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Abstract. The steepest descent algorithm (SD) itself can find a better convergence
direction, but its own convergence speed is relatively slow, resulting in multiple
iterations to approach the true solution. This paper proposes an improvement
method for this problem. The principle is to improve the approximate solution
obtained after every time the steepest descent algorithm is performed, so as to
change the iterative formula and speed up the convergence speed of the algorithm,
and then divide the constellation into four regions based on the idea of region
division. The points are extracted directly for judgment and no longer participate
in subsequent iterations. It is proved by simulation that when the number of iter-
ations of the improved algorithm is consistent with the number of iterations of
the steepest descent method, the improved algorithm has an order of magnitude
higher detection performance than the original SD algorithm. The improved SD
iterative algorithm has 2 iterations and a signal-to-noise ratio greater than 4 dB.
The bit error rate is lower than that of the MinimumMean Square Error (MMSE)
detection algorithm, and its own complexity is only 67.4% of that of the SD itera-
tive algorithm 2 iterations. The greater the difference between the number of user
antennas and the number of base station antennas, the complexity of the improved
algorithm can be even greater low.

Keywords: Steepest descent method · Approximate solution · Minimum Mean
Square Error · Number of iterations · Complexity

1 Introduction

With the increase of mobile smart terminals, the traditional MIMO system has been
unable to meet the user’s demand for data services [1–3], thus a massive MIMO system
is proposed. The massive MIMO system improves the channel capacity and spectrum
utilization of the entire communication system by configuring a large number of anten-
nas in the base station to serve multiple users. In the traditional algorithm, theMaximum
Likelihood (ML) [4] detection algorithm finds the optimal estimation value by travers-
ing all the constellation points, so the bit error rate is the lowest but its complexity is
exponentially related to the modulation order and the number of antennas. Although the
Sphere Decoding algorithm [5] can reduce the complexity of the algorithm by reducing
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the number of traversed constellation points, the detection performance is close to the
detection performance of the ML algorithm, it is still relatively complex compared to
other algorithms, while the Zero Forcing (ZF) detection algorithm and The Minimum
Mean Square Error (MMSE) [6] detection algorithm as a linear detection algorithm
involves matrix inversion. Due to the rapid increase in the number of antennas in a
massive MIMO system, the four detection algorithms mentioned are too high com-
plex to be implemented in a massive MIMO system, so searching for low-complexity
signal detection algorithms has become a research hotspot in massive MIMO wireless
communication technology.

As the number of antennas increases, the channel matrix in the wireless communi-
cation system will have channel hardening characteristics, and each sub-channel will
gradually be orthogonal [7]. Therefore the MMSE detection algorithm has better detec-
tion performance, but the algorithm involves matrix inversion operation. The complexity
is too high and is not suitable for using in massiveMIMO systems, so it is generally used
as a comparison standard for detection performance. In order to reduce the complexity
of the algorithm, many scholars have proposed many improved algorithms based on
MMSE. At present, the more frequently used MMSE optimization algorithms can be
divided into two categories, they are iterative method and approximation method.

The more common iterative methods are: Jacobi iteration method, Gauss-Seidel iter-
ation method [8], Steepest descent method, Relaxation iteration method [9], Conjugate
gradient algorithm [10], etc. The iteration method was previously used for linear equa-
tions. The principle of solving is to continuously loop through the iterative formula, so
that the value obtained in each iteration continuously approaches the real solution, it can
avoid matrix inversion. The approximation method is mainly the Neuman Series expan-
sionmethod [11]. The approximationmethod generally uses the expanded polynomial to
approximate the matrix inversion, but the Neuman Series also has larger defects. When
the number of expansion items is 2 or less, although the computational complexity of
the algorithm is lower than the complexity of calculating matrix inversion, the bit error
rate is higher. When the number of expansion items is greater than 2, the detection per-
formance is improved but the algorithm complexity is increased. Therefore the Neuman
Series expansion method generally takes the expansion term as 1 as the approximate
matrix inverse, and the solution obtained in this way is used as the initial value of the
iterative method to accelerate the iteration.

