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Abstract. At present, GLV/GLS scalar multiplication mainly focuses on find-
ing and constructing more and more efficient computable endomorphisms. We
research on the applications of GLV/GLS algorithms on twisted Edwards curves.
Firstly, we present the concrete construction of efficiently computable endomor-
phism for this type of curves over prime field by exploiting birational equiva-
lence between curves, and obtain 2-dimensional GLV method. Using birational
equivalence and Frobenius mapping between curves, we present methods to con-
struct efficiently computable endomorphisms of this type of curves and obtain
2-dimensional GLS method. Finally, we obtain the 4-dimensional GLV algorithm
by using higher degree twists. The experimental conclusion demanstrates that the
speedups of 2-dimensional and 4-dimensional GLV methods than 5-NAF method
exceed 37.4% and 104.9% for twisted Edwards curves respectively.
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1 Introduction

In the past three decades, Elliptic curve cryptography (ECC) becomes the mainstream
of public key mechanism in cryptology because its high security level with small key
size. Due to the advantage of storage space, processing speed and bandwidth, ECC is
particularly suitable for use in wireless environments, such as the IoT and edge computing
application scenarios. Since the devices in these environments are usually resource-
constrained ones with limited battery, it is very important to speed up the computation of
ECC in these applications. Among all the computation operations, scalar multiplication
is the most computation-expensive operation in ECC. Consequently, it is of utmost
importance to accelerate the computation of the scalar multiplication.

How to accelerate the scalar multiplication based on the efficiently computable endo-
morphism is a hot topic in ECC. Gallant et al. [1] put forward the GLV algorithm on
a class of elliptic curves using endomorphism to accelerate the scalar multiplication.
Their algorithm is efficient and also general. Since then, more and more researchers pay
attention to the GLV method. The authors in [2, 3] have studied the decomposition of
the scalar k in 2-dimensional GLV, they gives the bounds for the decomposition coef-
ficients k1 and k». The reason why the GLV algorithm is useful to accelerate the scalar
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multiplication operation is that the endomorphism on the elliptic curve is effective to
speed up the calculation. As a result, find out more and more efficiently computable
endomorphisms are critical for the GLV algorithm. Many researchers make progress to
find more endomorphism [5-7].

In recent years, a lot of effort are paid to acceralate the scalar multiplication speed
of genus-2 hyperelliptic curves. In general, the Jacobian group of genus-2 curve has
a wider endomorphism range than other ordinary elliptic curves, therefore the highest
possible dimension of GLV decomposition on genus-2 curves is twice as large as that of
the elliptic curve under the same condition. In 2013, Bos et al. [8] proposed to accelerate
the scalar multiplication using 4-dimensional GLV technique, they considered the BK
curves y2 = x> 4+ b [9] and FKT curves y2 = x> + ax [10]. Guillevic and Tonica [11]
proposed a 4-dimension GLV algorithm on elliptic curves. Bos et al. [12] considered the
genus-2 curves over quadratic extension field F)» and studied an 8-dimensional scalar
decomposition for the first time.

In recent years, different forms of elliptic curves have been proposed and widely con-
cerned, such as twisted Edwards curve, Jacobi Quartic curve and so on. These curves
have stronger resistance to side channel attacks and faster point calculation formulas,
and have been considered as candidates for the next generation elliptic curve standards.
At present, GLV/GLS scalar multiplication mainly focuses on the Weierstrass curves,
attempting to find and construct more and higher degree efficient computable endo-
morphism. However, the GLV method has rarely been studied on other curve forms.
In order to sovle the problem, we research on how to use the GLV/GLS algorithms in
twisted Edwards curves and evaluate its efficiency. We present the concrete construction
of efficiently computable endomorphism for this type of curves by exploiting birational
equivalence, Frobenius mapping and twisting isomorphism between curves, and give
some instances of efficiently computable endomorphism on curves. We generalize the
main results of GLV/GLS method on weierstrass curve to the twisted Edwards curve, and
obtain the 2-dimensional and 4-dimensional GLV method accordingly. We use experi-
ments to evaluate the GLV method on twisted Edwards curves. The experimental results
show that the speedups of 2-dimensional GLV method and 4-dimensional GLV method
than 5-NAF method exceed 37.4% and 104.9% in twisted Edwards curves respectively.

