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Abstract. In this paper, the application of information theory to
describe the existing problem of signal source in sensor array is inves-
tigated in the presence of complex additive white Gaussian noise
(CAWGN). Firstly, We derive the theoretical formula of constant modu-
lus scattering signal detection information under the condition of target
matching in a single source scenario based on the information theory app-
roach (ITA) and the theoretical expressions between detection probabil-
ity and false alarm probability. Then, according to the Neyman-Pearson
(N-P) criterion, the detection probability and false alarm probability
of the constant modulus scattering signal are derived separately and
derive the corresponding detection information through existing meth-
ods. Finally, the simulations of detection information and receiver oper-
ating characteristics (ROC), according to the presented expressions, are
carried out to compare the detection performance based on information
theory and N-P criterion. Our analysis indicates that the theoretical
detection performance of ITA can be obviously better than that of N-P
criterion, which also verifies the reliability and effectiveness of ITA.

Keywords: Sensor array - Source detection - Information theory -
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1 Introduction

Since Shannon founded the information theory [1], great achievements have been
made in the field of communication, which laid a solid foundation for the rapid
development of communication. Kondo has studied relationship between the
optimum threshold and mutual information for radar return signal [2]. Some
researchers have studied the relationship between information theory and param-
eter estimation in sensor array [3]. The Sensor Array system may make measure-
ments of a source in order to determine its unknown characteristics.

In the work of Woodward and Davies [4-6], information theory was consid-
ered applicable to radar measurement problems for the first time. Woodward
and Davies studied the range mutual information with respect to SNR in the
single target radar detection. Shi and Xu [7] have investigated the application of
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information theory to describe radar measurement problems and the theoretical
expressions and an asymptotic upper bound for the scattering information and
the range-DOA information are presented in a single target scenario.

Single source detection is the basis of single source research, and is the pre-
condition of resolution and tracking. It should be noted that detection here refers
to the statistical judgment of the existence of single source. There are a lot of
researches on the source detection at home and abroad. It includes multi-target
detection under the condition of complex Gaussian clutter by using the maxi-
mum likelihood ratio test method [8], exploiting results from detection theory
for deriving fundamental limitations on resolution and obtaining general resolu-
tion technology not based on any specific [9], proposing a polarization optimiza-
tion method based on glowworm swarm optimization (GSO) algorithm to select
the polarization waveforms of the transmit array to maximize detection prob-
ability [10], proposing new algorithms to achieve superior network throughput
performance over existing schemes [11], proposing IRS-assisted secure strategy
to significantly boost the secrecy rate performance [12], presenting an improved
beamforming method to overcome this shortcoming [13] and proposing chan-
nel simulator and emulator that can get more accurate and realistic Doppler
frequency than those of the existing models [14].

N-P criterion, a special case of Bayesian criterion, is to maximize the detec-
tion probability Pp under the condition of the false alarm probability Pp4 lim-
ited within a specified constant range. Ma and Wang [15] have developed an
efficient Bayesian approach to target detection in Cognitive radar. The app-
roach, which uses the N-P criterion with priori probability, can improve the
target detection effectively.

Few papers involve relating information theory with source detection, let
alone comparing the detection performance of ITA with N-P criterion, which
are the core content of this paper. In the remainder of this paper, we first con-
struct the receiving signal model of sensor array in Sect. 2. In Sect. 3, based on
the previous research of sensor array detection information, we further discuss
the detection information in constant modulus scattering signal. In Sect. 4, the
corresponding expressions of detection probability and false alarm probability
in constant modulus scattering signal are derived based on ITA, and the rela-
tionship between detection probability and false alarm probability is obtained
through different approximation methods. In Sect. 5, on the basis of reference
[2,16], the relationship between detection probability and false alarm probabil-
ity is deduced by using N-P criterion in constant modulus scattering signal, and
we got the corresponding detection information. In Sect. 6, the numerical results
are presented, the detection performance of ITA and N-P criterion is analyzed,
which shows the superiority of each method. Finally, in Sect. 7, the main results
of this paper are discussed and concluded.

2 System Model

Assuming that the uniform linear array model is shown in Fig.1., a narrow-
band far-field source impinging on the antenna array and elements. The received
signals at m-th (m = 0, 1,..., M) array elements are expressed as
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T (t) = s(t)ve?0™(O) L, (1). (1)

In (1), s(t) is the source signal, wy is the angular frequency of the carrier signal.
v equal to 0 or 1 indicates that the target does not exist or exists. 7,,(0) =
mdsin 6 /c represents the time delay of the source signal at the direction angle
with the m-th array element, where d is the distance between any two adjacent
elements, ¢ is the propagation speed of the signal, and w,,(t) represents the
additive Gaussian white noise with noise power Ny at the m-th array element.

