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Abstract. A bio-inspired state estimation and control algorithm is
experimentally tested to autonomously balance a team of robots on a
circle. In this control scheme inspired from the social behavior of some
insects species, a leader is elected randomly and periodically moves at
a constant angular speed. The followers triggered by the leader motion,
implement a decentralized and non-cooperative state estimation and con-
trol algorithm using uncertain and noisy proximity sensor measurements.
Individuals in the team are immobile during the pause sequence to gather
and process proximity distances, identify closer neighbors, and estimate
their relative phase distances. During the go sequence, they either accel-
erate to achieve the desired spacing from closer neighbors, or move at a
constant angular speed in phase with the leader. The scheme is tested
on caster wheeled robots equipped with a rotating sonar platform to
get forward and backward distances and is shown capable to balance
the team of robots even in the presence of false readings or intermittent
measurements. Further, at steady-state, the team of robots is capable to
self balance in the absence of sensor feedback.

Keywords: Bio-inspired · State estimation and control · Autonomous
systems

1 Introduction

Coordinating multiple vehicles is becoming pervasive for potential applications
in collective search and rescue missions [3], disaster relief and management
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systems [18], and surveillance and reconnaissance missions [1]. To achieve the
autonomous coordination of multiple vehicles, formation control algorithms have
explored path or way points tracking [28], patterns configuration [25], or moving
through constrained environment [8]. Among the existing algorithms, leader-
follower formation control schemes [7] are popular and cost-efficient. Leader-
follower relationships are commonly hypothesized to be fundamental in explain-
ing the emergence of collective behaviour in several natural organisms. Indeed,
leaders are often considered as informed individuals guiding other group mem-
bers toward set locations. In insect groups for example, leadership might benefit
the group during foraging or migration [10]. As such, leaders-followers relation-
ships are central to the understanding of the interaction between group members.
For robotic applications, only a handful of agents, denoted leaders, need to utilize
navigation tools such as Simultaneous Localization and Mapping (SLAM) [23]
or Differential Global Positioning System (DGPS) [11] to drive the followers
towards the desired path, whereas the followers only rely on cheap proximity
sensors such as sonar, infrared, or camera to stay aligned with the rest of the
team. These sensors have very short range and their performance might signifi-
cantly deteriorate in changing or cluttered environments [26].

For real world applications, decentralized and local communication protocols
are often preferred to centralized approaches as they typically require less com-
putation resources and sensing capabilities [16]. In case of limited communication
due to cluttered environments or the medium restraining wireless communica-
tions, each robot has to rely on its own sensing capabilities [21]. To improve
the accuracy of both relative and absolute localization methods, research efforts
have proposed robust estimation methods [5], non-linear Kalman filter [19], or
the use of diversified pool of sensors [22]. In localization problems [20], individual
robots have to independently regulate their dynamics using either relative posi-
tions with respect to internal kinematics [9], or absolute position with respect
to a reference frame [19]. In these problems, few works have addressed the case
of the absent or intermittent feedback data that might arise when proximity
sensors are employed, in the presence of a cluttered environment, in underwater
applications, or in case of varying light or air conditions [4].

Here, we depart from a bio-inspired estimation and control scheme [24] and
illustrate how a recent state estimation and control algorithm [12,13] can be
implemented on ground robots. Specifically, here we focus on the cheapest imple-
mentation in which the robots are equipped with ultrasonic sensors, whose lim-
ited accuracy need to be compensated by a synergistic design of the estimator
and controller. The team of robots includes a single leader and several follow-
ers implementing the state estimation and control algorithm based on noisy and
intermittent proximity distances to predict their relative position with their clos-
est pursuant on the circle. This decentralized non-cooperative approach is imple-
mented in a pause-and-go scheme, where, during the pause, followers recursively
estimate their relative angular position to the robot ahead or behind on the
circle and during the go, followers either accelerate or move at a constant speed
to appropriately space from nearby robots. The pause-and-go behavior has been
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observed in some insect species [2] that adopt this strategy during foraging or
social interaction, or to better appreciate the closeness or the alignment to a
distant target or to a conspecific [27].

