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Abstract. The study of community networks has attracted consider-
able attention recently. In this paper, we propose an evolving community
network model based on local events, the addition of new nodes intra-
community and new links intra- or inter-community. Employing growth
and preferential attachment mechanisms, we generate the network with
a generalized power-law distribution of nodes’ degrees. Furthermore, we
study epidemic spreading in the resulting network by the simple SIS
model to understand the influence of the network structure on the dy-
namics. We find that the existence of communities in networks causes the
critical behavior of the spreading dynamics and keeps epidemics endemic.
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1 Introduction

Complex networks, evolved from the Erdés-Rényi random graph [I], are powerful
models for describing many complex systems in biology, sociology, and technol-
ogy [2]. In the past decade, the explosion of the general interest in the structure
and the evolution of most real-world networks is mainly reflected in two striking
characteristics. One is the small-world property [3], which suggests that a net-
work has a highly degree of clustering like regular networks and a small average
distance among any two nodes similar to random networks. The small-world phe-
nomenon has been successfully described by network models with some degree of
randomness [3/4]. The other is the scale-free behavior [5], which means a power-
law distribution of connectivity, P(k) ~ k=7, where P(k) is the probability that
a node in the network has k£ connections to other nodes and ~ is a positive real
number determined by the given network. The origin of the scale-free behavior
has been traced back to two mechanisms that are observed in many systems,
growing and preferential attachment [516].

Recently, with the progress of research in networks, many other statistical
characteristics of networks appeared on the stage. Of particular renown is the so-
called “community” (or “modularity”). That is to say, a network is composed of
many clusters of nodes, where the nodes in the same cluster are highly connected,
while there are few links among the nodes belonging to different clusters. For
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instance, groups are formed in scientific collaboration networks [7]. Also, it has
been found that dynamical processes on networks are affected by community
structures, such as tendencies spread well within communities [§] and diffusion
between different communities is slow [9].

In the study of community networks, most research has been directed in two
distinct directions. On the one hand, attention has been paid to designing algo-
rithms for detecting community structures in real networks. A pioneering method
was made by Girvan and Newman [7], who introduced a quantitative measure
for the quality of a partition of a network into communities. Later, a number
of algorithms have been proposed in order to find a good optimization with the
least computational cost. The fastest available procedures use greedy techniques
[10] and extremal optimization [I1], which are capable of detecting communi-
ties in large networks. On the other hand, research has focused on modeling of
networks with community structures. In Ref. [I2], a static social network was
introduced where individuals belong to groups that in turn belong to groups
of groups and so on. In Ref. [13], a networked seceder model was suggested to
illustrate group formation in social networks. In Ref. [I4], a growing bipartite
network for social communities with group structures was proposed. Each of
those models is constructed based on one aspect of reality.

In this paper, we introduce a network model with communities that gives
a realistic description of local events [IH[T6/17]. The model incorporates three
processes, the addition of new nodes intra-community and new links intra- or
inter-community. Using growing and preferential attachment mechanisms, we
generate the community network with a good right-skewed distribution of nodes’
degrees, which has been observed in many social systems. Then, we investigate
the standard SIS model on the generated network. We notice a great influence of
the community structure on the epidemic dynamics over such complex networks.

2 Network Model

The Barabési-Albert network [5] only describes a particular type of evolving
networks, the addition of new nodes preferential connecting to the nodes already
present in the network. Systems in the real world, however, are much richer. For
example, in friendship networks, a person usually makes friends with people
belonging to different communities besides the community he belongs to. To
give a realistic description of the network construction like that, we introduce a
growing model of community networks based on local events, the addition of new
nodes intra-community and new links intra- or inter-community. The proposed
model is defined as follows.

We start with M (> 2) isolated communities and each community consists of
a small number n of isolated nodes. At each time step, we perform one of the
following three operations.

