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Abstract. In this paper, we introduce two algorithms for reasoning with
words on fuzzy dynamic system. The systems that use linguistic variables
which are variables whose values may be expressed in terms of a specific
natural or artificial language, for example L = {very less true; less true;
true; more true; very true; very very true . . . }. In language of hedge
algebra (HA), L set which is generated from HA is the POSET (partial
order set). The algorithms are Static reasoning and Dynamic reasoning.
The former traverses the branch of the fuzzy graph whereas the later
transform according to the equation of state and create a space of states
of the system. Algorithms performed on linguistic variables and applied
labeling techniques. And finally, the application of the algorithm on the
mobile network model is also investigated.
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1 Introduction

Fuzzy engineering has been studied and applied in artificial intelligence. Fuzzy
set and fuzzy logic or “computing with words” (CWW) were introduced by Lotfi
A. Zadeh in 1965 as an extension of the classical notion of set [12,18] and was
just a tool to knowledge represent and reasoning in intelligent system [13]. As
Zadeh indicates [13], human acknowledgment is nothing different from words.
In daily activity, we see the real world through words. Many smart devices that
established based on CWW such as fuzzy cognitive map, mobile payment system,
fuzzy data mining, . . . and so on have been studied [1–3,14–16] The rest of the
paper is organized as follows: Section 2 recalls some of the main foundation
concepts of fuzzy cognitive map and linguistic cognitive map. Section 3 proposes
two algorithms for reasoning with words and applies the algorithms for Mobile
Payment System Project. Section 4 summaries outlines the corollary as well as
future work.
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2 Preliminary

This section reviews the basic knowledge related to the article that is Fuzzy
cognitive map (FCM) and Linguistic cognitive map (LCM).

2.1 Reasoning on Fuzzy Cognitive Map

An integration model between fuzzy logic and neural networks is fuzzy cognitive
map (FCM) [11] in which, the inference process is mainly on the domain [0, 1].

Example 1. The fuzzy knowledge base is described in Table 1 which is formalized
into the FCM graph as shown in Fig. 1.

Graph FCMs operate as a neuro-fuzzy system (NFS) with static and dynamic
reasoning.

Fig. 1. FCM graph

1. Static reasoning: This method calculates the branches of the graph FCM.
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Table 1. Knowledge Base

IF Use of waste steam THEN Natural gas requirements

IF Natural gas requirements THEN CO2 emissions

IF Natural gas requirements THEN Economic gain

IF CO2 emissions THEN Purchasing of carbon credits

IF Economic gain THEN Purchasing of carbon credits

Example 2. Suppose there is a set of language values L = {a lot, some, none,
much} with order {none < some < much < a lot}. The Fig. 1 shows that
there are 2 paths between vertices C1 and C5, they are P1 = (1, 2, 5) and P2 =
(1, 2, 3, 4, 5).

P1(C1, C5) = Min{e12, e25} = Min{a lot, a lot}
= a lot

P2(C1, C5) = Min{e12, e23, e3,4, e4,5} = Min{a lot, a lot, much, some}
= some

Total path ways :

T (C1, C5) = Max{P1(C1, C5), P2(C1, C5)} = Max{a lot, some}
= a lot

2. Dynamic reasoning: This method considers the transformation of the state
vector according to the Eq. 1 [17]

[C1C2 . . . Cn]new = [C1C2 . . . Cn]old ⊗

⎛
⎜⎝

e11 . . . e1,n
...

. . .
...

en,1 . . . en,n

⎞
⎟⎠ . (1)

Example 3. The adjacency matrix of the graph Fig. 1 is:

M = (eij)5×5 =

⎛
⎜⎜⎜⎜⎝

0 −1 0 0 0
0 0 +1 0 −1
0 0 0 +1 0
0 0 0 0 −1
0 0 0 0 0

⎞
⎟⎟⎟⎟⎠

.

Let C0 = [C1C2C3C4C5] = [1 0 0 0 0] [17] be the initial term. Equation 2 is the
recursive equation.

Ct = Ct−1 ∨ Ct−1 ∧ M (2)
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With t=1, 2, 3, 4, we have:

C
0

= [1 0 0 0 0]

C
1

= [1 0 0 0 0] ∨ [1 0 0 0 0] ∧

⎛
⎜⎜⎜⎜⎜⎝

0 −1 0 0 0

0 0 +1 0 −1

0 0 0 +1 0

0 0 0 0 −1

0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

= [1 − 1 0 0 0]

C
2

= [1 − 1 0 0 0] ∨ [1 − 1 0 0 0] ∧

⎛
⎜⎜⎜⎜⎜⎝

0 −1 0 0 0

0 0 +1 0 −1

0 0 0 +1 0

0 0 0 0 −1

0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

= [1 − 1 − 1 0 1]