In response to the above problems, this paper proposes an improved algorithm based
on the steepest descent method. This algorithm uses the solution of linear equations, the
final exact solutionwill be equal to the sumof the rough solution and the residual solution,
and the idea of region division is used further improvement, If a certain component of
the estimated value x obtained after iteration falls into the reliable region, it is directly
extracted for judgment and no longer participates in subsequent iterations, so that the
matrix dimension of the next iteration will be reduced, and the complexity will also be
reduced. Simulation proves that when the number of iterations of the improved algorithm
is lower than that of the original algorithm, the detection performance is very close.When
the number of iterations of the improved algorithm is consistent with the number of
iterations of the original algorithm, the detection performance of the improved algorithm
is better than that of the original algorithm.
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2 System Model

The object of this paper is the uplink of a massive MIMO system. The system model
can be expressed as:

y = Hx + n = h1x1 + h2x2 + · · · + hKxK + n (1)

The base station in this system is configured with N antennas, and K single antenna
users. Since K << N in the massive MIMO system, the sub-channels also tend to
be orthogonal. The user sending vector and the base station receiving vector are
arrespectively: x = [x1, x2, · · · , xK ]Ty = [y1, y2, · · · , yN ]T , Where xj represents the
signal transmitted by the j-th user, yi and represents the signal received by the i-th
antenna. n = [n1, n1, · · · , nN ]T Represents the Gaussian white noise that obeys the
Gaussian distribution, and the Mathematical Expectation is 0.variance isσ 2.

Where H represents the channel matrix with dimension N * K, hj represents the j-th
column of the channel matrix.

TheZFdetection algorithmeliminates interference betweenusers through aweighted
matrix. The weighting matrix is the inverse of the signal matrix and can be expressed as:

WZF = (HHH )
−1

HH (2)

The user transmitted vector estimated from the received signal vector can be
expressed as:

xZF = WZFy = x + nZF (3)

Since theZFdetection algorithmdoes not consider the influenceof noise, its detection
performance has a great relationship with the power of nZF . In the case of low signal-to-
noise ratio, the error detection rate of the ZF detection algorithm is not very ideal. In order
to reduce noise interference, the MMSE detection algorithm makes noise compensation
on the basis of ZF. The weighting matrix of MMSE is:

WMMSE = (HHH + σ2I)
−1

HH (4)

I is the identity matrix, and the estimated user transmission vector can be expressed
as:

xMMSE = WMMSEy (5)

Since the MMSE detection algorithm has made up for noise in the weighting matrix,
the performance of the MMSE detection algorithm is better than that of the ZF detection
algorithm. we can convert the MMSE detection algorithm into the form of solving linear
equations, it can be expressed as:

Ax = b (6)

Among them A = HHH + σ2I, b = HHy.
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3 Improvement of SD Iterative Algorithm

3.1 Application of SD Algorithm

The iterative algorithm is to make the estimated value gradually close to the signal
vector sented by the user through multiple iterations, so as to avoid the inversion of
the matrix and reduce the complexity. Compared with other iterative algorithms, SD
iterative algorithm can find a better iterative direction, but its own convergence speed is
poor.

Theorem 1: Assuming that thematrix A is a symmetricmatrix, the quadratic function
f(x) = (Ax, x) − 2(b, x), if and only if x is the solution of the equation system Ax = b,
point x makes the quadratic function take the minimum value.

Theorem 2: Assuming that the matrix A is a symmetric matrix, and the quadratic
functional method f(x) = (Ax, x) − 2(b, x), if and only if x is the solution of the
equations, x is the center of the ellipsoid f(x) = c.

Since C is symmetric and positive definite, according to Theorem 1 and Theorem 2,
the solution of the equation system Ax = b is the center of f(x) = c of the ellipsoid,
which also makes the quadratic function f(x) = (Ax, x) − 2(b, x) obtain the minimum
value.

Take a random point x0 as the initial value, x0 must be on the spherical surface of
the ellipsoid f(x) = (Ax0, x0)−2(b, x0), passing through the point x0 along the fastest
descending direction r0 to make a straight line x = x0 + t ∗ r0, and then look for the
point x1 on this straight line that can make f(x) the minimum value. Assuming that the
function f(x) can get the minimum value when t = a, Then there is x = x0 + a ∗ r0, so
only a need be required., which becomes the problem of solving the minimum value of
the function f(x0 + t ∗ r0) on the variable t. Derivation the function f(x0 + tr0) can be
expressed as:

df (x0 + tr0)

dt
= 2t(Ar0, r0) − 2(r0, r0) = 0 (7)

t = (r0, r0)

