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Abstract. Quaternions are four-dimensional hyper-complex numbers discovered
by Sir William Hamilton in the 19th century. Compared to Euler angles, quater-
nions allow combining rotations in three-dimensional space and help overcome
the problem of not being able to rotate about an axis regardless of rotation about
other axes. They find numerous applications in various fields such as mechatronics,
computer graphics and signal processing. However, the computational complexity
of quaternion multiplication limits its effectiveness in real-time applications. To
solve this problem, the paper proposes a hardware-oriented solution based on a
programmable logic device (PLD). The design structure is based on the parallel
processing and reconfiguration capabilities of the PLD, which can significantly
improve the quaternion multiplication performance compared to traditional imple-
mentations based on a purely software approach. The paper covers the elaborated
multiplier architecture and discusses its advantages in terms of performance and
resources used. The experimental work performed highlights the flexibility of
the approach used and demonstrates its effectiveness in accelerating quaternion
multiplication, making it suitable for real-time applications.

Keywords: Quaternions - Matrix Multiplication - Hardware Acceleration -
FPGA - Optimization

1 Introduction

Quaternions are a mathematical structure that is an extension of complex numbers
obtained by adding three imaginary parts to the real part. Expressed as a four-dimensional
vector, they represent a system of hyper-complex numbers [13, 34] that allows a conve-
nient representation of rotations and changes in orientation in three-dimensional (3D)
space. In recent years, they have attracted the attention of more and more researchers
in many and varied scientific fields. For example, in the field of quantum mechanics,
the elliptic partial differential equation (Poisson’s equation), and the wave equations [4]
are considered as a direct outcome of the representation of the Cauchy model of the
elastic continuum, i.e. it is practical to express the wave equations using quaternions.
In the electrodynamics, the quaternions naturally supports the existence of magnetic
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monopoles, and the algebra of quaternions transfers its properties of symmetry to the
classic electrodynamic theory [7]. In the area of geodesics, the representation of rota-
tions by quaternions [23] allows an easier proof of the equivalence between descriptions
of geodesic lines on SO(3) (special orthogonal group for 3D rotation) as motions with
uniform angular speed and great circles on a three-dimensional sphere. In [22, 24] the
emphasis is put on manipulating multidimensional signals such as color image and video
processing, rotation and orientation handling, with the aid of adaptive filtering employ-
ing discrete hyper-complex circuit theory. In a 1988 paper [27] quaternions solve ori-
entation and rotation computer graphics and animation problems, such as for splining
quaternions for keyframe animation. In [34] it is discussed how to use quaternions to
perform rotations in 3-dimensional space with applications in computer graphics. The
authors of [20] suggest an intelligent quaternion Orthogonal Frequency-Division Mul-
tiplexing (OFDM) quaternion transform (MPFT) to improve the wireless transmission
security in telecommunication systems. There can be pointed myriad of examples in the
field of robotics which develops at an extremely fast pace. Many specialists in the field
of robotics or computer graphics use quaternions to evaluate the interpolation of 3D
rotations [6], because formulating homogeneous transformations for complex geomet-
ric objects using a point-based method is too challenging. For instance [1] introduces
a novel Ju-Gibbs [19] quaternion method for kinematic modeling of robot arms, which
simplifies the kinematic analysis and reduces computational complexity in modeling
multiaxial rotation systems. The authors of [29] discuss the use of quaternions as a tool
for path planning, modeling, and controlling robotic manipulators. In [33] it is discussed
the application of dual quaternions for pose representation in spacecraft control for com-
plex proximity operations and rendezvous tasks involving spacecraft-mounted robotic
manipulators. In [2] a model-free controller for enabling the simultaneous control of
both the position and orientation of a robot arm’s end effector uses a new method that
employs locally weighted bi-quaternions. It allows the manipulation of robotic arms
without prior kinematic knowledge or joint angle information. In [5] a derivation of
bi-quaternion exponential and logarithm aids the removal of zero-angle singularity, and
demonstrates the efficiency of an implicit form of dual quaternions. This approach is
advantageous for addressing forward and inverse position kinematics issues. Quaternions
apply also in motor diagnostics and control. In [3] Quaternion Signal Analysis (QSA)
employs quaternion arithmetic to rotate and describe signal dynamics, enabling accurate
classification with fewer samples on an FPGA device for real-time validation. Of course,
quaternions have many other applications, providing an efficient way to represent and
manipulate different transforms in 3D space. For this reason, the listed applications rep-
resent only a short and non-exhaustive list of examples, which consideration falls beyond
the scope of the present study.