(i) With probability p we add a new node in a randomly chosen community.
Here the randomly chosen means that the community is selected according to the
uniform distribution. The new node is only connected to one node that already
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presented in the selected community. We denote it as the uth commnuity. The
probability that node ¢ in community w will be selected is proportional to its
intra-community degree

) kinpra +1
H(k‘;ntra) = U)Zintra ’ (1)

where the sum runs over nodes in community v and kﬁra is the intra-community
degree of node 4 in community .

(ii) With probability ¢ we add a new link in a randomly chosen community.
For this we randomly select a node in a randomly chosen community u as the
starting point of the new link. The other end of the link is selected in the same
community with the probability given by Eq. ().

(iii) With probability r (= 1 —p — ¢) we add a new link between two commu-
nities. For this we randomly select a node in a randomly chosen community u
as the starting point of the new link. The other end 4 of the link selected in the
other community v is proportional to its inter-community degree

) kin@er +1
H(k;nter) = o inter ’ (2)
Zv;ﬁu;j(kv,j + 1)

where the sum runs over nodes in all communities except for community v and
k;“fer is the inter-community degree of node 7 in community v.

After ¢ time steps, this scheme generates a network of Mn + pt nodes and ¢
links. The parameters p, g, and r control the network structure. In the case of
small 7, the generated network will have a strong community structure. Notice
that whatever process is chosen at each time step, only one link is added to the
system (duplicate and self-connected edges are forbidden), however, this is not
essential. We choose link probabilities [](£"®2) and [](ki"*") to be proportional
to kintra 1 and kI"°r 4+ 1, respectively, such that there is a nonzero possibility
of isolated nodes acquiring new links.

3 Degree Distribution

In our community network, the degree of a node consists of two parts, the intra-
community degree and the inter-community degree. Increase in the node’s con-
nectivity can be divided into two processes, the increases of the intra-community
degree and the inter-community degree. In each process, we assume that ki"tra
and k"' change continuously, and the probabilities [](k**2) and [](ki"tr)
can be interpreted as the rates at which k"™ and k™' change, respectively.
Thus, the operations (i)-(iii) all contribute to k;, each being incorporated in the
continuum theory as follows.
(i) Addition of a new node in a randomly chosen community with probabil-
ity p:
8kintra 1 kintra +1
5: = pM Z _(u]jintlra + 1) ' (3)
AN
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(ii) Addition of a new link in a randomly chosen community with probability q:

Okypra 11 ke
ot TN ay, ey ) @)
J\Musg

where N is the number of total nodes. The first term on the right-hand side (rhs)
corresponds to the random selection of one end of the new link, while the second
term on the rhs reflects the preferential attachment (Eq. () used to select the
other end of the link.

(iii) Addition of a new links between two communities with probability r :

okl 1 Finer 41

= 1-— .
IS R L S

J (5)

The first term on the rhs represents the random selection of one end of the new
link, while the second term on the rhs considers the preferential attachment (Eq.
@) used to select the other end of the link in the other community.

Combing the contribution of above processes, we have

Ok _ptq R+l 41 (©)
ot M Ykt 1) T N
O M1 KL
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vFEuj\"V, g
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We can simplify Eqs. (@) and (@) for large ¢, and get

O pag (BT g

i~ 8

ot 3p+2q t + pt’ (8)
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The boundary conditions of the intra-community degree and the inter-community
degree at initial time ¢, can be estimated in the sense of mathematical expecta-
tions, ki"§**(ts) = p + q and k}*{*"(t,) = r, respectively. So we write the solutions

of Egs. (§) and (@)

_ PP +p? 4 20%+ Apg + pg® + 2q2< t T
p(p+q) ts
PP+ dpg+2¢°
p(p+4q)
2
ki}nger(t) = 2- 2q —Pg + p—p (tt )21:pp:2qq
’ P s

(1)

(10)

2—2q
b

In random networks, the degree distribution can be calculated by

which gives
. 3p?2 +2
P(k_mtra) — ) ) D + qu ) X
p* + 2¢° +4pq + 2p°q + pg* +p
p2+4pq_|_2q2_|_(p2 +pq)kintra 7(3+p+q)
p? +2¢% + 4pq + 2p%q + pg? + p?
. 2p — 2pq — p?