2 Preliminaries

We briefly introduce some basic preliminaries for the rest of the paper, including the
properties of isomorphism and GLS method. One can refer to reference [13—15] for more
details. There are two special types of curves: Ep : y> = x> +Band E4 : y*> = x> + Ax,
whose j invariant are 0 and 1728, respectively.

2.1 The Homomorphism

Definition 2.1. Let £ and E; be elliptic curves. Anisogeny from £ to E is a morphism
¢ 1 E1 — E» satisfying ¢ (O) = O. The two elliptic curves Ej and E, are isogenous if
there is an isogeny from E; to E; with ¢ (Ey) # {O}.
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Let Hom(E1, E) be the set of isogenies from E; to E», then Hom(E, E») forms a
group. Let E1 = E» = E, then Hom(E, E) is a ring, which is called the endomorphism
ring of E, denoted as End(E). Let ¢, ¢ € End(E) and P € E, then (¢ + ¢)(P) =
¢(P) 4+ ¢(P) and (¢ o ¢)(P) = ¢(¢(P)). The invertible elements of End(E) form the
automorphism group of E, which is denoted by Aut(E). The endomorphism ring of an
elliptic curve E is an important invariant of E.

Theorem 2.2. Let¢ : E; — E» is an isogeny, whose dual isogeny is denoted by $ then

(1) Letm = deg¢, then

¢ o¢=[m]onEj,

(Apoqb:[m] on E».

(2) Let : E» — E3 be an isogeny, then ¥/ o ¢ = ¢ o

—_

(3) Letg : Ey — E> be another isogeny, then ¢ 4+ ¢ = $ + .
(4) For all integer m € Z, then [m] = [m] and deg[m] = m2.

A~

Let v be the p - Frobenius endomorphism of elliptic curve E and (x, y) € E, then
m(x,y) = (", ).
The quantity t = g + 1 —#E(F) is called the trace of Frobenius, and the Frobenius
endomorphism 7 satisfies the characteristic equation 72 — tr + ¢ = 0 with |7] < 2./4.
2.2 Twisted Edwards Curves

In 2007, the twiseted Edward cureves is presented in [16]. Because of its substantial
advantages [17, 18], EADSA has been officially released in RFC 8032 [24] and deployed
in many password products and libraries, such as OpenSSL [25].

Definition 2.3. Let F,; be a non-binary field, the twisted Edwards curve over Fy is a
curve.

Eiaq: ax? +y2 =1+ dxzyz,

where a,d € Fyand ad(a — d) # 0.
Let (x1, y1), (x2, y2) be points on the twisted Edwards curve E, ;. The sum of these
points on E, 4 is

x1y2 +y1x2 Yiy2 — axixa )

(x1, 1) + (x2,y2) = (
I +dxiyixoys 1 —dxiyixoy?

The point (0, 1) is the neutral element, and the inverse of (x1, y1) is (—x1, y1). The
addition formula is unified, that is, it can also be applied to double a point.
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In the inverted Edwards coordinates [21], we can use coordinates (X : Y : Z) to
represent the point (Z/X,Z/Y) on an Edwards curve. Then the general form of the
twisted Edwards curve is given below.

X?* +a¥»z* = X*v? +adz".

The formulas for curve addition in inverted Edwards coordinates needs only 9M +
1S, where M and S denote the multiplication and squaring on finite field respectively.