(Ar0, r0)
= a (8)

So we can get the next approximate solution

r0 = b − Ax0 (9)

a0 = (r0, r0)

(Ar0, r0)
(10)

x1 = x0 + a0r0 (11)

3.2 Neuman Series Expansion Algorithm

In order to avoid solving the inverse of matrix A directly, Neuman series expansion is
used to approximate the inverse of A, when X and A are close and satisfy the condition:

lim
n→∞(I − AX )n = 0 (12)
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Then the inverse of matrix A can be expressed as:

A−1 =
∑∞

n=0
X (X−1 − A)

n
X (13)

Decompose matrix A into A = D + E, where D is the matrix formed by the main
diagonal of matrix A. Taking the first t term instead of the inverse of matrix A

A−1 =
∑t−1

n=0
(−D−1E)

n
D−1 (14)

3.3 Improvements to the Iterative Structure of the SD Algorithm

Assuming that x1 is an approximate solution of the equation Ax= b, then r1= b –A * x1
represents the residual vector. Solving the equation A ∗ d1 = r1 obtains the residual
solution as d1 = A−1r1, x2 = x1 + d1 then x2 is the equation Ax = b exact solution.
Because the complexity of matrix inversion is too high whenwe solve d1, Neuman series
expansion can be substituted matrix inversion to reduce the complexity. Although the
exact value cannot be obtained directly, x2 is more accurate than x1.

x1 = x0 + a0r0 (15)

Then improve the approximate value obtained when the number of Neuman series
expansion items is 1:

r1 = b − Ax1 = b − A(x0 + a0r0) = r0 − a0Ar0 (16)

x2 = x1 + D(−1)r1 = x1 + D(−1)(r0 − a0Ar0) (17)

x2 as the initial value of the next iteration,
Improvement when the number of Neuman series expansion items is 2:

x2 = x1 + A(−1)
2 r1 = x1 + A(−1)

2 (r0 − a0Ar0) (18)

where A2 represents the approximate inverse of the matrix when the number of Neuman
series expansion items is 2. It is also possible to use when the expansion series is 3, but
when the expansion series is 3, the complexity is too high and not applicable.

3.4 Further Improvement Based on the Idea of Area Division

In the actual iteration process, the speed at which the estimated value of each user
approaches the true value is inconsistent. The estimated value of some users is already
very close to the true value. The estimated value continued iteration will not change
much, and these values can be directly judged. The estimated value of some users is still
far from the true value, for the overall accuracy, the estimated value of the user who is
already close to the true solution must continue to iterate with the estimated value of
other users, which causes unnecessary calculations. In order to reduce the complexity
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Fig. 1. Schematic diagram of 4QAM modulation area division

and detection performance of the algorithm, this paper divides the constellation map
area into four different areas: reliable area, normal iteration area, mildly unreliable area,
and unreliable area.

Figure 1 is a schematic diagram of the 4QAM modulation area division. The black
dots represent the constellation points, the white area represents the reliable area, the
cyan area represents the normal iteration area, the shaded area represents the mildly
unreliable area, and the red area represents the unreliable area. The user’s estimated
value falling in the reliable area means that it does not need to iterate, these values can
be directly judged. The user’s estimated value falls in the normal iterative area, we don’t
do any disposal and let it continue to iterate. The user’s estimated value falls in a mildly
unreliable area, indicating that the estimated value is not much different from the two
surrounding constellation points, which means that these two values may be the true
value of the user’s send vector. In order to reduce the possibility of misjudgment, the
point with the smallest cost function is selected as the estimated value by traversing
these two points. The user’s estimate falls in the unreliable area, indicating that all four
surrounding points may be true solutions, so all four surrounding points are traversed,
and the point with the smallest cost function is selected as the estimated value.

The two thresholds used in this paper to distinguish each region are 0.04 and 0.198
respectively. The red area indicates that the real and imaginary parts of the estimated
value are both less than 0.04, the cyan area indicates that the real or imaginary part is
less than 0.04, the white area indicates that both the real and imaginary parts are greater
than 0.19, and the rest are shaded parts.

