general definition of multi-factorial optimization problems is as follows. For
design variable vector x = (x1, x2, . . . , xd) in the design variable space X , there
are K (= |K|) objective functions fk (k ∈ K), where K is the set of objective
function indices (e.g. K = {1, 2, . . . ,K}). The task on multi-factorial optimiza-
tion problems is to acquire K (= |K|) optimal solutions x∗

k = arg minx∈X fk(x)
(k ∈ K).

Multiple objective functions fk (k ∈ K) exist but design variable x is com-
mon among them. Unlike multi-objective optimization to search for the optimal
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trade-off, the Pareto front, among objective functions, multi-factorial optimiza-
tion searches K optimal solutions on K objective functions.

Fig. 1. Design variable space X of MFDMP with goal points g15 and g45

2.2 Multi-factorial Distance Minimization Problem

In this work, we use multi-factorial distance minimization problem (MFDMP)
[7], which is a benchmark problem framework for multi-factorial optimization.
MFDMP is an extension of multi-objective distance minimization problem [8,9]
frequently used in multi-objective optimization benchmarking.

As shown in Fig. 1, MFDMP has a d = 2 dimensional design variable space
X = [0, 1]2. gk is a goal point indicating the optimal point x∗

k of objective
function fk. Goal point gk is set on the circle of the center position c = (0.5, 0.5)
and the radius r. The maximum number of goal positions is limited to 60 in
this work. We treat the circle with the radius r as an analog clock and set goal
points on minute positions. The clock-wise angle θ based on the center position
c = (0.5, 0.5) and x1 = 0.5 is used to set each goal point gk. Goal point gk at k
minute position of the analog clock is given by

gk =
(

r · sin
(

k ·
(

2π

60

))
+ 0.5, r · cos

(
k ·

(
2π

60

))
+ 0.5

)
. (1)

The minimizing objective function fk corresponding to the goal point gk is
given by

fk(x) = ||x − gk||, (2)
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where ||·|| is the Euclidean distance. Figure 1 shows a case with the goal point g15
at 15 min position and the goal point g45 at 45 min position on the analog clock
circle. We minimize two objective functions f15(x) and f45(x) in this case. The
initial population is generated inside the circle of the center position c = (0.5, 0.5)
and the radius ω in this work.

Characteristics of MFDMPs are as follows. The first is the scalability in the
number of objectives since it can be easily increased by adding goal points. The
second is the scalability in the similarity of objective functions since the distance
of goal points in the design variable space X directly affects the similarity of
objective functions. The third is visual analyzability since the design variable
space is d = 2 dimensional.

3 Evolutionary Multi-factorial Optimization

3.1 Method

This work focuses on MFEA [1,2] as the representative evolutionary multi-
factorial optimization algorithm. Algorithm1 shows the pseudo-code of the con-
ventional MFEA.

MFEA first randomly generates N solutions and composes of the parent pop-
ulation P = {x1,x2, . . . ,xN}. For each solution xi, MFEA assigns a skill factor
si indicating target objective function fsi and composes of the skill factor set
S = {s1, s2, . . . , sN}. MFEA evaluates each solution xi on the target objective
function fsi specified by its skill factor si. To generate new solutions, MFEA
randomly choose two parents xp and xq from the parent population P. MFEA
then applies a crossover to them when the two parents xp and xq have the same
skill factor (i.e. sp = sq), or under the probability rmp even if they do not have
the same skill factor (i.e. sp �= sq). A mutation to perturb design variable val-
ues is also applied to the obtained offspring xp′ and xq′, and they are added to
the offspring population P ′. Skill factors sp′ and sq′ of offspring are inherited
from the skill factors sp and sq of their parents. The above offspring generation
is repeated until the size of the offspring population S ′ reaches to N , which is
the same size of the parent population P. For each solution in the combined
population P ∪ P ′, we calculate scalar fitness, which is the rank value on each
targeting objective function specified by skill factor. MFEA then selects the best
N solutions from the combined population P ∪ P ′ as the new parent population
P in terms of scalar fitness.

MFEA repeats the above process and simultaneously optimizes multiple
objective functions with the single population P.