Outline of the Paper: Section 2 describes the formation control problem and the
state estimation and control algorithm. Section 3 depicts the experimental setup
and the trials. Section 4 present the results and Sect. 5 concludes the work.

2 State Estimation and Control Algorithm

2.1 Problem Statement

We consider a group of i = 1, ..., N mobile robots moving on a circle of radius
R > 0 and updating their angular position θi(k) at each discrete time instant k
as:

θi(k + 1) =

{
θi(k) + ui(k), if (k/p) ∈ N,

θi(k), otherwise,
(1)

where ui(k) is the control input implemented in a pause-and-go fashion and
p ∈ N is an integer corresponding to the number of time steps needed to perform
the measurements and estimations.

The control goal is to find ui(k) in order to set the pace of the group to the a
desired angular speed ωref every p time steps, and coordinate the team of robots
in a balanced formation on the circle. Formally, this translates into achieving an
ε bounded formation [21], that is,

lim sup
k→+∞

|ξij(k) − 2π/N | ≤ ε, (2)

for given any pair of consecutive agents (i, j), where ξij(k) := rem(θi(k)−θj(k))
is the relative phase between robots i and j1; the quantity 2π/N is the desired
angular spacing between consecutive agents, and ε is the formation error.

For the team of robots defined above, we consider the challenging scenario
where (i) each robot is equipped with a proximity sensor with a limited range rv
that corresponds to a visibility cone ϕv = 2arcsin(ρv/2R) along the circle; (ii)
the on-board computer power can only allow to collect intermittent measure-
ments every p steps, where p is the time required to acquire and to process the
information; (iii) each robot, say i, obtains a noisy measurement d̃ij (affected
by a bounded noise δij) of the distance dij from a robot j �= i only if dij ≤ rv;
(iv) the robots have no mean to uncover the identity and relative order (ahead
or behind)2 with respect to closer neighbors.

The above constraints imply that pairwise proximity distance satisfies:

d̃ij(k) =

{
dij(k) + δij(k), if dij(k) ≤ rv ∧ (k/p) ∈ N,

n.a., otherwise,
(3)

1 rem(z) denotes the unique solution for r to the equation z = 2πw + r, where −π ≤
r < π, w ∈ Z.

2 We say that robot i is ahead of j at time k if ξij(k) > 0, otherwise i is behind j.
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where the measurement error verifies |δij | ≤ δmax for a given positive scalar δmax,
and n.a. stands for no measurement available. We comment that the control
objective in (2) cannot be fulfilled by traditional control schemes considering
the limitations on the available measurements summarized by Eq. 3.

Introducing the relative phase distance ϕij(k) := |ξij(k)| between robots i
and j, from Eq. (3), we know that3

ϕij(kp) ∈
{

Υij(kp), if ϕij(kp) ≤ ϕv,

Υ , otherwise,
(4)

where Υ := (ϕv, π], and

Υij(kp) := [max {ϕ̃ij(kp) − ϕmax, 0} ,min {ϕ̃ij(kp) + ϕmax, ϕv}], (5)

with ϕ̃ij(kp) = 2 arcsin(d̃ij(kp)/2R) defining the phase distance corresponding
to the measured Euclidean distance d̃ij(kp); ϕmax := 2 arcsin((rv + δmax)/2R)−
2 arcsin(rv/2R) is the maximum uncertainty associated to ψ̃ij(kp). Note that
from (4), albeit the relative position of the closer robot is unknown, we are
aware that ξij belongs to two uncertainty intervals (one in [0, π) and the other in
[−π, 0)) with width Γ ij

1 (kp) and Γ ij
2 (kp). Using the information coming from (4)

and the knowledge of individual dynamics in (1), it is possible to shrunk the
width of these uncertainty intervals. Note that the hull Hij(kp) of the multi-
interval Γij(kp) = Γ ij

1 (kp) ∪ Γ ij
2 (kp) is an overestimate of the uncertainty on

ξij(kp). The reader can refer to [21] for basic properties and operations on inter-
vals, which will be used when designing the control and estimation strategy
presented below.