Theorem 2.4. Let F; be a non-binary field, every twisted Edwards curve E, 4 : ax* +
y?> = 1 + dx*y? over F, is birationally equivalent to a Weierstrass curve E : v o=

u? +2(a + d)u* + (a — d)?u, the rational map is

) —dy?
¢ Eaa = E. () > @) = (@— ), 2 - dyx - 447)

2 2
2 u-—4(a”—d
V:E— Eqq, (u,v) > (x,y) = <(u_2a)vz_4d, (u_22)2_43)

2.3 GLS Method

Theorem 2.5. Let E be an elliptic curve defined over F; such that #E (Fq) =qg+1—1t.
Let ¢ : E — E' be a separable isogeny of degree d defined over F ¢ Where E' is an
elliptic curve defined over Fn with m|k . Let r[#E’(Fyn) be a prime such that r > d and

r||#E'(F 4¢)- Let 7w be the g-power Frobenius map on E and let qS : E' — E be the dual
isogeny of ¢. Define Y = ¢mf5, then

L. Y € Endy(E).

2. Forevery point P € E'(F ), we have Y% (P) —[d*]P = O and y*(P) — [dt] (P) +
[d2q]P =0.

3. There exists a integer A € Z/rZ with A* —d¥ =0 mod r and A> — drx — d%>q =
0 mod r such that ¢ (P) = [A]P for all P € E'(Fym)[r].

Corollary 2.6. Let p > 3 be a prime and let E be an elliptic curve defined over F),
with #E (F,,) =p+1—t Let E over F 2 be the quadratic twist of E (F I,z). Then
#E'(F ) = (- 1)2 412 Let ¢ : E — E’ be the twisting isomorphism defined over
F 4 and let T be the p-power Frobenius map on E. Let rl#E'(F ,»2) be a prime such that
r > 2p. Define = ¢!, then

1. For every point P € E/(sz)[r], we have w2(P) +P=0.
2. Y (P)=[APwithx =t"!(p— 1) mod r.

Let p = 1 mod 6, and define elliptic curve E : y? = x> + B over F,. Choose
u e F;‘lz such that u® € F 2 and define elliptic curve E :y> =x3+uBover F P2

Repeatedly choose the parameters p, B, u until #E'(F »2) is prime (or almost prime). The
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isomorphism ¢ : E — E’is given by ¢(x, y) = (u’x, u’y) and is defined over F 2. The
homomorphism ¥ = ¢w¢~! is defined over F,>, where 7 is the p-power Frobenius

map on E. It follows that v satisfies the characteristic equation ¥* — > + 1 = 0, then
one obtains 4-dimensional GLV scalar multiplication.

3 Application of GLV/GLS Method on Twisted Edwards Curves

3.1 GLV Method on Twisted Edwards Curve

In this section, we consider the GLV method on the twisted Edwards curve and present
the concrete construction of efficiently computable endomorphism for this type of curves
over prime field. Let p > 3 be a prime and let E : y> = x> + Ax + B be an elliptic curve
defined over F),. According to the literature [18], we know elliptic curve E is birationally
equivalent over F), to a twisted Edwards curve if and only if the group E(F,) has an
element of order 4.

Theorem 3.1. Let p > 3 be a prime and let E : y> = x> 4+ Ax + B be an elliptic
curve defined over F),. Let n|#E(F,) be a prime let ¢ be an efficiently-computable
endomorphism on E such that there exists A € Z satisfying i (P) = AP for every point
P € E(F))[n]. Suppose that E has a point of order 4, then there exists Edwards curve
E, and endomorphism . such that ¥, (P) = AP for every point P € E.(F))[n].

Proof. LetR; be apointof order 4 on elliptic curve E and let 2R| = (r3, 0). Letar = 3r;
and a4 = 3r% + A, define the elliptic curve E; : y2 = x3 + apx? + aux, then there is
an isomorphism ¢; from E to E| with ¢1(x,y) = (x — 2, y). Suppose point R| can be
represented as Ry = (rq, s1), then s1 # 0 and r; # 0, otherwise R; is a point of order 2.
Below we show that coefficients a, and a4 be represented by r; and s1.