3.2 Issue Focus

The crossover to recombine solutions with different skill factors has an important
role in evolutionary multi-factorial optimization since it enhances the simulta-
neous optimization of multiple objective functions. Therefore, the selection of
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Algorithm 1. Conventional MFEA [1,2]
1: P = {x1,x2, . . . ,xN} ← Randomly generate the population � Parent population

2: S = {s1, s2, . . . , sN} ← Evenly assign skill factors � Skill factors of P
3: Evaluate each xi ∈ P on objective function fsi

4: for g ← 1, 2, . . . , G do
5: P ′ ← ∅ � Offspring population
6: S ′ ← ∅ � Skill factors of P ′

7: while |P ′| < N do
8: p, q ← Randomly choose (1, 2, . . . , N)
9: if sp = sq ∨ rand(0,1) < rmp then

10: xp′,xq′ ← Crossover (xp,xq)
11: else
12: xp′,xq′ ← Copy (xp,xq)
13: end if
14: P ′ ← P ′ ∪ {xp′,xq′} = Mutation (xp′,xq′)
15: S ′ ← S ′ ∪ {sp′, sq′} = Inherit (sp, sq)
16: end while
17: Evaluate each xi′ ∈ P ′ on objective function fsi′
18: Calculate scalar fitness (P ∪ P ′)
19: P, S ← Select best N solutions (P ∪ P ′, S ∪ S ′)
20: end for
21: return x∗

k = arg minx∈P fk(x) (k ∈ K)

parents to be crossed strongly affects crossover effects. However, the conven-
tional MFEA randomly chooses parents without considering similarities among
objective functions. As a result, solutions with skill factors of dissimilar objective
functions become pairs of parents and are crossed. This would be a barrier to
evolutionary multi-factorial optimization.

Evolutionary multi-factorial optimization would be further enhanced if we
could estimate similarities among objective functions, encourage crossovers of
solutions with similar skill factors and suppress crossovers of solutions with dis-
similar skill factors.

4 Proposal: MFEA Using Objective Similarity Based
Parent Selection

4.1 Summary

In this work, we propose an MFEA-based algorithm that estimates similari-
ties of objective functions and reflects them to parent selection probabilities to
enhance evolutionary multi-factorial optimization. The proposed method encour-
ages crossovers of solutions with skill factors of similar objective functions and
suppresses crossovers of solutions with skill factors of dissimilar objective func-
tions. Algorithm 2 shows the pseudo-code of the proposed algorithm. Differences
from the conventional MFEA [1,2] is highlighted with blue.



50 S. Kawakami et al.

Algorithm 2. Proposed MFEA
1: P = {x1,x2, . . . ,xN} ← Randomly generate the population � Parent population

2: S = {s1, s2, . . . , sN} ← Evenly assign skill factors � Skill factors of P
3: Evaluate each xi ∈ P on objective function fsi

4: for g ← 1, 2, . . . , G do
5: for each k ∈ K do

6: mk ←
(∑

x∈Pk
x1

|Pk| ,
∑

x∈Pk
x2

|Pk| , . . . ,
∑

x∈Pk
xd

|Pk|

)
� Mean position, Eq. (3)

7: vk ← mk − c � Search direction, Eq. (4)
8: end for
9: for each k ∈ K do

10: for each l ∈ K do
11: Sk,l ← cos(vk,v l)+1

2
� Objective similarity, Eq. (5)

12: Pk,l ← Sα
k,l∑

m∈K Sα
k,m

� Selection probability, Eq. (6)

13: end for
14: end for
15: P ′ ← ∅ � Offspring population
16: S ′ ← ∅ � Skill factors of P ′

17: while |P ′| < N do
18: k ← Randomly choose a skill factor (K)
19: xp ← Randomly choose first parent (Pk)
20: l ← Probabilistically choose a skill factor (K, Pk,1, Pk,2, . . . , Pk,K )
21: xq ← Randomly choose second parent (Pl)
22: xp′,xq′ ← Crossover (xp,xq)
23: P ′ ← P ′ ∪ {xp′,xq′} = Mutation (xp′,xq′)
24: S ′ ← S ′ ∪ {sp′, sq′} = Inherit (sp, sq)
25: end while
26: Evaluate each xi′ ∈ P ′ on objective function fsi′
27: Calculate scalar fitness (P ∪ P ′)
28: P, S ← Select best N solutions (P ∪ P ′, S ∪ S ′)
29: end for
30: return x∗

k = arg minx∈P fk(x) (k ∈ K)

4.2 Search Direction

For each skill factor k indicating target objective function fk (k ∈ K), the pro-
posed algorithm estimates the search direction vk in the design variable space
X . 5–8 lines of Algorithm 2 corresponds to this process.