Source

Antennas
—o L L

Fig. 1. System model.

Based on (1), a matrix equation is constructed as
x(t) =vA(0)s(t)+w(t) (2)

where A (6) is the transfer matrix between the source signal and the received
signal
A (0) = [a(0)]

exp (jwoTo (6))
exp (jwoT1 (6)) (3)

exp (jwo%M—l (9))

Concisely, omitting time ¢, we rewrite (2) as
x=vA(0)s+w (4)

The source signal is given by s = ae’¥, where the scattering coefficient o takes
one distribution, namely, constant distribution. And the spatial phase ¢ is uni-
formly distributed in the interval [0,27], then the prior probability density is
p(p) = 1/27. Suppose the scattering coefficient « is a constant, s = ae/? is a
constant modulus scattering signal.

Resultantly, we will provide the proof of the above case in the following
sections.
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Here, we define the SNR as

E(on)
p’ = Ny (5)

Note that the second moment of noise is given by E [wwH ] = Nol.
Next, we introduce a basic assumption on the system model about the direc-

tion of angle (DOA) ©. The source is uniformly distributed in the observation

interval[—@, @], where |©| denotes the observation range, the priori proba-

bility of © is given by
p(0) =1/|6]. (6)

3 Detection Information of Source

We can define the existence information as the mutual information between the
spatial existence status and the received signal, i.e. I(x;v). According to infor-
mation theory [1,17,18], the quantity of information obtainable from a sensor
array observation is the difference of the entropies of the a priori and a posteriori
probability distribution, that is

I(x;v) = H(v) — H(v|x) (7)
where
H(v) = —E, [logyp (v)] (8)
= —p(0)logyp (0) — p (1) log,p (1)
and

H(v}x) = ~Fx | p(vlx)logyp(v]x)| (9)

Note that p (v) and p(v|x) is the a priori and the a posteriori probability density
function of, respectively.

Next, we will discuss existence information in constant modulus scattering
signal.

3.1 Constant Modulus Scattering Signal

Constant modulus scattering means that the amplitude « of the scattering coef-
ficient of the source is a constant, the phase ¢ of the scattering coefficient of the
source is uniformly distributed over the interval [0, 27].

Under the given parameters @, V' and &, the probability density function of
the received signal X is expressed as

p(xl6,0,0) = (WINO)Mexp (-3 x -2 ®)9" x—va@)9) . (0

0
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The joint probability density of V' and X is

P(X,v = //p x’9a§07v)dlpd0
_// x10,0,v)p(0)p(¢) p(v) dpdd

1 M X ' x+a« UM 1e]/2 2m 2 )
= 21) (v) ( ) exp (7 / ( k' _'“7aH (0) x)) dypdf
w|@| \ 7Ny No —le|/2

(11)
where 1 (o) denotes taking the real part of a complex number.
The conditional probability distribution p(v|x) can be obtained by Bayes
formula,

v|x) = p(x,v)
plol) = 22
o)

p(x, )+P(

p(v 27r|@| €xp ( N UM) f‘%/\iz f% exp (21%:% (e77#a () X)) dpdf

o exp (=02 M) [5G0 i exp (3R (e 7watt (0)%)) diodt
(12)
where (12) is a posterior probability distribution of the existence of the source
when the received signal is known.
As shown in Fig. 1, substituting (12) into (7), we can simulate the detection
information curve of constant modulus scattering signal.

p(0)+p(1) 5

4 The Relationship Between Detection Probability
and False Alarm Probability Based on ITA

In this section, we derive the theoretical expressions between detection proba-
bility and false alarm probability in a single source scenario respectively based
on ITA. For simplicity, following x; and xq represent the presence and absence
of the source in the actual received signal, respectively.