Due to 2Ry = (0, 0), the tangent line of curve Ej at point R passes through the
point (0, 0), then we have
ST 3r12 + 2apr; + ag
o 251 ’

Hence
257 = 313 + 2a0r% 4 ayry (1)

Since point Ry = (ry, s1) is on the curve E, then

s% = rf + azr% + aary (2)
By Egs. (1) and (2), we have rl3 —aygr; = 0.Duetor; # 0, then ag = r12.
On the other hand, substitute a4 = rl2 into Eq. (2), we obtain ap = s% / r% —2rp. Let
3
d=1- %,then ar =2r(1 +d)/(1 — d).
1
Define curve E, : (r1/(1—d))y* = x3+apx?+ay4x, then there exists an isomorphism

n

@2 from Ey to E> with g2 (x,y) = (x,y/f),where t = £ /5 = j:;Tll. Further, define
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curve E3 : ﬁyz 34+ Z(Hd) x% + x, then there exists an isomorphism @3 from E»
to E3 with ¢3(x,y) = (x/rl,y/rl). Define curve E, : X2 + Y2 = 1 + dX?Y?, then E;3
is birationally equivalent over F), to E, according to the literature [17], and the rational
map is

Pa(x,y) = 2x/y, (x = /(x4 1)).

By using the isomorphisms and birational maps above, we obtain a birational map

from E to E, with ¢ = @403¢2¢; satisfying ¢(x, y) = (@, %)
-1

Hence we obtain an endomorphism ¢, = ¢~ of the curve E,.

Let P € E.(Fp)[n] and suppose the endomorphism i satisfies the characteristic
equation X2 4 rX + s, then there exists A € [0, n — 1] such that ¥ (P) = AP, where A
is a root of equation X2 + rX + s mod n. Due to > 4 ryy 4+ s = 0, we obtain.

Vit rve+s =0 FreveT s = o(—ry — )97 +reve +5=0.

That is to say, ¥, and i have the same characteristic equation.

Hence, for P € E,(Fp)[n], we have ¥, (P) = AP.

Theorem 3.1 extends the endomorphism on Weierstrass curve to twisted Edwards
curve, so that we can obtain 2-dimensional GLV scalar multiplication algorithm on
twisted Edwards curve.

Example 3.2. Let p = 1 mod 4 be a prime and let « € F), be an element of order
4. We consider the elliptic curve E; : y?> = x> + ax defined over F,, then the map
¥ (x,y) = (—x,ay) is an endomorphism defined over F), satisfying Y2 +1=0.
Suppose Ry = (ry, s1) is apoint of order 4 on the curve E7, then 2R; = (0, 0). According
to the proof of Theorem 3.1, there exists a birational equivalence between E1 and Edwards

curve Eo : X2+ Y% =14dX?Y? withd =1 — 4r1 , and the rational map is
]

2tx x —r
(P:El—>Ee,(x7)’)'—>(X,Y)= ) )

y x+rp
_1 nY+1) 2tr(Y+1)
tEc > E, X, Y) > (x,y) = |- -
¢ B> El, (X, Y) > (x,) ( T XT-1

where t = ;711 Hence we obtain the efficiently-computable endomorphism ¥, on

E,
vex. 1) = (-2 2
¢ a’Y)
It is easy to verify Wf +1=0.

Example 3.3. Let p = 1 mod 3 be a prime and let 8 € F), be an element of order
3. We consider the elliptic curve E» : y> = x* + b defined over F,, then the map
Y (x,y) = (Bx,y) is an endomorphism defined over F), satisfying Y24+ +1=0.
Suppose Ry = (rq, s1) is apoint of order 4 on the curve E», then 2R; = (0, 0). According
to the proof of Theorem 3.1, there exists a birational equivalence between E> and Edwards

3
curve E, : X2+4+Y?2=1+dx?Y?withd =1 — %, and the rational map is.
1



GLV/GLS Scalar Multiplication on Twisted Edwards Curves 325

¢:Ey— E, (x,y) > X, Y) = (Zt(x_@ x—ml)’

y "X+ my

_ myY +my 2tri(Y 4+ 1)
<p1:Ee—>E2,(X,Y)r—>(x,y)=<— - .