For long time, mathematicians around the world have been working on extending the
representation of numbers and the concept of algebraic structures beyond the complex
numbers by trying to find their three-dimensional or four-dimensional counterparts [36].
Major research topics included algebraic systems that went beyond traditional algebra,
including matrix and multidimensional structures. It was necessary to find an efficient
way to represent rotations and orientations in the three-dimensional space. Irish math-
ematician Sir William Hamilton also joined the ranks of researchers in the search for
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3-dimensional numbers. At first, he tries 3D space, but fails, proving later that it is
impossible. Then he tries a four-dimensional space. In a letter to Reverend Archibald H.
Hamilton, dated August 5, 1865 Sir W. Hamilton wrote [31]:

Every morning in the early part of the above-cited month /October, 1843/, on my
coming down to breakfast, your (then) little brother William Edwin, and yourself,
used to ask me, "Well, Papa, can you multiply triplets"? Whereto I was always
obliged to reply, with a sad shake of the head: "No, I can only add and subtract
them."

After 15 years of effort, he succeeded in introducing ordered arrays of four real
numbers where multiplication is not commutative and defined the first hyper-complex
number, calling it a quaternion [9, 10]. He identified the potential of these mathematical
structures for use in geometry and algebra to describe position or orientation in space.
According to his own account, on October 16, 1843, during a walk along the Royal Canal
near Dublin with his wife, Hamilton was suddenly inspired with the idea of introducing
a fourth dimension to multiply triplets. Legend has it that while crossing Broome Bridge
on the Royal Canal, Hamilton etched the newly discovered quaternion Eq. (1)

qg=w+xi+yj+zk wherei®> =j*> =k>=ijk =—1 (1)

into the bridge’s stone worrying that he might forget it. Today, a plaque at the exact
location commemorates this event (Fig. 1) [32].

Here as he walked by on the 16th of
October 1843 Sir William Rowan
Hamilton in a flash of genius discov-
ered the fundamental formula for
quaternion multiplication

22 22 — 1 — 5 i %
r=y;= k= 1 k=-1 | Bcutit ona sione of thisbridee |8

& cut it on a stone of this bridge.

Fig. 1. Quaternion inscription on Brougham (Broom) Bridge, Dublin

Hamilton devoted the remainder of his life to the study of quaternions, marking the
first exploration into non-commutative algebra. Following the discovery of quaternions,
subsequent developments included the concepts of double complex systems, dual- or
bi-quaternions, and octonions.

In the first decades after their discovery, quaternions were investigated for their
potential applications in geometry, physics and astronomy. The discovery of vector cal-
culus by Josiah Willard Gibbs and Oliver Heaviside [30] in the late 19th century slightly
slowed interest in quaternions, as it was more intuitive and easy to understand, and
became more popular for describing physical systems. However, the rapid development
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of computer graphics, robotics, automation, aviation, scientific simulations and mod-
eling, combined with the increasing computational capabilities of modern technology,
lead to a resurgence of interest in quaternions. A key problem in their use however turns
out to be multiplication, which is non-commutative. Harnessing Field Programmable
Gate Arrays (FPGAs) for quaternion multiplication demonstrates significant potential
because of their capability to deliver higher speed, precision, and energy efficiency.
FPGAs naturally support parallel operations, enabling the concurrent multiplication
of the quaternion components. This characteristic highlights the focus of the research
discussed in this article.

The remainder of this work is organized as follows: Sect. 2 discusses in brief the
relation between the Euler angles and quaternions. Section 3 describes the problem of
quaternion multiplication and why is needed to multiply quaternions. In Sect. 4 the pro-
posed algorithm, implementation is presented together with some experimental results.
Section 5 gives directions for future improvement. The last Sect. 6 summarizes the results
of the research.