2.2 Control Strategy

Here, we leverage the synergistic control and estimation strategy first proposed
in [21], which prescribes the random election of a leader, w.l.o.g. a robot, whose
control law u1(k) = ωref , and thus sets the pace for the multi-agent system,
while the followers i = 2, ..., N implement a three-level bang-bang control law
with initial value ui(0) = 0. Initially, none of the robots is in the visibility
range of another robot, the relative motion of the leader will determine a time-
instant in which it will enter the visibility cone of robot i = 2. In that case,
robot i = 2 starts implementing a prediction-correction algorithm to obtain an
estimate Θ̂21 of the relative phase ξ12. Using this estimate, the control strategy
can be activated resulting is either one of these two actions:

1. if node 1 is closer than the desired spacing 2π/N , the control law u2 is set
to ωref + c, with c > 0 introduced to move robot 2 faster than the leader,
thereby incrementing the spacing distance between nodes 1 and 2;

3 For simplicity, given the pause-and-go implementation, the measured distance and
related quantities will be only defined at time instants kp, with k being an integer.
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2. if the desired distance is achieved, the control input u2 is switched to the
desired speed ωref .

In turn, robot i = 2 while moving will eventually enters the visibility cone of
robot 3 resulting into a sequential repetition of the above steps for all pairs of
consecutive robots until the ε-balanced formation is achieved.

Note that at time kp, robot i possesses an interval estimate Hij(kp|kp)4 of
the relative phase angle Θij(kp) with respect to neighbors robot j. Introducing
H and H̄ as the infimum and supremum of an interval H respectively, at time
kp, when the conditions

Hi,i−1(kp|kp) > 0,

H̄i,i−1(kp|kp) < Γ ij
1 (kp|kp), for all j �= i − 1

(6)

are both satisfied, robot i can unambiguously concludes that j = i − 1 is its
closest pursuant.

The multi-level control strategy implemented by the team of robots can be
summarized at any time instant k as:

u1(k) = ωref , for leader i = 1 (7a)

ui(k) =

⎧⎪⎨
⎪⎩

ωref + c , if Θ̂i,i−1(k) < 2π/Nand k ≥ ki,

ωref , if Θ̂i,i−1(k) ≥ 2π/Nand k ≥ ki, for followers i ≥ 2
0, otherwise,

(7b)

where ki is the first time-instant that robot i is capable to identify its closest pur-
suant, that is, the first time instant such that (6) holds, and for any i = 2, . . . , N ,
Θ̂i,i−1(k) is selected as H̄i,i−1(�k/p	|�k/p	). In what follows, we introduce the
estimation strategy to update the multi-interval Γij(kp|kp) upon which Hij is
computed.

2.3 Estimation Algorithm

The estimation strategy leverages the three-level bang-bang structure of the
control law to perform an interval estimate ûi

j(k) of the input acting on node
i ≥ 2 at time k as:

ûi
j(k) =

⎧⎪⎨
⎪⎩

ωref , if k ≥ ki, dij > rv, j = i − 1,

[ωref , ωref + c], if k ≥ ki, dij ≤ rv, j = i − 1,

[0, ωref + c], otherwise.
(8)

Each robot requires p time instants to process the measurements and compute
the next control input, thereby the uncertainty on the interval estimation of ξij ,
denoted Γij , is updated every p steps using (4) for all i = 2, . . . , N, j �= i starting
from the initialization Γij(0| − p) = [−π, π) as:

4 The notation |kp indicates that agent i has used all information collected until kp.
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Γij(kp|kp) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∅, if kp ≥ ki, j �= i − 1,

Γij(kp|(k − 1)p) ∩ (
Υ ∪ −Υ

)
, if kp ≥ ki, dij(kp) > ρv, j = i − 1,

Υ ∪ −Υ , if kp < ki, dij(kp) > ρv,

Γij(kp|(k − 1)p) ∩ (Υij(kp) ∪ −Υij(kp)) , otherwise,
(9)

for all k > 0. Equation (9) prescribes that, prior to time instant ki, when no mea-
surement is available, robot i does not evaluate the intersection Γij(kp|(k−1)p)∩
(Υij(kp) ∪ −Υij(kp)). Thus, when dij(kp) > rv, robot i just sets Γij(kp|kp) =
(Υij(kp) ∪ −Υij(kp)). After time ki, robot i stops estimating the position of all
other agents except its closest pursuant i − 1.