Y—-1 = XX¥-1

where t = 2s—r‘l, my = r| + rp, my = r| — ry. Hence we obtain the efficiently-
computable endomorphism . on E,

(Bma +r)Y + (Bm — rz)X (Bma +m)Y + (Bmy — ml))
n+1) " (Bmy —m)Y + (Bmy +ma) )

Ve(X,Y) = (
It can be verified that %2 +v.+1=0.

3.2 GLS Method on Twisted Edwards Curves

Let F; be a finite field of characteristic p > 3 and let E, 4 : ax? +y?> = 1+ dx’y* be an
twisted Edwards curve defined over F,; with a,d € F; and ad(a — d) # 0. According
to the literature [18], EE,E is a quadratic twist of E, 4 if and only if 3/5 = d/a. Let
u = £ be quadratic non-residue, then there exists an isomorphism F, 79 Ead —> E; 5
defined over with ¢ (x, y) = (Jux, y).

Next, we extend the GLS method [4] to the twisted Edwards curves, and obtain the
Theorem 3.4 below.

Theorem 3.4. Let p > 3 be a prime and let E, 4 be an twisted Edwards curve defined
over F, with #E, 4(F,) = p + 1 — 1. Let E; g is a quadratic twist of Eq,a(F)2), then
#EE’E(sz) =({p- D% 4+ 2. Let ¢ Eqq— EE,E be an twisting isomorphism defined
over F' P and let v be p-power Frobenius map on E, 4. Let r|#EE’3(F pz) be a prime such
that r > 2p. Define = ¢~ !. For P € E 7(F,2)[r], we have V2(P)+P = OEE,E'

Proof. We have #E, 4(F,2) = p?> + 1 — (> — 2p). Let u be a non-square in F,» and
define @ = au, d = du and E;g: ax? 4+y* = 1 +dx*y?, then E; 7 is the quadratic twist
of Eq 4(F)2) and #E; 7(F2) = p? 4+ 14 (> —2p) = (p — 1)?> + 1%, The isomorphism
¢ Eqq — E; 7 is given by

P (x,y) = (Vux,y),

and is defined over Fq.

It is easy to know that Y = ¢ ¢! is a endomorphism on E; 5. If rl#Eaﬁg(sz) isa
prime such that r > 2p, then r #Eq 4(F2) and #E, 4(Fj2) = (p+ 1 —0)(p+ 1 +1).
So r| |#Ea)df(Fp4) = #E,E(sz) “#E, 4 (sz). Hence, for every point P € EEE(FPQ)[r],

a,

there exists A € Z such that y(P) = AP. Below we show that for P € E 7(F 2l we
have Y2(P) + P = (’)Eﬂ.
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By definition, ¥ (x, y) = ¢~ (x, y) = (Jux?//u’, y’). Since u be a non-square

2
inF,:jz,thenﬁ ¢ Fpand il = —Ju.IfP = (x,) € E, 7(F,2). thena”” = x, 7" =
y and so

V2 y) = (i )
= (_-x’ J’)
= - (X, y)

The result of Theorem 3.4 can be applied to the twisted Edwards curves defined over
Fy(p > 3), and 2-dimensional GLV scalar multiplication algorithm on twisted Edwards
curve is obtained.