C
3

= [1 − 1 − 1 0 1] ∨ [1 − 1 − 1 0 1] ∧

⎛
⎜⎜⎜⎜⎜⎝

0 −1 0 0 0

0 0 +1 0 −1

0 0 0 +1 0

0 0 0 0 −1

0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

= [1 − 1 − 1 − 1 1]

C
4

= [1 − 1 − 1 − 1 1] ∨ [1 − 1 − 1 − 1 1] ∧

⎛
⎜⎜⎜⎜⎜⎝

0 −1 0 0 0

0 0 +1 0 −1

0 0 0 +1 0

0 0 0 0 −1

0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

= [1 − 1 − 1 − 1 1]

After four interactions using Eq. 2, the system converges to a fixed point since
C4’s state is a repeat of C3’s state; that is, C4 = C3 = [1 − 1 − 1 − 1 1]. This
indicates a hidden pattern.

Associating both static and dynamic reasoning results in our final NFS structure
[17].

Example 4. Combining T (C1, C5)= a lot from Example 2 and C5 ∈ C4 = C5 ∈
C3 = 1 from Example 3 to infer, then:

IF the use of waste steam increases THEN economic gain increases alot.

The FCM’s structure in Fig. 1 is simple because only three values from the set
{−1, 0, 1} were used. This article expands to a set of linguistic values for a
more natural representation.

2.2 Linguistic Fuzzy Cognitive Maps

Paper stands on LCM which is extended from fuzzy cognitive map FCM [11]. The
LCM model, based on linguistic variables, is constructed from linguistic hedge of
HA in [4–7].

Definition 1. A linguistic cognitive map (LCM) is a 4- Tuple:

LCM = {C,E,C, f} (3)
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In which:

1. C = {C1, C2, . . . , Cn} is the set of concepts to form the nodes of a graph.
2. E : (Ci, Cj) −→ eij ∈ L; eij = directed edges’ weight from Ci to Cj. The

weighted matrix E(N × N) = {eij}N×N ∈ LN×N

3. The map: C : Ci −→ Ci(t) ∈ L, t ∈ N
4. C(0) = [C1(0), C2(0), . . . , Cn(0)] ∈ LN is the initial vector, recurring trans-

formation function f is defined as:

Cj(t + 1) = f(
N∑
i=1

eijC(t) ∈ L (4)

Fig. 2. A simple LCM

Example 5. Figure 2 shows a simple LCM. Let

HA = <X = SPEED; c+ = high;H = {L,M, V}> (5)

be an HA with order as L< M< V ( L for less, M for more and V for very are
hedges ). C = {c1, c2, c3, c4} is the set of 4 concepts with corresponding values
C = {high,Mhigh,Lhigh, Vhigh}

3 Algorithms

This section presents two reasoning algorithms on the LCM graph, which are
branch-based and state-based reasoning.
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3.1 Static Reasoning

Branch reasoning algorithm, Algorithm 1, find the weight of the path between
any two vertices of the graph LCM.

Example 6. The steps to implement Algorithm 1 are detailed step by step as
shown in the Fig. 3 - Fig. 6

Algorithm 1. Branched Inference Algorithm
Input: Graph LCM = (V, E)

� LCM has vetices: s=C1, . . . , Cn = d and edges’ weight e(vi, vj) ∈ L
Ra: L(d)

� L(d) ∈ L is the length of the path from s to d
1: foreach Ci ∈ V do � initialize labels for vertices
2: L(Ci) ← 0 � Labels of vertices are assigned by zero

(0 = Min{L})
3: end foreach
4: L(s) = 1 � The label of the source vertex is assigned 1 (1 = Max{L})
5: Q = ∅ � Initially, queue Q is empty
6: while d /∈ Q do
7: u ← vertex in V −Q and has the largest label L(u)
8: Q = Q ∪ {u} � Put in Q vertice with the largest label
9: foreach v /∈ Q do
10: if L(u) ∧ e(u, v) ≥ L(v) then
11: L(v) ← L(u) ∧ e(u, v) � update the label for vertex v
12: end if
13: end foreach
14: end while
15: return L(d) � L(d) is the length of the path from s to d

Property 1. Let |V | be the size of the vertex set fuzzy concept, the complexity
of Algorithm 1 is O(|V |)2.
Proof. The complexity of the Algorithm 1 depends on the number of ← assign-
ment operations in the iteration statements as follows:

Lines Maximum number of assignment operations
Line 1 to 3

∑|V |
i=1 1 = |V |

Line 6 to 14
∑|V |

i=1

∑|V |
i=1 1 = (|V |)2

The total number of assignments of the loops is (|V |)2 +(|V |) so the complexity
of the Algorithm 1 is O(|V |)2
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Fig. 3. Initialize label s = C1 = 1 other vertices are labeled 0, set Q is empty

Fig. 4. Put C1 = 1 into Q, Q = {C1}, update labels for C2 and C3

3.2 Dynamic Reasoning

Different from branch reasoning algorithm, state reasoning algorithm, Algorithm
2, find the convergence vector of the system according to the state equation.