As with the conventional MFEA, the proposed algorithm also assigns a skill
factor si to each solution xi in the parent population P. That is, solution xi is
evaluated and responsible for objective function fsi . For each skill factor k ∈ K,
we calculate the mean position vector mk of Pk = {xi ∈ P|si = k}, which is the
solution set with skill factor k in the parent population P. The mean position
vector mk of skill factor k is given by

mk =
(∑

x∈Pk
x1

|Pk| ,

∑
x∈Pk

x2

|Pk| , . . . ,

∑
x∈Pk

xd

|Pk|
)

, (3)
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Fig. 2. Three search directions for three objective functions, goal points (Color figure
online)

where Pk ⊆ P and P =
⋃

k∈K Pk.
Next, for each skill factor k ∈ K, we calculate the search direction vector vk

in the design variable space X . The search direction vector vk is calculated with
the central position c of the design variable space X by

vk = mk − c. (4)

In the case of MFDMP, we use c = (0.5, 0.5). c indicates the mean position of
the initial solutions. In this way, each skill factor k is characterised by the search
direction vk from the central position c to the mean position mk of the current
solutions Pk with skill factor k in the design variable space X .

Figure 2 shows an example. The central position c = (0.5, 0.5) is shown as the
blue point. There are three goals g10, g15, and g45, which respectively correspond
to objective functions f10, f15, and f45. Three subset populations P10,P15, and
P45 with skill factors 10, 15, and 45 are shown with different colored circles.
Also, the mean position vectors m10,m15, and m45 are shown as rectangles,
and the search direction vectors v10,v15, and v45 are also depicted. Note that
the three goal positions g10, g15, and g45 are unknown for optimizer. However,
we see the similarity of f10 and f15 from the their search directions v10 and v15.
Also, we see the dissimilarity of f15 and f45 from their search directions v15 and
v45.
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4.3 Objective Similarity and Selection Probability

Next, the proposed algorithm estimates objective similarities among objective
functions and calculates selection probabilities based on the objective similari-
ties. 9–14 lines of Algorithm 2 correspond to this process.

The proposed algorithm quantitatively estimates objective similarities among
objective functions fk (k ∈ K) by using the search direction vectors vk (k ∈ K).
The objective similarity Sk,l between objective functions fk and fl is given by

Sk,l =
cos(vk,vl) + 1

2
(k ∈ K, l ∈ K). (5)

Thus, we use the cosine similarity of the search directions vk and vl. Sk,l is in
the value range [0, 1]. The higher Sk,l, the more similar objective functions.

We then calculate selection probabilities based on the objective similarities
obtained above. For skill factor k (∈ K), the probabilities Pk,l (l ∈ K) to select
the skill factor l are given by

Pk,l =
Sα

k,l∑
m∈K Sα

k,m

(k ∈ K, l ∈ K), (6)

where α = [0,∞] is the exponent parameter to bias the selection probability.
Pk,l is in the value range [0, 1], and

∑
l∈K Pk,l = 1. α = 0 indicates that the

selection probabilities of any skill factors are equal and is equivalent to the
random selection. The probability of selecting solutions with similar objective
functions increases as the increase of α.

4.4 Parent Selection

The proposed algorithm selects pairs of parents based on the selection probabil-
ities obtained above. 18–21 lines of Algorithm 2 correspond to this process.

To select a pair of parents xp and xq from the parent population P, we
randomly choose one skill factor k among the set of skill factor indices K. We
then randomly choose the first parent xp among Pk = {xi ∈ P|si = k}, which
is the solution set with skill factor k in the parent population P. Next, we select
the skill factor l of the second parent solution based on the probabilities Pk,j

(j ∈ K). For the selected skill factor l, we randomly choose the second parent
xq among Pl = {xi ∈ P|si = l}, which is the solution set with skill factor l in
the parent population P.