2 Euler Angles and Quaternions

In the beginning of the 18th century, the Swiss mathematician Leonhard Euler introduced
three angles of inclination to define a rigid body orientation and position in a fixed
coordinate system. Euler’s rotation theorem states that any rotation of a rigid body in
the three-dimensional space can be achieved with a single rotation around a fixed axis.
The angles associated with this rotation are the Euler angles. They include the roll angle
(a, rotation about the x-axis), the pitch angle (B, rotation about the y-axis), and the yaw
angle (y, rotation around the z-axis), as shown in Fig. 2.

X a pitch
Fig. 2. Yaw, pitch and roll (Euler Angles)

Several problems may emerge with Euler angles representation for rotations that
can affect their reliability and usability. Probably the most serious one is gimbal lock,
which happens when two out of the three rotation axes coincide. In this case, a degree
of freedom is lost, possibly leading to singularities. Small changes in one angle can
cause large changes in another, leading to numerical instability. Multiple sets of Euler
angles can produce the same orientation because the angles are periodic—that is, they
suffer from non-uniqueness. All of the above said increases the overall complexity of
the calculations involving Euler angles and makes their usage prone to unexpected or
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non-smooth rotations in some particular cases. It is, however, possible to convert Euler
angles into other representations of rotations, such as quaternions and rotation matrices,
and thus avoid some limitations, like the gimbal lock. Euler angles convert to quaternions
by using (2) [16]. The yaw, pitch, and roll are counterclockwise rotations around the
corresponding axis in radians.

gw = cos ’”2” Cosp’;Ch cos*5- + sm&” smp”;h sin*5-

gx = —sin’2L cosPiich .c0s25” £ cos gL sin2" itch ginY”
2 2 2 2 @)

— roll pitch yaw roll pitch yaw

qy = —cos’5" sin?5= cos¥3 £ sin’%- .cosP5 sin*5-

_ roll pitch yaw roll pitch yaw
q7 = —COS—>— ) .COS—— 5 .Sin=—5— 5 + sin%5~ ) .sin=— 7 .COS=—H— 7

The various possible sequences and their reflection on the sign in the trigonometric
representations [16] are illustrated in Fig. 3.

roll | roll | pitch | pitch | yaw | yaw
pitch | yaw | yaw | roll | roll | pitch
yaw | pitch | roll | yaw | pitch | roll

qw - + - + - +
qx - + - - + +
qy + + - + - -
qz - - + + - +

Fig. 3. Euler to quaternion transformation matrix depending on the sequence of rotation

Quaternions convert to Euler angles for the sequence Pitch-Yaw-Roll by using (3).

. _ —1[ —2.(gx.qz+qw.qy)
pitch = tan [m]
yaw = sin*l[z.(qx.qy - qw.qz)] )

_ —1| =2.(gw.gx+gy.q2)
roll = tan [qwz_qxz s

Other useful conversions exist, such as the Euler to matrix, matrix to Euler, quaternion
to matrix, and matrix to quaternion, but they fall beyond the scope of this paper.
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3 Quaternion Multiplication

The quaternion multiplication is a powerful tool for representing and manipulating
rotations in 3D space. The fundamental rules introduced by Hamilton [15] are (4).

ij = k = —ji
ik =i=—kj (4)
ki =j=—ik

Because these units depend on each other quaternion multiplication is noncommu-
tative (5), unless one of its operands is a real number or both operands are complex
numbers [25].

q-p #p4q )

The quaternion multiplication is associative. For two quarternions p and g, the Hamil-
ton product is determined by the products of their basis elements. Since quaternion mul-
tiplication is distributive over addition, the product expand into a sum of the products
of these basis elements. Based on the above rules the basis elements multiply as per (6)
[12]:

q.p = (wo + x0.i + yo.j + 20.k).(w1 + x1.i +y1.j +z21.k) =
= (wo.w1 — X0.X1 — Y0-Y1 — 20-21)-1+
(wo.x1 + x0.wo + Y021 — z0-y1).i+ (6)
(wo.y1 — x0.21 + Yo-w1 + 20.x1)j+
(wo.z1 + X0.y1 — Yo-x1 + z0.w1).k

Computing quaternion products requires performing 16 multiplications and 12 addi-
tions of real numbers in total. This task is highly compute-intensive and its performance
depends on the capabilities of the hardware for vector processing [21, 26]. There exist
however electronic circuits such as the Application Specific Integrated Circuits (ASIC),
and the FPGAs which are inherently capable of parallel processing. The conceptual
FPGA device design is the subject of the next chapter, which aims at the implementation
of a digital controller for quaternion multiplication.