Example 7. Consider a graph LCM with 5 vertices and an adjacency matrix M:

M =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
VVhigh 0 VVlow 0 0
VVhigh VVhigh 0 0 0

0 Llow Llow 0 Vlow
0 low low 0 0

⎤
⎥⎥⎥⎥⎦
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Fig. 5. Insert C3 = M into Q, Q = {C1, C3}, update labels for C4 and C5

Fig. 6. Put C5 = M into Q, Q = {C1, C3, C5}, end the Algorithm 1

With an initial value of C(0) = {Mhigh,LMhigh,Lhigh,MVhigh,LMhigh}.
Applying the Algorithm 2, the steps will show as follows:

C(1)= [C1(1)..Cj(1)..C5(1)] with Cj(1) =
∨5

i=1 Ci(0) ∧ eij
=

∨
( [Mhigh,LMhigh,Lhigh,MVhigh,LMhigh] ∧⎡

⎢⎢⎢⎢⎣

0 0 0 0 0
VVhigh 0 VVlow 0 0
VVhigh VVhigh 0 0 0

0 Llow Llow 0 Vlow
0 low low 0 0

⎤
⎥⎥⎥⎥⎦

)
= [LMhigh,Lhigh,Llow, 0, Vlow]
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Algorithm 2. State dynamic reasoning
Input: Initialization vector C(0), matrix E
Output: Fixed point vector C(fix)

1: for i ← 1 to n do � Initialize values for fuzzy concept
2: Ci ← Ci(0)
3: end for
4: for i ← 1 to n do � Initialize values for edges
5: for j ← 1 to n do
6: (Ci, Cj) ← ei,j
7: end for
8: end for
9: Time ← 0
10: while C(Time+ 1) �= C(Time) do
11: for j ← 1 to n do
12: Max ← 0 � Calculate Max=

∨n
i=1 Ci(Time) ∧ eij

13: for i ← 1 to n do
14: Max ← Max∨ Ci(Time) ∧ eij
15: end for

� Calculate Cj(Time+ 1) =
∨n

i=1 Ci(Time) ∧ eij
16: Cj(Time+ 1) ← Max

17: end for
18: Time ← Time+ 1
19: end while
20: C(fix) ← C(Time)
21: return C(fix)

C(2)= [C1(2)..Cj(2)..C5(2)] with Cj(2) =
∨5

i=1 Ci(1) ∧ eij
=

∨
( [LMhigh,Lhigh,Llow, 0, Vlow] ∧⎡

⎢⎢⎢⎢⎣

0 0 0 0 0
VVhigh 0 VVlow 0 0
VVhigh VVhigh 0 0 0

0 Llow Llow 0 Vlow
0 low low 0 0

⎤
⎥⎥⎥⎥⎦

)
= [Lhigh,Llow, Vlow, 0, 0]

C(3)= [C1(3)..Cj(3)..C5(3)] with Cj(3) =
∨5

i=1 Ci(2) ∧ eij
=

∨
( [Lhigh,Llow, Vlow, 0, 0] ∧⎡

⎢⎢⎢⎢⎣

0 0 0 0 0
VVhigh 0 VVlow 0 0
VVhigh VVhigh 0 0 0

0 Llow Llow 0 Vlow
0 low low 0 0

⎤
⎥⎥⎥⎥⎦

)
= [Llow, Vlow, VVlow, 0, 0]
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C(4)= [C1(4)..Cj(4)..C5(4)] with Cj(4) =
∨5

i=1 Ci(3) ∧ eij
=

∨
( [Llow, Vlow, VVlow, 0, 0] ∧⎡

⎢⎢⎢⎢⎣

0 0 0 0 0
VVhigh 0 VVlow 0 0
VVhigh VVhigh 0 0 0

0 Llow Llow 0 Vlow
0 low low 0 0

⎤
⎥⎥⎥⎥⎦

)
= [Llow, VVlow, VVlow, 0, 0]

C(5)= [C1(5)..Cj(5)..C5(5)] with Cj(5) =
∨5

i=1 Ci(4) ∧ eij
=

∨
( [Llow, VVlow, VVlow, 0, 0] ∧⎡

⎢⎢⎢⎢⎣

0 0 0 0 0
VVhigh 0 VVlow 0 0
VVhigh VVhigh 0 0 0

0 Llow Llow 0 Vlow
0 low low 0 0

⎤
⎥⎥⎥⎥⎦

)
= [VVlow, VVlow, VVlow, 0, 0]