After each iteration of the SD-NM algorithm, the estimated value obtained is divided
into regions. If the estimated value falls in the reliable area, the value can be directly
judged, and the corresponding rows and columns are deleted. If the estimated value
falls in the continuous iteration area, no processing is done and the iteration continues.
When the iteration is completed, if the estimated value falls in the shadow area, the two
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constellation points next to the shadow area are traversed, and if the estimated value falls
in the red area, the four constellation points around the red area are all traversed.

In the iterative process, if the estimated value falls in the shaded area or the red area,
no processing is performed. Assuming that the initial value is close to 1-i and the true
solution is 1 + i, the estimated value obtained after one iteration may falls in the shaded
area or red area, the estimated value after one iteration continue iterate, the estimated
value may be in the reliable area. In order to avoid this situation, the points that fall in
the shadow area or the red area after each iteration are not processed. Only after the
iteration is completed, if the estimated value falls in the shaded area or the red area, it
will be processed.

3.5 Maximum Likelihood Criterion

Assuming that estimated value of the j-th user falls in the shaded area, it means that
excepting the point corresponding to the hard decision, an additional point must be
traversed. Due to Hx = h1x1 +h2x2 +· · ·+hkxk , the extra traversed points are the same
as the points corresponding to the hard decision, except for xj, the other values are the
same. In order to reduce the amount of calculation, the minimum cost function can be
transformed as:

xML = argmin‖y − Hx‖2 = argmin‖y −
∑k

i=1,i �=j
hixi − hjxj‖

2
(19)

xML = argmin‖y − hjxj‖2 (20)

In formula (19), the y − ∑k
i=1,i �=j hixi is the same, the only difference is hjxj, this

means that formula (19) is equivalent to formula (20).
Among them, using formula (20) to calculate the maximum likelihood cost function

can greatly reduce the complexity of the algorithm. The formula (19) must first calculate
Hx, and then calculate the inner product. The calculation of Hx can be regards as a
2k * 2k matrix multiplying a 2k * 1 vector. The complexity of multiplying the two is
4k2. The calculation of the inner product can be regarded as the multiplication of two
2k * 1 vectors. The complexity is 2k. Using Using formula (20) replace formula (19), the
complexity of calculation the maximum likelihood cost function is only 4k. Therefore,
every time a constellation point is traversed, the added complexity is 4k.

4 Simulation Results and Analysis

This section gives the MATLAB simulation result graph, and analyzes and explains the
simulation result graph. In the simulation, the number of users is 16, the number of base
station antennas is 64, and the size of channel matrix is 64 * 16. If there is no additional
statement in the subsequent analysis, the default channel size is 64 * 16. The t in the
simulation diagram represents the number of iterations of the detection algorithm, and
n represents the number of items expanded by the Neuman series (Fig. 2).

The performance of the MMSE detection algorithm in the traditional algorithm is
better, but it is only used as a standard to measure the detection performance of other
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Fig. 2. Bit error rate of traditional detection algorithm

iterative algorithms. When the number of iterations of the Gauss Seidel iteration method
is 2, the detectability can approach the performance of the MMSE detection algorithm.
The detection performance of the SD algorithm when the number of iterations is 1
is better than the detection performance of the Gauss Seidel iteration method when
the number of iterations is 1, Due to the problem of convergence speed, the detection
performance of the SD algorithm is poor when the number of iterations of both is 2.
The detection performance is not very good when the number of expansion items of the
Neuman series expansion method is 1 and 2. When the signal-to-noise ratio is 6 dB,
the bit error rate is still 10−2. When the expansion item is 3, the complexity of Neuman
series is close to complexity of the MMSE algorithm, so the Neuman series expansion
method still has big flaws.

Figure 3 shows that SD is the iteration of the steepest descent method, and SD-
NM is an improved algorithm for improving the approximate solution obtained in each
iteration of SD, where t represents the number of iterations, and n represents the number
of items expanded by the Neuman series. The simulation results show that the SD-NM
iterative algorithm has detection performance is close to the detection performance of
the traditional SD iterative algorithm when the number of iterations of SD-NM is 1, and
the number of items expanded by the Neuman series is 1, the number of iterations of SD
iterative algorithm is 2. This shows that improving the approximate solution obtained
after each iteration of SD can speed up the convergence speed of the original algorithm.
The signal-to-noise ratio is 5 dB, the bit error rate of SD-NM iterative algorithm at t =
1 and n = 2 is 8.9 ∗ 10−4, and the bit error rate is 1.25 ∗ 10−4 when t = 1 and n = 1,
and when t = 2 and n = 1 bit error rate is 1.25 ∗ 10−5.Therefore, when the difference
in the number of receiving and transmitting antennas is more small, the number of
Neuman series expansion items should be selected as 2, so that the iterative algorithm
can converge faster.
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Fig. 3. Comparison of bit error rate between SD-NM algorithm and original algorithm