Algorithms 1 and 2 report a schematic implementation of the estimator (9).
The uncertainty interval Γij(kp|kp) is recursively estimated p steps ahead as:

Γij((k + 1)p|kp) = Γij(kp|kp) + ûij(kp), for all j �= i, (10)

where robot i’s estimate of the relative input with respect to j is ûij(kp) :=
ui(kp) − ûi

j(kp) where ûi
j(kp) is given in (8).

The convergence of the pause-and-go estimation and control strategy is a
particular case of the algorithm proposed in [21] and the convergence of the pro-
posed scheme can be established using a similar procedure as in [21] while taking
into account the periodical activation of the control scheme defined in (7a)–(10).
In particular, an upper bound k̃i of the convergence time ki can be determined.

Proposition 1 [24]. For the multi-robot system in (1), If

1. |Θij(0)| ∈ [min{4ϕmax + 2ωref + 2c, ϕv}, π], for all i = 1, . . . , N , i �= j;
2. 2(ωref + c) < ϕv;
3. ωref > 0 and 0 < c < ε/(N − 1),

then there exist k2, . . . , kN < +∞. In addition, ki ≤ k̃i, where

k̃i =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

p 
(θ2(0) − θ1(0) − 2(ωref + c)) /ωref� , if i = 2,

ki−1 + p 
(Θi,i−1(0) − ϕv)/ωref� , if i �= 2 ∧ Θi,i−1(0) > ϕv,

ki−1 + p 
(θi(0) − θi−1(0) − ϕv) /ωref� , if i �= 2 ∧ Θi,i−1(0) < 0,

ki−1 + p 
(Θi,i−1(ki−1) − 4ϕmax) /ωref� , otherwise.
(11)

The results in [21] has also been adapted to provide sufficient conditions
to achieve a ε-balanced formation in the pause-and-go estimation and control
strategy can be obtained as
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Proposition 2 [24]. For the multi-robot system (1), If there exist ε > 0 such
that:

1. |Θij(0)| ∈ [min{4ϕmax + 2ωref + 2c, ϕv}, π], for all i = 1, . . . , N , i �= j;
2. 2(ωref + c) < ϕv;
3. ωref > 0 and 0 < c < ε/(N − 1);

then (i) the estimation and control strategy in (7a)–(10) achieve a ε-balanced
formation, that is lim

k→+∞
|Θi,i+1(k) − 2π/N | ≤ c, and in addition, (ii) the relative

phase Θi,i+1(k) converges in finite time kc
i ≤ k̄c

i for a given kc
i ∈ N, for all pair

of robots (i, i + 1) with i = 1, ..., N − 1.

Remark 1. From the above propositions, the control parameter c can be carefully
selected to regulate the trade-off between accuracy and convergence speed. In
particular, smaller values of c might improve the accuracy of the control scheme
while increasing the convergence time. This is in particular true for larger group
sizes where individuals might be required to move at a slow pace to avoid col-
lision or motion jamming. However, for larger team sizes, it is more likely that
individual robots can perceive each other, hindering a key feature of our control
scheme which assumes that, at steady state, the range of visibility is lower than
the desired spacing distance. Note that, in that case, alternative approaches such
as the control scheme proposed in [13] could be utilized.

Remark 2. In case a single or more agents Nr are forced to leave the formation,
the algorithm can still converges if the rest of robots are informed of the new
desired spacing 2π/(N −Nr). As the leader is randomly elected, a fault affecting
the leader is not critical to the proposed startegy.