C(6)= [C1(6)..Cj(6)..C5(6)] with Cj(6) =
∨5

i=1 Ci(5) ∧ eij
=

∨
( [VVlow, VVlow, VVlow, 0, 0] ∧⎡

⎢⎢⎢⎢⎣

0 0 0 0 0
VVhigh 0 VVlow 0 0
VVhigh VVhigh 0 0 0

0 Llow Llow 0 Vlow
0 low low 0 0

⎤
⎥⎥⎥⎥⎦

)
= [VVlow, VVlow, VVlow, 0, 0]

Since C(6) = C(5) = [VVlow, VVlow, VVlow, 0, 0] the system reaches a fixed
point after 6 iteration.

Property 2. For a graph LCM = (V,E) with vertex size |V |, the complexity of
the algorithm 2 is O(|V |)3

Proof. The complexity of the algorithm depends on the number of ← assign-
ments in the iteration instructions and is detailed as follows:

Line Maximum number of assignment operations
Line 1 to 3

∑n
i=1 1 = n

Line 4 to 8
∑n

i=1

∑n
j=1 1 = n2

Line 9 to 19
∑

Time

∑n
i=1

∑n
j=1 1 ≤ n3
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Since the variable Time ≤ n the total number of assignment operations ← in
the loops is at most: n+n2+n3, with n = |V | so the complexity of the algorithm
2 is O(n3) = O(|V |)3

Property 3. At any time t, the system will reach a fixed point C(fix) when the
vector C(t+ 1) depends recursively on the vector C(t) in the fields the following
case:

C(t + 1) ≥ C(t) (6)
C(t + 1) ≤ C(t) (7)

Proof. Use mathematical induction to prove
Case 1: C(t + 1) ≥ C(t)

Base step: With t = 0,we have C(1) ≥ C(0), so

C(2) =
N∨
i=0

Ci(1) ∧ eij

≥
N∨
i=0

Ci(0) ∧ eij

=C(1)
Induction step: Assume (6) is true for t = k

Or : Cj(k) ≥ Cj(k − 1)

Then Cj(k + 1) =
N∨
i=0

Ci(k) ∧ eij

≥
N∨
i=0

Ci(k − 1) ∧ eij

= Cj(k), therefore
CJ(k + 1) ≥ Cj(k)

Cj(k) is finite, monotonically increasing, and bounded on so Cj(k) converges.
Case 2: C(t + 1) ≤ C(t) The proof is similar to case 1.
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Mobile Payment System

Mobile Payment System (MPS) is modeled to FCM [14,16]. Accordingly, the
calculation must convert from numbers to words and vice versa. This process
increases computational complexity. To reduce the number of mathematical
operations in the calculation, the article proposes model of MPS in the form
of LCM by applying domain transformations in the Table 2.

The Figure Fig. 7 indicates a LCM = (V,E) graph representing the MPS using
linguistic variables. In which, V = {C1, . . . , C24} is the set of fuzzy concepts. The
weight of edge (Ci, Cj) is eij which represents the causal relationship between
two adjacent vertices Ci and Cj . By Definition 1, the weight matrix of the LCM
graph in Fig. 7 has the form:

E =

{
eij if (Ci, Cj) ∈ E

0 if (Ci, Cj) /∈ E
(8)

Example 8. Apply Table 2, weight of edge (C3, C1) in FCM is e31 = 0.68 [16] will
be changed to linguistic value in LCM is e31 = LMhigh.

Table 2. Domains conversion

Range [−1, 1] Positive range [0, 1] Domain of L Meaning

[−1, −0.7) [0, 0.15) VVlow very very low

[−0.7, −0.4) [0.15, 0.3) LMlow less more low

[−0.4, −0.1) [0.3, 0.45) LLlow less less low

[−0.1, 0.1) [0.45, 0.55) W Neutral

[0.1, 0.4) [0.55, 0.7) VLhigh very less high

[0.4, 0.7) [0.7, 0.85) LMhigh less more high

[0.7, 1] [0.85, 1] VVhigh more more high
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Fig. 7. LCM model for MPS Project
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4 Conclusion and Forthcoming Study

The paper recommends two algorithms for reasoning with words on linguistic
cognitive map.

– Static algorithm allows to find the path value between any two vertices of the
graph LCM on the linguistic value domain

– Dynamic algorithm allows to find the convergence vector in the state space
over the linguistic domain

– Research and apply algorithms on Mobile Payment System

In the future, two studies will be:

– Research on modeling and reasoning methods on smart mobile systems based
on lingistic variables.

– Prove the correctness and completeness of the algorithms.
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