Example 3.5. Let p = 2'%7 — 1 and let u = 2 + i be a non-square in F 2. Define the
twisted Edwards curve E : —x? + y?> = 1 + 109x%y? over Fp, then E' : —ux® +y? =
1 4 109ux?y? is the quadratic twist of E(F »2) and, where r is prime of 253 bits

r = 723700557733226221397318656304299424070994123655496
0197665975021634500559269

The endomorphism ¥ (x, y) = (u=7)/2xP | yP) satisfies that > 4+ 1 = O#E'(F ) =
4r.

3.3 4-Dimensional GLV Method on Twisted Edwards Curves

In order to obtain higher-dimensional GLV method on twisted Edwards curves, we
usually have two methods. On the one hand, by using the idea of [7], we can combine
the GLV method and GLS method and make use of two different endomorphisms at the
same time. On the other hand, by using the idea of [4, 6], we can consider the curve with
larger automorphism group, such as elliptic curve with j-invariants O or 1728.

For the first case, literature [19] has presented a 4-dimensional GLV construction for
a class of curve. Consider the elliptic curve E defined over F, with j-invariant 1728, let
E'(F,2) be the quartic twist of E, 4(F)2). Due to 4 f#E'(F ), therefore E'(F,2) cannot
be transformed to the twisted Edwards curve form.

Below, we consider the elliptic curve with j-invariant 0. Let p = 1 mod 6 be a
prime and define elliptic curve E : y> = x*> 4+ B over F, p- Following the Corollary
2.6 in Subsect. 2.3, choose u € F:lz such that u® € F 2 and define elliptic curve
E:y? =x>+uBover F »2- Repeatedly Choose the parameters p, B, u until #E (F)2)
is almost prime and 4|#E (F),2). The isomorphism ¢ : E — E| is given by ¢; (x, y) =
(uzx, u3y) and is defined over F pl2- Let let 7 be p-power Frobenius map on E, then the
endomorphism ¥ (x, y) = 1wy (x,y) = ((u/uP)’x", (u/uP)*yP) is defined over F,»
and satisfies the characteristic equation ¥* — 12 + 1 = 0. Next, similar to the proof
process of Theorem 3.1, we first transform the curve Ej into the Montgomery curve
form, and then transform the endomorphism ¥ to the twisted Edwards curve by using
birational equivalence.
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Letry € F 2 and suppose Ry = (2, 0) is a point of order 2. Define curve E : Y2 =
X343mX2+ 3r§X, then ¢, (x, y) = (x—rp, y) is an isomorphism from Ej to E>. Define

L1 2.3 2 _ (. x Y \: . .
curve E3 : \/irzy =3 +.3x +x,then ¢p3(X,Y) = (ﬂrz’ \/%) is an isomorphism
from E; to E3.

Leta = 3+ 2v3)r2,d = (3 — 2+/3)r, and define E, : aX? + Y2 = 1 + dX?Y?,
then there exists a birational equivalence over F,,» between Montgomery curve E3 and

twisted Edwards curve E, according to [18], where the rational map from E3 to E, is

Pa(x,y) = (x/y, (x = D)/ (x + 1)).

Let ¢ = ¢4¢3¢2¢1, then it is the birational map from E to E, and

2, _ 2, _
d)(x,y):(u xg . u‘x b>,

wy " ulx—a

where a = (1 — \/g)rz, b=+ \/g)rz. Hence we can obtain an endomorphism
Ve = ¢! on elliptic curve E,, which is given by.

1#e(X,Y)=<X"J-

a1YP —ay a4YP — as
a3 (YP +1) agY? —a7 )’

where a; = W (@ — nu*? D), a = WP — PPy, a3z =
—3«/§pr’2), as = aP — bu*®, a5 = B — bu*, ag = o — au®’, a7 = B’ — au®
are all constants.

We briefly introduce some basic preliminaries for the rest of the paper, including the
properties of isomorphism and GLS method. One can refer to reference [13—15] for more
details. There are two special types of curves: Ep : y> = x> +Band E4 : y*> = x> + Ax,
whose j invariant are O and 1728, respectively.