3 Experiments

3.1 Hardware

A custom made castor wheeled robotic platform equipped with an ultrasonic
sensor is utilized in the experiments. The ultrasonic sensor is mounted on a
servo motor allowing to rotate the device and to measure frontward or backward
proximity distance. The analog signal of the ultrasonic sensor is processed by an
Arduino Uno micro-controller. The state estimation and control algorithm was
written with custom python code and run by a Raspberry Pi computer board
interfaced through serial communication with the micro-controller to receive
sensor data.
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Fig. 1. A sequence of snapshots, sampled at intervals of 200 s, of a sample trial with
a team of three robots achieving a circular self-balancing formation.

The servo-motor was also set to position the sensor either frontward and
backward at three different angular position values spaced by an angle of 7π/36
rad. At each of these positions, eight different measurements were taken and
only values between 0.05 m and the circle’s diameter were considered and their
median computed as the proximity distance to inform the algorithm. Note that,
these multiple measurements allowed to compensate for the reduced accuracy
of the ultrasonic sensor when the object detected is not directly aligned with
the sensor. To fulfill with the constrained imposed to the state estimation and
control algorithm, we set the code to discard measurement values greater than a
meter yielding to a maximum proximity radius in the output Eq. (3) of rv = 1 m
and corresponding to a visibility angle of ϕv = 1.59 rad.

The robots were programmed to move on a circle identified by a narrow
black adhesive tape on top of a wider white adhesive tape. Custom python
scripts implementing an independent PID control algorithm with feedback from
encoders mounted on the wheels and from the light sensors was utilized to main-
tain the robot along the black stripe. The radius of the circle was set to R = 0.7
m in order to maintain a blind sensing spot of about π/6 rad prior to reaching
the balanced circular formation. The line following algorithm was observed to
result in a zig-zag motion generating additional disturbances to the formation
control algorithm.

3.2 Procedure

The experiments were performed with group of three robots. A single robot was
set as the leader to move at a constant reference angular speed ωref . All robots,
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including the leader, were equipped with the ultrasonic sensor not to detect and
estimate proximity distance, but also to avoid possible collision with neighbors.
This procedure was necessary in case a robot ahead of the team become faulty or
unresponsive. We comment that, when the algorithm is successfully implemented
by all robots, collision avoidance is useless as the closest robot will detect the
motion of the pursuant and initiate its own motion. Further, as the followers rely
solely on proximity distances and do not communicate with closer neighbors, a
key feature of the state estimation and control algorithm in (6)–(10) is to be
fully decentralized and non-cooperative.

The initial position of the robot was set to ensure that two consecutive robots
could not detect each other at the beginning of the experiments. Prior to the
experiments, pilot trials were conducted allowing to set the pause time interval
duration to 55 s. Given that the duration of each time step in Eq. (1) is 1 s, the
number of time steps required to pause is p = 55. Five experimental trials were
performed for a total duration of 25 min each. The trials were video recorded
using an overhead camera to obtain a wide complete view of the arena. The
motion of each robot was then manually extracted from the video frames using
a protractor superimposed on top of each picture frames (see Fig. 1).

3.3 Control Parameters

We set the reference angular speed to ωref = 0.1 rad/s and we select the con-
trol parameter c such that the ε-balanced formation is achieved by the team of
robots with a maximum formation error ε = 0.4 rad. Given the trade-off between
convergence speed and accuracy (see Remark 1), we select c = 0.2 rad/s which
is compatible with the maximum formation error above while allowing to fulfill
the hypothesis of Propositions 1 and 2. This can be verified for each pair of
consecutive agents i and j by evaluating ϕij(0) ∈ [0.84, 2.02[⊂ [min{4ϕmax +
2ωref + 2c, ϕv}, π] = [0.68, π]5, and ωref + c = 0.3 rad < ϕv = 1.59 rad.