Theorem 1. In constant modulus scattering signal model, the false alarm prob-
ability Pra can be approximated as

Pra =~ p(1). (13)

Proof. In constant modulus scattering signal model, according to (12) and the
definition of false alarm probability, we get false alarm probability as
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(XOa )

Ppa =p(llxo) = (x
_ D ajer © ( Ma) S8 03 e ( AR (e7/7all (9)w)) dpdd
p(0) + p(1 )2,r‘@‘ ex < Mo@)f\?g/‘z (Fa e—ieaH (9)W)) dpdd

p(l)Qﬂl‘Q‘ exp (— ]‘GIVDO‘ ) o fl?gi? exp (—§R (e*WW(H)D dfdy

p(0) + p(1) 5157 exp ( MC;Q) T exp (N—aére(e—jww(a))) dode
(14)
where w(#) equals a! () w, w(6) is a scalar. And there is no source signal in
received signal.
Then we can approximate the main part of (14) to

El /|@8|//22 exp ( R (eww(ﬂ))> do

|@| /|@|/2 < (Wwr(0)cosp + wi(0) Sin@) do

|©1/2
01/2-1 on (15)
~ ﬁ Z exp <N0 (Wg(0)cosp + wi(6) singp))
—le1/2

Q

E [ex (]2\]0(‘) (Wr(0) cos ¢ +wr(0)sin s@))}

where wr(0) and w;(0) denote the real and imaginary parts of w(#), respec-
tively. w(6) obeys complex Gaussian distribution with zero mean and variance
M Ny, so wg(8)cosp + wr()sinp obeys complex Gaussian distribution with
zero mean and variance MQN ¢ Then (15) can be further derived as

20 wr(0) cos p+wr(0)sin p=A
E {exp (N (wWgr(0) cos ¢ + wi(0) sin @))]
0

“+o0 2
20 1 _
——/ et e MNG A

o wM Ny (16)
Ma?2 [0 1 A—Ma)?
=e No ————e MNo d\
_ 7T M Ny
Mo?
=€ No |

By substituting (16) into (14), we can easily obtain the result of (13).

In conclusion, we can obtain the expression of (13). And according to (13),
we can find that the derivation of Pr4 has nothing to do with whether the source
signal exists or not in received signal x.

Next, we will derive the theoretical expressions of detection probability and
the approximate expressions of detection probability and false alarm probability
in constant modulus scattering signal model.
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According to above (12) and the definition of detection probability, we get
detection probability as

Pp =p(1]x1)
_ p(1) 5= ‘ e ( Mo ) fl‘@(‘)/iz f27r exp (]2\,—‘35}[‘: (e777a" (0) xl)) dpdf
L—p(1) +p(1) 5 ( Ma2 ) [10L%, 7 exp (2R (e-real () x1) ) dypdo
(17)

Substituting (13) into (17), we can obtain the relationship between detection
probability Pp and false alarm probability Pr4 as

PFAﬁ exp ( Mo® ) fl?(l?/i? f exp ( (e_j“’aH 6) xl)) dpdf

1-— PFA-i-PFAﬁ exp ( Ma2) fl\eg/le fo exp (1\%% (e—ival (9) Xl)) dpdf

(18)
Next, we will proceed to the derivation of N-P criterion in constant modulus
scattering signal model.

Pp =

5 The Relationship Between Detection Probability
and False Alarm Probability Under N-P Criterion

According to reference [16] and system model, we have the following two
hypotheses
Hy:x=w

H:x=A0)s+w (19)

where Hj represents the hypothesis that the source does not exist and H; rep-
resents the hypothesis that the source does exist.

Next, we will derive the theoretical expressions of detection probability and
false alarm probability of the two scattering coefficient signals under the N-P
criterion.

According to reference [16] and (17), in the constant modulus model under
the N-P criterion, we have false alarm probability as

400 T/2
Ppa = /T/ p(Y[Ho)dY = exp (‘ PN, |- (20)

From the above (20), we can get the detection threshold T = V=PNyln Pra4.
Then we have detection probability

+oo
Pp = / p(T|H)AY = Qu (\/2Mp2, \/—21nPFA) (21)
T/
where Qs (+) represents the Q function of Marcum.
Equation (21) indicates the relationship between the detection probability
and the false alarm probability of single source under the N-P criterion.
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6 Detection Information Under N-P Criterion

When the source position is known, this paper adopts the relationship between
the detection information of the NP detector and the false alarm probability and
the prior probability proposed in the reference [2],

1(viv)=mw)-u(v|V)
=—p(1)logp (1) = (1 —p(1))log (1 —p(1)) (22)

—(p(1)Pp —p(1) Pra+ Pra) (—Alog A — (1 — A)log (1 — A))
—(1=p(1)Pp+p(1)Pra — Pra)(—DlogD — (1 — D)log (1 — D))

where V indicates whether a source is really exist or not and V indicates a array
receiving signal expressed in stochastic process,

p(1) Pp
p(1)Pp —p(1) Pra+ Pra

indicates source real existence probability under the decision signal “source exis-

tence” and
_ (1-p(1)) (1= Pra)
 1—p(1)Pp+p(1) Pra— Pra
indicates source non-existence probability under the decision signal “source non-
existence”.