4 Algorithm Implementation

In essence, quaternion multiplication requires signed floating-point arithmetic. Pro-
grammable logic devices lack embedded floating-point units by default so they do not
support the floating-point (FP) standard IEEE-754 [14]. It is not very hard to design cus-
tom floating-point unit but it may unnecessarily increase the overall complexity offering
unsatisfactory throughput, and negatively affecting the design size and the execution
speed. In fact there is no real reason of using FP arithmetic if preparing the numerical
data in advance and downscaling the FP numbers to integer ones [8, 17, 18] as in Fig. 4.
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Fig. 4. Numbers preprocessing flow

Having (6) as the basic representation it can be seen that the quaternion multiplication
requires in fact four multiply-accumulate (MAC) blocks. The DSP48E slice contained
in a Virtex-5 FPGA [35] is such a digital signal processing (DSP) module that supports
mathematical functions including the multiply, MAC, multiply-add, barrel shift, magni-
tude comparator, and others. Multiple DSP4SE slices can be daisy chained to extend to
wider mathematical functions. Having the above said in mind Eq. (6) can be rewritten
as in Fig. 5.

address 0 address 1 address 2 address 3
MAC 1 Wo. Wy —Xg. X1 —Yo0-Y1 —Zy.Zy
MAC 2 + Wo. X1 Xo. Wo Vo-Z1 —Z. V1
MAC3 + Wo. Y1 —X0.Z1 Vo- W1 Zy. X1
MAC 4 + Wo- 21 Xo-Y1 —Yo-X1 Zg- W1
Fig. 5. The process of multiplication using four MAC blocks
The setup in Fig. 6 supplements the above figure.
wl  x0 y0  z0 0 2 3
wl | xI | I | -zl 0 -1 2 | -3 ROM w (real)
xI | wl |zl |51 = 1 0 3 -2 ROM x (imaginary i)
Vi | 2l | wl | xI 2 -3 0 1 gg%y (zjmagljnary;{')
zl | yI | I | wi 3 2 -1 0 z (imaginary k)
b) (c)
(2) (

Fig. 6. The proper coefficients can be addressed with the aid of a LUT: (a) Eq. (6) as a matrix,
(b) coefficient positioning (addressed) and operation sign, (c) reference to memory elements

The above figures show that the multiplication process can be optimized if using
four pipelined multiply-accumulate blocks working in parallel, and two multiplexers for
supplying the w, x, y, and z coefficients. The inputs of the first multiplexer connect with the
coefficients of the first quaternion (multiplicand), and the second one with the coefficients
of the second quaternion (multiplier). The use of addition and subtraction operations
and the inconsistent arrangement of the multiplier coefficients, show it is convenient to
drive the selector bits of the multiplexers with the aid of a Read-Only Memory (ROM)
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Look-Up Table (LUT). The block diagram that implements the quaternion multiplication
algorithm is shown in Fig. 7.

CONTROL FSM

MAC yi

mac_rdy

—————

¢

out_rdy

Fig. 7. Structure of the quaternion multiplication algorithm

Following the principles of modularity and regularity [11] the designed MAC block
together with the multiplier multiplexer and the code converter (CC) is instantiated four
times (one per row, see Fig. 5, 6). The control finite state machine (FSM) synchronizes
the multiplication process by providing the next address that corresponds to the next
quaternion coefficient once the MAC unit completes its current operation. The latter
is indicated with the mac_rdy signal, which is generated only if all individual (per
column) parallel MAC operations are completed. ROM memories store the inconsistent
addresses of the multiplier coefficients so that driving the selector inputs of the multiplier
multiplexer happens in an uneven order. The sign takes part of the address as shown in
Fig. 8.