In this way, the proposed algorithm makes pairs of parents according to the
selection probabilities based on the objective similarities. In contrast, the conven-
tional MFEA makes pairs of parents randomly without considering the objective
similarities. The proposed selection encourages crossovers of parents with skill
factors of similar objective functions and suppresses crossovers of parents with
skill factors of dissimilar objective functions.
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Table 1. MFDMPs used in this paper

Problem name Number of
objectives
K(= |K|)

Goal positions (objective indices) K

Uniform MFDMP-4 4 {0, 15, 30, 45}
Uniform MFDMP-10 10 {0, 6, 12, 18, 24, 30, 36, 42, 48, 54}
Uniform MFDMP-12 12 {0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55}
Biased MFDMP-A 12 {0, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40}
Biased MFDMP-B 12 {0, 1, 2, 3, 4, 5, 30, 31, 32, 33, 34, 35}
Biased MFDMP-C 12 {0, 1, 2, 15, 16, 17, 30, 31, 32, 45, 46, 47}

5 Experimental Setting

5.1 Algorithm

We compare the search performances of three algorithms: (i) the conventional
MFEA [1,2], (ii) the conventional single-objective EA (SOEA), and (iii) the
proposed MFEA using the objective similarity based parent selection.

For all algorithms, we use the SBX crossover (the distribution index ηc = 2
and the crossover ratio 1.0) and the polynomial mutation (the distribution index
ηm = 5 and the mutation rate 0.5). The population size is set to 100, and the
total number of generations is set to G = 80. Each algorithm is executed 100
times, and we compare the average result.

For the conventional MFEA, rmp is set to 0.3. The conventional SOEA also
uses the single population and assigns a skill factor to each solution. However,
any interactions among solutions with different skill factors are not performed.
That is, a solution for a skill factor is always crossed with a solution with the
same skill factor.

5.2 Metric

As the metric to evaluate the multi-factorial optimization performance, we use
D metric [7] given by

D =
1

|K|
∑
k∈K

min
x∈P

fk(x). (7)

D is the average objective function value of the best objective function values
on K(= |K|) objective functions in the population P. The smaller D, the better
multi-factorial optimization performance.
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Fig. 3. Uniform MFDMPs

Fig. 4. Biased MFDMPs

5.3 Problems

For MFDMPs, we use the radius r = 0.125 to set goal positions on the circle.
Also, we use the radius ω = 0.03125 to set the circle for the solution initialization.

Table 1 shows settings of six MFDMPs used in this work. As mentioned
before, the goal-setting circle is equally divided into 60 intervals, such as minute
intervals of the analog clock. The first three MFDMPs are uniform MFDMPs, in
which the goal positions are uniformly distributed on minute positions. We use
the uniform MFDMP-4, -10, and -12 with K = {4, 10, 12} goal points, respec-
tively. Goal positions are visually shown in Fig. 3. The other three MFDMPs are
biased MFDMPs, in which the goal positions are biasedly distributed on minute
positions. We use the biased MFDMP-A, -B, and -C with K = 12 goal points.
Goal positions are visually shown in Fig. 4. In the biased MFDMP-A, one goal
is isolatedly positioned from others. The biased MFDMP-B has two groups of
goals, and the two groups are positioned on the opposite side. Each group has six
goals, and they are densely distributed. The biased MFDMP-C has four groups
of goals, and the four groups are uniformly positioned. Each group has three
goals, and they are densely distributed.
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Fig. 5. Results of D on uniform MFDMPs

6 Experimental Results and Discussion

6.1 Results on Uniform MFDMPs

Figure 5 shows results of the proposed algorithm on uniform MFDMPs when we
vary the parameter α. The increase of α emphasizes the bias of the selection
probabilities based on objective similarities. Note that the horizontal axis is
the logarithmic scale, and results with α = 0 are exceptionally plotted on α =
10−5. Each figure also involves results of the conventional SOEA and MFEA as
horizontal lines.

α = 0 indicates the random selection without considering the objective sim-
ilarities. We see that D decreases as α increases from α = 0. That is, the
selection bias based on objective similarities improves the multi-factorial opti-
mization performance. For three uniform MFDMPs, α = 103 achieves the best
D values, which are smaller than ones of the conventional SOEA and MFEA.
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Fig. 6. Selection probabilities on the uniform MFDMP-K12 (Color figure online)

Since we limited the initialization area of the population, the cooperative search
among solutions with different skill factors does not work well on the conven-
tional MFEA. As a result, the conventional MFEA is worse than the conventional
SOEA. Even in this problem situation, the cooperative search on the proposed
algorithm works well, and the proposed algorithm achieves the best performance
by controlling the solution selection bias.