P(k_mter) pQ pq2 p ) ) X
2—p—4q — 2p* + 2¢% + 2p*q + pq® + p
|: 2_2q+pk.inter :|(3+1Zq)
2+p—2q—pg—p? '

; (13)

(14)

Thus, the degree distribution of our network obeys a generalized power-law form
P(k) ~ [A(p, @)k + B(p,q)] 7. (15)

In Fig. [l we present numerical results of distributions of the intra-community
degree, the inter-community degree, and the total degree of nodes in log-log scale.
The experimental network is generated by the proposed scheme with N = 10°,
M =10, n =5, p = 04, and ¢ = 0.4, respectively. The distributions of the
intra-community degree and the inter-community degree, shown in Figs. [[i(a)
and [I(b), agree with analytical results of Eqs. (I3) and (4], respectively. The
small deviations between computer simulations and analytical solutions at both
ends of the distributions appears to be the mathematical approximation of the
boundary conditions and the finite size effect due to the relatively small network
size used in the simulations. According to the evolving rule of our network,
nodes with larger intra- (or inter-) degree have higher probabilities to gain new
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Fig. 1. (Color online) Log-log representation of distributions of intra-community degree
(a), inter-community degree (b), and total degree (c) of nodes. All the simulation results
(squares) display good right-skewed distributions. The circles in (a) and (b) denote
analytical results predicted by Egs. (I3]) and (4], respectively. The solid line in (c) is
guide to the eye with power-law decay exponent v = 3. The experiment network has a
total number of nodes N = 10° with parameters M =10, n =5, p = 0.4, and ¢ = 0.4,
respectively.
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Fig. 2. (Color online) The degree distribution of econophysicists (squares) of an econo-
physics scientific collaboration network [19]. The circles correspond to computer simu-
lations of our model with parameters M = 10, n = 2, p = 0.4, and ¢ = 0.4, respectively.

links, then the usual degree preferential attachment is reasonably kept. This
means that the right-skewed character of the network, such as the node’s total
degree, will retain. As shown in Fig. [Ilc), the total degree distribution of nodes
is well expected showing a good right-skewed character, which is reasonably in
agreement with the condition of many realistic systems [18].

To illustrate the predictive power, we also compare the numerical result of
our network with the statistics of an econophysics collaboration network. In the
econophysics collaboration network, each node represents one scientist. If two
scientists have collaborated one or more papers, they would be connected by
an edge. Zhang et al. took the largest connected component of this network,
which includes 271 nodes and 371 edges, and provided the best division, i.e.,
M =10 [19]. In Fig. 2 we plot the degree distribution of econophysicists of the
econophysics collaboration network which is fitted by computer simulations of
our network starting with 10 communities. To gain p and ¢, we fit the connec-
tivity distribution P(k) obtained from this collaboration network with Eq. (&),
obtaining a good overlap for p = 0.75 and ¢ = 0.15 (Fig. ).

4 Epidemic Spreading

In the consequent study of complex networks, an important topic is to inspect
the effect of their topologies on dynamical behaviors and evolutionary processes.
Of particular importance is the spread of infectious diseases, which has attracted



346 X.-J. Xu et al.

increasing attention from scientific communities in both theoretical and exper-
imental investigations [20]. It is easy to foresee that a good understanding and
accurate characterization of epidemic dynamics over complex networks can pro-
vide immediate benefits to a large number of practical problems such as computer
virus propagation and prevention, cascading failures of power grids, spreading of
rumors and public opinions, etc. Motivated by this observation, some fundamen-
tal works have been done regarding an unified mathematical theory of disease
spreading over complex networks [21[2223], which have triggered a large number
of following works to study epidemic models on different networks [24125]26]27]
as well as corresponding immunization strategies [28/29130U31].