“m Sign-magnitude representation:
a s —sign (0 = positive, 1 = negative); {al, a0} — address

Fig. 8. Address format for the multiplexer of the multiplier

Instead of subtracting numbers the subtract operation is performed by simply invert-
ing the sign which is done by the CC block. The functioning of the CC module is
thoroughly discussed in [8]. Since the sequential multiplication may lead to intermedi-
ate erroneous results, the actual output of the digital quaternion multiplication controller
have to be registered. This task is achieved by the generation of the out_rdy signal by
the control FSM.
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The sequential address change mechanism allows for one multiplication per unit
time (four simultaneous multiplications per column), which ensures efficient pipeline
processing, which leads to a reduction of the used hardware resources. Moreover, using
ROM memories instead of hard wiring the addresses provides very high flexibility by
allowing easy change of the rotation sequence as shown in Fig. 3.

The working of the MAC unit is depicted in Fig. 9.

A B
N N
MUL
rst | start
mul  start &— @ start
MAC
ABD FSM res mu
rdy
acc
res rdy —» e
2*N
acc
R
(b)
(a)

Fig. 9. The multiply accumulate module: (a) block diagram, (b) directed graph of the MAC FSM

The multiply accumulate circuit consists of a signed multiplier and a signed adder
which outputs are buffered in two registers (Fig. 9a). The adder register allows the
implementation of the integration property of the circuit (the accumulator). The actual
output needs also to be registered. The controlling automaton is a Moore finite state
machine (Fig. 9b), which governs the entire process. The timing diagram from the
simulation of the MAC module is given in Fig. 10.

O‘n‘s ) ‘10 ns‘ Ll 29 r‘vs Livas ‘30 r‘15‘ Ll ‘49 ‘ns‘ ) ) 50 ns 69 ns
res(31:0] & 0 X 6 X 14 X a2
rdy | ’_| '_\ '_|
clk JUyrruyyryryrryUyyrruyyrrUy Loy
rst —\

a[15:01 0 X 3 Y = X =
b[15:0] 0 X 3 Y 5 Y 5
start M ’_l ,_l

state[1:0] 0 XaX2X3E 0 XIX23EX 0 XIXZX3X 0
state_n(1:0] G0 WXDCEX__ 0 XXDGX 5 NDEX 5
mult(31:0] (X 0 X 6 X 20 X 56
accum(31:0] |¢X 0 X 3 X 14 X vl

Fig. 10. Timing diagram of the multiply accumulate module

The simulation shows one full MAC cycle in 16-bits input mode. Some internal sig-
nals such as the intermediate mult/31:0] and accum|31:0] are provided for clarity. All
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the modules in the overall quaternion multiplier controller are implemented as param-
eterized Verilog modules, which provide means for easily switching between 8-bits,
16-bits, 32-bits, and virtually any-bits designs where the bit width is limited by the
resources of the FPGA family.

The Moore finite state machine of the control automaton for the MAC unit is shown
in Fig. 11 (left). The FSM connects with the MAC and a 2-bit counter whose clock is
driven by the mac_rdy signal (Fig. 11 right).

start

rst | load addr

i_w0
i_x0
i_y0
i_z0
MAC
i_wl i_wl
i_x1 ix1
iyl iyl
i_z1 i_z1

addr —»
mac_rdy

I

mac_rdy
& addr==3 COUNTER
clk mac_rdy

rst rst

start

$d dddd P b

Fig. 11. The control algorithm of the multiply accumulate module

The simulation timing diagram of the entire quaternion multiplier module is given
in Fig. 12 where the intermediate results from the multiply accumulate process flow are
added for clarity.

0 ns 50 ns 100 ns
o_w[31:0] { I o‘ X 2|97 }_-203 31477 l I I 8524
o_x[31:0] f 0 W <75 3 -2085 i 7743
o_y[31:0] 0 4252 3 1368 ¥ 3348 5523
0_z[31:0] 0 W 243 3 1923 i 2423 ¥ 6190
rdy h 1
N T U
rst 1
load ]
i_w0[31:0] |~ x e 3
i_x0[31:0] X \ 20
iyo[31:0] | X ¥ -20
i_z0[31:0] |” X X 87
iwi[31:0] | X ¥ 99
ix130] [ X i 25
iyl[31:.0] [ X 84
i_z1[31:0] | X W -81

Fig. 12. Timing diagram of the full quaternion multiplier module

The entire design has been implemented in the Verilog hardware description language
and tested in simulation on a Xilinx/AMD XC5VLX50-3-FF1153 FPGA programmable
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logic device which contains a total of 48 DSP48E digital signal processing slices (an
extension over the DSP48 Virtex-4 slice). The total conversion time for multiplying
two quaternions takes 33.036 ns at 504 MHz on the chosen device. The resource usage
statistics is summarized in Fig. 13.