Next, we focus only on the uniform MFDMP-12 and observe the selection
probabilities obtained by the proposed algorithm. Figure 6 shows the selection
probabilities when we vary the parameter α. The horizontal axis indicates the
skill factors of the first parent. Each figure has twelve plots, which are skill
factors of second parents. That is, for each skill factor of the first parent on
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Fig. 7. Results of D on biased MFDMPs

the horizontal axis, we see that the selection probabilities of skill factors of the
second parent.

In Fig. 6(a) with α = 0, we see that the selection probabilities for all objective
functions are flat, which brings the random parent selection without considering
the objective similarities. In Fig. 6(b) with α = 1, we see a selection bias based
on the objective similarities. Note that the horizontal axis indicates skill factor
indices from 0 to 59, which are minute positions of the analog clock shown
before. Here, we focus on the solid red line with the rectangle marker showing
the selection probabilities of the second parent with the skill factor 0. The highest
selection probability can be seen when the first parent is also with the skill factor
0. The second highest probability can be seen when the first parent is with the
skill factor 5 or 55, which is the neighborhood of the skill factor 0. Thus, the
selection probabilities of the second parent with the skill factor 0 decrease as
increasing the distance from the skill factor 0. From Fig. 6(c) and Fig. 6(d), we
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see that the selection probabilities are biased by increasing α. That is, the making
pairs of parents with similar skill factors are emphasized by increasing α.

These results reveal that the control of the selection probabilities based on
the objective similarities works well and contributes to improving multi-factorial
optimization performance.

6.2 Results on Biased MFDMPs

Figure 7 shows results of the proposed algorithm on biased MFDMPs when we
vary the parameter α. We see that D decreases by increasing α from α = 0. For
the three biased MFDMPs, α = 102 achieves the best search performance, which
is better than the conventional SOEA and MFEA. We also see that the further
increase of α from α = 102 deteriorates the search performance. The over-biased
selection probability is not appropriate since even the search cooperation among
similar objective functions is blocked with too large α.

Figure 8 shows the selection probability of the proposed algorithm with α =
102. Figure 8(a) shows results on the biased MFDMP-A. As shown in Fig. 4(a),
one goal g0 is isolatedly positioned, and others g30–g40 are closely positioned.
From the result, we see that almost all first parents with skill factor 0 targeting
goal g0 are paired with second parents with skill factor 0 since other solutions
have quite different search directions in the design variable space. On the other
hand, we see that solutions with skill factors targeting closely distributed goals
g30–g40 are cooperating.

Figure 8(b) shows results on the biased MFDMP-B. As shown in Fig. 4(b),
a group of goals g0–g5 and another group of goals g30–g35 are separately posi-
tioned. From the result, we see the parents with different skill factors are fre-
quently paired in each of the closely distributed two groups. However, the prob-
abilities of mating parents from different groups are nearly zero.

Figure 8(c) shows results on the biased MFDMP-C. As shown in Fig. 4(c),
there are four groups of goals. The first one involves g0–g2, the second one
involves g15–g17, the third one involves g30–g32, and the fourth one involves
g45–g47. From the result, we see that the selection probabilities are shared in
each group. In other words, the solution resources are shared in each group even
if their skill factors are different.

These results verified that the proposed method encouraged pairing for
solutions with similar objective functions and suppressed pairing for solutions
with dissimilar objective functions. The results also clarified that the proposed
similarity-based parent selection improved the multi-factorial optimization per-
formance.
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Fig. 8. Selection probabilities on the biased MFDMPs

7 Conclusions

To accelerate the evolutionary multi-factorial optimization by encouraging
crossovers of solutions with similar target objective functions and suppressing
crossovers of solutions with dissimilar target objective functions, in this work, we
proposed an evolutionary algorithm estimating the similarities of objective func-
tions and utilizing them for the parent selection determining pairs of solutions
to be crossed. We used the multi-factorial distance minimization problems to
verify the effectiveness of the proposed algorithm. Experimental results showed
that the distance relations among objective functions are matched to the sim-
ilarities among objective functions estimated by the proposed method. Also,
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experimental results showed that the proposed algorithm achieves better search
performance than the conventional single-objective and multi-factorial EAs.

As future work, we will address real-world multi-factorial design optimization
problems by using the proposed algorithm.
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