There are several classical epidemiological models taking into account different
characteristics of disease transmission. A typical one is the SIS model. This
model is defined on a network, where nodes represent individuals or groups of
individuals and edges represent social contacts or relations among them. In the
SIS model, an individual is described by a single dynamical variable having one
of the two states: susceptible and infected. A susceptible individual at time ¢
will be changed to the infected state at time ¢ 4+ 1, with the transmission rate
v > 0, if it is connected to an infected individuals. An infected individual at
time ¢ will be changed back to the susceptible state again at time ¢ 4+ 1, with
the transmission rate 6 > 0, due to immunity or medical treatment. Here, an
effective spreading rate is defined to be A = v/ and, without loss of generality,
one may assume § = 1 since it only affects the definition of the time scale of
epidemic propagation.

In present work, we have performed Monte-Carlo (MC) simulations of the
SIS model with synchronously updating after the network has been constructed.
The two courses, the evolution of the network and the epidemic dynamics, are
independent. Initially, the number of randomly infected nodes is 1 percent of the
size of the network. After appropriate relaxation times, the systems stabilize in
a steady state. Simulations were averaged over 10 different starting configura-
tions, performed on 10 different realizations of the network. Given a network,
an important observable is the prevalence p, which is the time average of the
fraction of infected individuals in steady states.

Figures B[a) and Bl(b) depict the steady density of infected nodes p vs the
spreading rate A and its reciprocal, respectively. Four epidemic plots are pre-
sented in Fig. B(a). Here we choose p = ¢ in simulations, just as an illustration
of the influence of the local events on the dynamics. One can easily notice a drop
of the epidemic prevalence as p and ¢ become larger. In addition, the critical be-
havior of the dynamics is implied by Fig. B(b), namely, there is a transition from
the epidemic state to the endemic one as the network gets more modular. This
is different from the results obtained in Balabéasi-Albert scale-free networks, al-
though the connectivity of our community network displays a similar power-law
decay. Only in cases that the addition of links among groups are equal to or
larger than that inside groups, i.e., the networks are reduced to typical growing
scale-free networks, can the disease show the feature of the absence of the thresh-
old. To describe the critical behavior in detail, we plot the epidemic threshold
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Fig. 3. (Color online) Density of infected nodes p vs A (a) and 1/ (b) for different
local events. The trend of the network modularity enhances the critical value of the
spreading rate. (c¢) The epidemic threshold Ac in the p? q plane. Parameters of the
underlying networks are the same as in Fig. [Tl
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Ac in the p — ¢ plane in Fig. Bl(c). We observe the absence of the threshold in
regions about p < 0.35 and ¢ < 0.7. While the addition of links intra-community
is larger than that inter-community (in the regions of large p or ¢), we find that
Ac > 0. It can be easily understood. For community networks with large p or gq,
the infection will be confined within the groups where the initially infected seeds
are chosen because the number of links among groups is much smaller than that
inside the groups. Thus the existence of communities in networks will suppress
spreading.

5 Conclusions

Networks with community structures underlie many natural and artificial sys-
tems. It is becoming essential to model and study this kind topological feature.
We presented a simplified mechanism for networks organized in communities,
which corresponds to local events during the system growth. The generated net-
work is highly clustered and has a good right-skewed distribution of connectivity,
which have been found very common in most realistic systems. Furthermore, we
investigated the spreading process of infectious diseases in the community net-
work by using the SIS model and observed the containment of modular structures
to epidemic propagation. That is to say, the network is robust to diseases when
connections inside communities has an overwhelming majority than that among
communities. This might contribute to understanding realistic epidemics with
critical behavior even the underline structures are scale free.

The present paper only suggests a simple way for generating community net-
works. The shape of the resulting network is deterministic in some extent. It
is more interesting to model the evolution of communities, especially the self
organization (or emergence) of communities in the natural world [32], which is
left to future work.
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