In the next section, we will simulate the ROC curves and detection informa-
tion curves under N-P criterion.

A= (23)

(24)

7 Numerical Results

The simulation parameters are set as follows: the actual value of DOA in a single
source scenario is fp = 0" (that is from the normal direction of the sensor arrays),
and the observation internal is [—g,g] The number of antenna M is set as 16
in the CAWGN environment. The value of the reflection coefficient is 1 when «

is a constant.

7.1 Detection Information of Constant Modulus Scattering Signal

In Fig. 2, the prior probability of v is set equal and the detection information in
a single source detection is illustrated, where s is a constant modulus scattering
signal.

The blue solid curve represents the detection information curve of ITA. And
the orange virtual curve represents the reachable region of detection information
and SNR for any false alarm probability according to the detection information
expression of N-P criterion. We can clearly observe the change trend of detection
information in different SNR intervals obtained by sensor array under ITA and
N-P criterion.
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Fig. 2. Relationship between detection information of source and SNR

In the case of ITA, detection information quickly reaches the theoretical maxi-
mum value 1 from 0. And The blue curve is higher than the orange curve in the
whole process of SNR change, which indicates that the detection performance of
ITA is better than that of N-P criterion with the change of SNR.

7.2 The ROC Curves Under ITA and N-P Criterion for Constant
Modulus Scattering Signal

According to the detection information curve of source in Fig.2 and ROC sim-
ulation results, we take —20dB to 0dB as the observation interval, and select
some representative curves to reflect the general trend of ROC curve.

— 20dB and —10dB represent low and medium SNR interval respectively.

Whether it is a blue curve or an orange curve, under the same false alarm
probability Pg4, the value Pp of the dotted curve is higher than that of the
solid curve under the same SNR, which indicates that the performance of ITA
is worse than that of N-P criterion in terms of receiver operating characteristics
in the midsole SNR range (Fig. 3).
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Fig. 3. ROC curves under ITA and N-P criterion for constant modulus scattering signal

7.3 The Relationship Between Detection Information and Prior
Probability for Constant Modulus Scattering Signal

According to our previous research progress, combined with the research results
of other researchers in related fields, we believe that the relationship between
detection information and prior probability is more important than ROC.

In Fig. 2, the prior probability of v is set equal and the detection information
in a single source detection is illustrated, where s is a constant modulus scattering
signal.

According to the detection information curve of source in Fig.2, we take
—20dB to 0dB as the observation interval, and select some representative
curves to reflect the general trend of detection information. Note that the prior
probability is used as an independent variable instead of an equal probability
distribution. Here, —20 dB and —10dB represent low and medium SNR interval
respectively.

The blue solid curve represents the detection information curve of ITA. And
the orange virtual curve represents the reachable region of detection information
and prior probability p (1) for any false alarm probability Pr4 according to the
detection information expression of N-P criterion.
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In Fig.4 and Fig.5, we can observe that the detection information value I
of the blue solid curve is significantly greater than that of the orange dotted
curve under the same prior probability p (1) condition, which indicates that the
detection performance of ITA is better than that of N-P criterion in the middle
and low SNR range. This is predictable because the detection information is the
theoretical value given by the information theory method.

Theoretical analysis shows that, even for small and weak sources, ITA has
the possibility of detection, which is more beneficial to the detection of small
and weak sources.

-3
45 x 10

ITA
=== NP

151

-
=

107 103 107 107" 10°

Fig. 4. SNR = —20dB, the relationship between detection information and prior prob-
ability

The above comparative analyses further confirm the reliability and effec-
tiveness of ITA in single source detection, and also provide important guiding
significance for the selection of appropriate method for the detection of signals.
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Fig.5. SNR = —10dB, the relationship between detection information and prior prob-
ability

8 Conclusion

In this paper, we apply information theory to sensor array system in single source
scenario, introduce the boolean variable v is to indicate whether the signal exists
or not in the system model and unify source detection with parameter estima-
tion. The closed form expressions between detection probability and false alarm
probability have been derived respectively for constant modulus scattering sig-
nal. Theoretical analysis and numerical results are provided to corroborate that
the detection information of ITA is better than N-P criterion, and the detection
probability of N-P criterion is better than detection information criterion. At
present, there is no final conclusion on which of the two criteria is the best, but
our research work breaks the situation that N-P criterion dominates the whole
country and opens up a new direction for the field of source detection. In addi-
tion, some issues such multi-sources detection with interference are worthy of
further investigations.
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