Fig. 4. The influenceof the number of antennas on thedetectionperformanceofSD-NMalgorithm

Figure 4 shows the comparison of the detection performance of each algorithmwhen
the number of receiving and transmitting antennas is 128 * 16. As shown in Fig. 4, the
detection performance of t = 1, n = 1 and t = 1, n = 2 in the SD-NM algorithm
are consistent with the detection performance of the MMSE algorithm, but when the
number of items expanded by the Neuman series is 2, the algorithm complexity is higher.
Therefore, when the number of receiving and transmitting antennas differ greatly, the
number of items in the Neuman series expansion should be selected as 1.

SD-NM-RC in Fig. 5 represents an algorithm that uses the idea of area division
to further improve SD-NM. When the signal-to-noise ratio is lower than 2 dB, the
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Fig. 5. Comparison of bit error rate between SD-NM-RC algorithm and other algorithms

detection performance of each algorithm is not much different. Because the SD-NM-
RC algorithm uses the ML criterion for the unreliable area to traverse the surrounding
points, the detection performance of the SD-NM-RC detection algorithm is better. when
the signal-to-noise is greater than 3 dB, the bit error rate of SD-NM-RC at t = 2 and n =
1 is lower than that of the MMSE detection algorithm and SD-NM algorithm (Fig. 6).

Fig. 6. Comparison of the complexity of each algorithm

Since the signal-to-noise ratio has an impact on the complexity of the SD-NM-RC
algorithm, but has no effect on the complexity of other algorithms, in this simulation,
the signal-to-noise ratio is set to 5 dB and the number of receiving antennas is fixed
to 64. Change the number of transmitting antennas to compare the complexity of each
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algorithm. Because the complexity of each iteration of the SD-NM algorithm when n =
1 is only higher than the complexity of one iteration of the SD algorithm. When the SD-
NMalgorithm t= 2 and n= 1, the complexity of the two iterations of the SD algorithm is
almost the same. When the SD-NM-RC algorithm has a large difference in the number
of receiving antennas, the estimated value area is divided after one iteration. Almost
all values fall in the reliable area, so there will be no second iteration or x need to be
iterated. The portion is extremely small. When the number of receiving antennas is very
close, the channel hardening characteristic is not obvious, and the convergence speed
is slow. Therefore, the points falling in the reliable area will be reduced, and the points
falling in the unreliable area will increase, which leads to the SD-NM-RC algorithm
The complexity increases, but when the number of receiving antennas is 64 * 16, the
complexity of the two iterations of the SD-NM-RC algorithm is only 67.4% of that of
the two iterations of the SD algorithm.

5 Concluding Remarks

Due to the large number of antennas in theMassiveMIMO system, the dimensionality of
the channel matrix is high, while the traditional ZF detection algorithm and the MMSE
detection algorithm are more complex. Aiming at this problem, this paper proposes an
improved algorithm based on the steepest descent method. The algorithm can consider
estimating the vector sent by the user as solving a linear equation set and solving it in an
iterative manner, which avoids the inversion of a high-dimensional matrix and reduces
the complexity. The improved algorithm is to change the iterative formula to speed up
the iterative process by improving the approximate solution obtained after each iteration
of the SD iterative method, and use area division to further improve. Because the things
that need to be calculated in the process of improving the approximate solution obtained
by SD have already been calculated when the SD algorithm is carried out, too much
additional complexity will not be added, and the idea of region division will be used to
further improve the algorithm complexity. Lower, every point falls in the reliable area,
which will make the matrix dimension will be reduced by 1 in the subsequent iterations.
On the whole, the improved algorithm estimates the user’s transmission vector with
lower complexity. The improved algorithm also has certain shortcomings. The threshold
setting for area division plays a decisive role in the detection performance and complexity
of the entire algorithm. At present, an accurate formula for calculating the threshold has
not been found.
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