4 Performance Comparison

We evaluate the computation complexity of the GLV/GLS scalar multiplication algo-
rithms by experiments, and then compare performance with the algorithms on the Weier-
strass curve. For the generality of comparison results, we do not give specific curve
parameter selection. We suppose that the Weierstrass curve E and twisted Edwards
curve E, are selected, p; and p; are 256-bit and 128-bit prime respectively, where the
parameters of curves and finite field can be flexibly selected as needed. We implement
the w-NAF method, 2-dimensinal GLV method and 4-dimensional GLV scalar multipli-
cation algorithm via Magma software on the two types of curves above, and compare
the performance.

We use “M”, “S” and “I” to represent an operation of multiplication, squaring and
inversion on F), , respectively. Other simple operations are ignored due to its high effi-
ciency. Correspondingly, m, s and i denote the multiplication, squaring and inversion
on Fp%. According to [7], it is assumed that 1i = 66 m, 1s = 0.76 m, 11 = 290M, 1S

= 0.85M and M/m = 0.91. Table 1 presents the computation complexity of two curves.
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Table 1. The comparison of computation cost of different operations

Curve DBL ADD mADD
InvEdwards 3M +4S IM + 1S 8M + 1S
Jacobian IM + 8S 1IM + 58S ™ + 4S5

The computation complexity of doubling (DBL), addition (ADD) and mixed addition
(mADD) are summarized in the following.

The scalar multiplication algorithms usually include precomputation, evaluation
and coordinate conversion phases. According to the analysis result of [22], we
choose the optimal implementations for different scalar multiplication algorithms. For
the w-NAF method, we use the 5-NAF representation. For the 2-dimensional GLV
method, we use the 4-NAF-based interleaving method (denoted as 2GLV + INT(4-
NAF)). For the 4-dimensional GLV method, we use the 3-NAF-based interleaving
method (denoted as 4GLV + INT(3-NAF)). Using the precomputation algorithm in
[23], we only nedd on inversion precomputation. In the first two stages, the cost is
1T+ (15.8L+[(L — 2) /L] + 3.4)M for InvEdwards curve and 11+ (9L)M + (3L + 5)S
for Jacobian curve, where L is 1/2 of precomputed points. Since the computation cost
of endomorphism only occurs in precomputation stage and has little effect on the whole
cost, we neglect the cost of endomorphism here. The computation cost is 11 + 2M for
InvEdwards curve and 11 4 3M + 2S for Jacobian curve. Table 2 presents the costs of
different algorithms on two types of curves.

Table 2. The cost of different algorithms on two curves

Curve Implementation Operation number Cost Speedup
E(F) 4GLV+INT(3-NAF) 2i +836.8m + 320s 1212m 104.9%
E(F,) 2GLV+INT(4-NAF) 21+926.4M +563.2S 1985.1M ~1806.5m 37.4%
E.(F,) 5-NAF 21+1242.1M +1066.7S 2728.8M ~ 2483.2m -
E(F,) 4GLV+INT(3-NAF) 2i +587m + 798s 1325.5m 114.3%
E(F,) 2GLV+INT(4-NAF) 21+561.4M +1258.8S 2211.4M ~2012.4m 41.1%
E(F,) 5-NAF 21+ 629.7M +2248.7S 3121.1M ~ 2840.2m -

5 Conclusion

Atpresent, GLV/GLS scalar multiplication mainly focuses on the Weierstrass curves, and
has rarely been studied on other curve forms. This paper mainly studies the applications
of GLV/GLS method on twisted Edwards curves. By exploiting birational equivalence,
Frobenius mapping and twisting isomorphism between curves, we present the concrete
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construction of efficiently computable endomorphism for Edwards curves, and also give
some instances of efficiently computable endomorphism on curves. The main results
of GLV/GLS method on the weierstrass curve are generalized to the twisted Edwards
curve, and the 2-dimensional and 4-dimensional GLV methods are obtained accordingly.
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