8-bits 16-bits 32-bits

o <,\? =t § S o\?

(] — o — (5] —

N o N I N I

| 2| E| 2| 8| ¢

- 5 - = - 5
INumber of Slice Registers 142 0% 270 0% 526 1%
INumber of Slice LUTs 156 0% 315 1% 611 2%
Number of used LUT-FF pairs | 77 34% 141 31% | 269 30%
INumber of bonded IOBs 132 23% 260 46% 516 92%
INumber of BUFGCTRLs 1 3% 13 40% 13 40%
INumber of DSP48Es 4 8% 4 8% 16 33%

Fig. 13. Hardware resource usage for XC5VLX50-3-FF1153 FPGA

Enhancing the calculation efficiency of the multiply-accumulate (MAC) unit can
significantly boost clock speed, reduce instruction time, and improve overall opera-
tion performance, thereby accelerating hardware compute intensive tasks such as the
quaternion multiplication.

5 Future Work

While the current implementation of the hardware-oriented solution has proven effective
in accelerating quaternion multiplication and enhancing performance for real-time appli-
cations, several directions for future work can be identified, that can further advance the
research field. One such goal is performing a comprehensive power consumption analysis
to identify potential areas for energy optimization. Another future goal is to substitute the
current quaternion multiplier as a submodule in a more generalized quaternion processor
(QP) as illustrated in Fig. 14.

quc gmg qc gm ga gsm
— g, || I N
=*=>0d. QP qFF—>
¢> qop 101 100 011 010 001 000,
qop
I

Fig. 14. Conceptual overview of the quaternion processor



258 Y. Gorbounov and H. Chen

In the figure the QP is controlled by the quaternion operation (gop) which selects
between quaternion scalar multiplication (gsm), quaternion addition (ga), quater-
nion multiplication (gm), quaternion conjugate (gc), quaternion magnitude (gm), and
quaternion unit condition (quc) operations.

Finally, the complexity of algebraic calculations can be cut down by employing
the concept of dual quaternions. They offer singularity-free alternative to conventional
Cartesian coordinate system by effectively transforming the algebraic rotors (quater-
nions) to motors (bi-quaternions) thus unifying the translation and rotation into a single
state. This task can be accomplished by extending the current algorithm in accordance
with Fig. 15 [28].

Q0.Q Q,.real Qi Qij Qi.k Q.el Qg Qi.ek Qe

Qq.real 1 i J K &l g ck e
Qo.1 i -1 K -j -g ek -gf i
Qo i -k -1 I -ek -€ ei &g
Qo.k k J -i -1 B -l -£ ek
Qo.€i & -€ ck -gf 0 0 0 0
Qo-gj & -k -€ &l 0 0 0 0
Qo.ek ek g -¢i -& 0 0 0 0
Qo.€ € &l -¢f -ck 0 0 0 0

Fig. 15. Multiplication of dual quaternions

In this figure, € is the dual unit (7):
¢ =0ande #0 (7

This property allows the dual number to represent infinitesimal quantities. Com-
bining dual number theory with quaternions, producing dual quaternions, provides an
efficient mathematical framework for representing rigid transformations in the 3Dspace.

6 Conclusions

This paper presents a novel method for implementing a hardware-oriented mathematical
computing device for quaternion multiplication. The proposed solution is evaluated and
validated in simulation. Experimental results show promising performance and accuracy.
The design method offers a parameterizable configuration, which allows the bit width
to be scaled according to specific needs. The approach is modular, and opens doors for
future work towards implementing a more complex generalized quaternion processor
that is capable of performing simultaneous rotation and translation via dual quaternion
calculations. The designed module can find a broad range of applications in mechatron-
ics, computer graphics and signal processing. The authors hope that the proposed work
may provide new ideas for committed researchers in the field of digital computing and
robotics.
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