4 Results

4.1 Proximity Distances

Table 2 in Appendix presents the raw data estimates of the phase angles measure
with the ultrasonic sensors in consecutive iterations after p time steps each.
The presence of missing values denoted “n.a.” in the Table indicates that the
ultrasound sensor often does not return meaningful measurements. In particular,
at steady state, measurements might not be available as the desired spacing
distance is set at 2π/N = 2π/3 � 2.09 rad, much larger than the visibility
cone that corresponds to a threshold value of ϕv = 1.59 rad. In the Table, the
existence of a measurement value for the backward sensor reading value of robot
1 also indicates that the sensor might also return false readings due to occasional
5 Note that ϕmax = 4.2 × 10−2 rad since δmax = 0.02 m. The relationship between

ϕmax and δmax is given below Eq. (5).
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obstructions of the signal by the operator conducting the experiments. Further,
the multiplicity of sound wave emitted by several robots might overlap as the
micro-controller cannot differentiate them. As such the control scheme has to
deal with additional sources of uncertainties.

Fig. 2. Evolution of the control law ui in (7a)–(7b) (left panel) and relative phase
angle difference between robots 2 and 1 and between robots 3 and 2 (red panel) in
consecutive iterations (every p time steps) for an exemplary trial. The dash-dotted
horizontal line in the right panel corresponds to the desired spacing phase angle 2π/3
(Color figure online)

4.2 Control Actuation

The left panel of Fig. 2 depicts the time trace of the control output u1, u2, and
u3 observed for each robot. Robots 2 and 3 are able in a few iterations to iden-
tify the presence of their closest pursuant by setting their values to 0.3 rad/s
in order to space accordingly. We note that the values observed are often dif-
ferent from the control input which should be either 0 initially, then 0.3 rad/s
when the motion is initiated, and 0.1 rad/s when the desired spacing is achieved.
Note that the large fluctuations of the observed angular speed are explained by
several factors including the zig-zagging line following motion, slip, friction, or
inaccurate encoder feedback.

Table 1. Convergence rate measured by the number of iterations for robot between
robots i to achieve the desired spacing (kc

i /p), steady-state relative phase angle (Θ̄ij)
and maximum formation error (|Θ̄ij − 2π

3
|) between robots i and j. “se” is the standard

error.

Measure kc
i /p Θi,i−1 (rad) |Θ̄i,i−1 − 2π

3
|

Statistics min mode max mean (rad) se (rad) max (rad)

Robot 2 6 7 7 2.02 0.15 0.23

Robot 3 11 11 14 2.20 0.24 0.29
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4.3 Convergence

Table 1 presents relevant data of the self-balancing convergence including the
number of iterations implemented by a follower robot to reach the desired spacing
distance, the averaged relative phase distance between robots, and the maximum
formation error observed. The Table shows that the first follower achieves the
desired spacing in about 7 iterations while the second robot needs about 11
iterations to converge. The estimated balancing error is always less than 0.30
rad corresponding to the maximum angle value ωref + c spanned by the robot
in a single step. This value is also less than the predicted maximum error value
0.40 rad from Proposition 2. In addition, each follower is observed to identify
their closest pursuant in a single iteration. Note that the upper bound predicted
by (11) is k2/p = 3 and k3/p = 10 for robot 2 and robot 3 respectively.

The right panel of Fig. 2 depicts the time trace of the relative phase angle
difference between robot 2 and robot 1 and between robots 3 and robot 2. In the
figure, as time evolves, both values tend to converges toward the desired spacing
value 2π/N = 2π/3 = 2.09 rad in about 14 iterations. Note that, as discussed in
Remark 1, by further reducing the value of the control parameter c, one might
further increase the accuracy of the state estimation and control scheme.

5 Conclusion

A non-cooperative and fully decentralized state estimation and control scheme
has been experimentally tested. Inspired by the behavior of insects, which stop
to enhance the effectiveness of their next move, the scheme is implemented in
an pause-and-go fashion on a low cost robotic platform consisting of three cas-
tor wheeled robots. It relies on uncertain and intermittent proximity distances
measured by an ultrasonic sensor. The estimation and control strategy is capa-
ble to autonomously space the robots’ along the circle even in case the sensor
range is shorter than the desired spacing. By means of a suitable selection of
the main control parameters, it is possible to drive the formation error below a
desired threshold value and to regulate the trade-off between accuracy and con-
vergence speed. Further, we illustrated that a low-cost implementation of this
strategy is robust enough to handle occasional false readings and inaccuracies of
the ultrasound sensor. These promising results showing robustness to noise and
uncertainties make the proposed approach particularly suitable for applications
such as distributed sensor placements or coverage control problems [15]. The
proposed state pause-and-go implementation well fits low costs micro-robotic
applications that are not time-critical but require limited payload and accuracy.
Within formation control problems, the proposed formulation on the circle is
relevant to problems such as perimeter surveillance [17] and source seeking [6],
and can be possibly extended to more complex shapes assuming they can be
approximated with Jordan curves [14]. Depending on the application and on the
available budget, different kind of sensors can be employed, see e.g. the discussion
in [24] for alternative sensor selections.
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6 Appendix

Table 2. Proximity distances in radiant (rad) measured frontward and backward by
the ultrasonic sensor in an exemplary trial. Note that in case of no measurement or
no object detected within the sensing range, the estimated proximity distance is set to
“n.a.” as in (3). False readings are inside a box.

Iteration Back 1 Front 1 Back 2 Front 2 Back 3 Front 3

1 n.a. 1.13 n.a. n.a. n.a. n.a.

2 n.a. n.a. 0.87 2.42 2.12 n.a.

3 n.a. n.a. 1.61 n.a. 1.34 n.a.

4 n.a. 1.43 n.a. 1.74 0.79 n.a.

5 n.a. n.a. n.a. 1.03 1.30 n.a.

6 1.30 n.a. n.a. 1.06 0.93 n.a.

7 n.a. n.a. n.a. 1.11 0.76 n.a.

8 0.85 n.a. 1.29 n.a. 0.84 2.09

9 n.a. n.a. n.a. 1.03 1.16 2.38

10 n.a. n.a. n.a. n.a. 1.42 n.a.
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Algorithm 1. Implementation of the state estimation in (9). λ(k) refers to the
number of intervals in J(k) = −Υij(kp) ∪ Υij(kp) and the subroutine Evaluate
is defined in Algorithm 2.
1: procedure Initialization (k = 0, ki < 0 ) � Initially set time k = 0 and ki < 0
2: Jl(k) = Υij(k) ∪ −Υij(k) � Evaluate Jl(0)
3: if Θij(0) ≤ ϕv then � i can detect j
4: ki = 0 � set ki = 0
5: end if
6: while width(H(kp)) ≥ δ do � δ is to be defined
7: [λ(k), Jl(k)] ← Evaluate{Jl(k − 1) ∩ Γij(kp|(k − 1)p)}
8: if d̃ij(kp) �= n.a. then � A value is returned
9: if ki < 0 then

10: ki = kp
11: end if
12: else � No value is returned
13: if ϕv ≤ π

3
then

14: λ(k) = 2 � Γij(kp|kp) has two intervals
15: else
16: λ(k) ≤ 1 � Γij(kp|kp) is either the empty set or a single interval
17: end if
18: end if
19: k = k + 1
20: Jl(k) = −Υij(kp) ∪ Υij(kp)
21: width (H(kp)) = maxlJl(k) − minlJl(k)
22: end while
23: return Jl(k|k)
24: end procedure

Algorithm 2. Subroutine of Algorithm 1.
1: procedure
2: Evaluate{Jl(k|k − 1) ∩ Γij(kp|(k − 1)p)}
3: λ(k) = 0
4: ϕ̃ij(kp) = 2 arcsin(d̃ij(kp)/2R) � Sensor measurements
5: Υij(kp) := [max {ϕ̃ij(kp) − ϕmax, 0} , min {ϕ̃ij(kp) + ϕmax, ϕv}] � Update
6: for l = 1:N l do
7: if Jl(k|k − 1) ∩ Γij(kp|(k − 1)p) is a single interval then
8: λ(k) = λ(k) + 1
9: else if Jl(k|k − 1) ∩ Γij(kp|(k − 1)p) is the union of two intervals then

10: λ(k) = λ(k) + 2
11: end if
12: end for
13: return [λ(k), Jl(k|k − 1) ∩ Γij(kp|(k − 1)p)]
14: end procedure
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