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Abstract. The estimation of real sinusoid frequency is a significant problem in
many scientific fields. The positive- and negative-frequency components of a real
sinusoid interact with each other in the frequency spectrum. This leads to estima-
tion bias. In this paper, we proposed an algorithm which is based on maximum
sidelobe decay (MSD) windows. Firstly, the coarse frequency estimate is obtained
by using Discrete Fourier Transform (DFT) and MSD windows. Then the negative-
frequency component is removed by frequency shift. At last, the fine frequency
estimation is performed by a high-precision frequency estimation algorithm. Sim-
ulation results show that the proposed algorithm has higher accuracy and better
frequency estimation performance than AM algorithm, Candan algorithm, and
Djukanovic algorithm.
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1 Introduction

The problem of sinusoid signal frequency estimation is quite significant in many scientific
fields, such as communication, audio system, radar, power system, sonar, measurement
and instrument. For example, in communication field, there may be a deviation between
the oscillation frequency generated by the crystal oscillator and the nominal frequency,
and there is generally a relative motion between the transmitting end and the receiving
end of communication, resulting in the Doppler frequency shift. Carrier frequency off-
set is quite common in communication systems. Therefore, the carrier frequency offset
must be estimated correctly. In music signal processing, standard music signals including
human songs and musical instrument sounds are usually modeled as the sum of multiple
time-varying sinusoidal signals, and the number of these sinusoidal signals is usually
unknown. Next, multiple sinusoidal signals in music signals need to be detected. The
common method is to continuously search and estimate the frequency of a single sinu-
soidal signal in the short-time Fourier transform domain. When using linear frequency
modulated continuous wave radar for ranging, it is important to exactly estimate the
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frequency of linear frequency modulated continuous wave signal. Because the accuracy
of frequency estimation directly determines the ranging accuracy. In power system, a
significant parameter of power quality is frequency. And the variation of frequency is
the result of dynamic imbalance between the generation and load, which needs accurate
estimation. Accurate frequency estimation is the premise of power grid stability and
normal operation of electrical equipment.

As we all know, frequency estimation algorithms are mainly divided into two cate-
gories in the case of additive white Gaussian noise, time domain algorithms [1-9] and
frequency domain algorithms [10-20]. Time domain algorithms include the least mean
square algorithm, the autocorrelation algorithm and the maximum likelihood algorithm.
The accuracy of the maximum likelihood algorithms is very high, reaching the Cramer
Rao lower bound (CRLB). Nevertheless, due to the large amount of computation, they
are difficult to be used in real-time applications [1]. The frequency domain algorithms
are primarily based on DFT. These algorithms have many advantages, such as fairly little
computation and important signal-to-noise ratio (SNR) gain [18—22]. Therefore, they are
suitable for real-time applications. For the DFT based algorithms, in additive broadband
Gaussian noise, the peak position of the Discrete Time Fourier Transform (DTFT) of
the whole signal represents the maximum likelihood frequency estimation of a sinusoid
[10]. The location of the peak can be located through a two-step search process. The first
step can be named as coarse-search, is to determine the maximum amplitude of DFT
samples by a simple maximum search procedure. The second step is the fine-search
which obtains the relative frequency deviation between the true frequency and the rough
estimate by means of certain interpolation methods. The difference between different
interpolation algorithms lies only in the second step. Aboutanios and Mulgrew (A&M)
algorithm uses two spectral lines located exactly halfway between the maximum spec-
tral line and its two neighbors for accurate estimation [18]. Candan algorithm achieves
accurate estimation by using the maximum spectral line and two spectral lines on the
left and right of the maximum spectral line [19].

All the above algorithms are used to estimate the frequency of complex sinusoid.
There are also many practical situations and applications related to the real sinusoid
model. For the real sinusoid, estimation bias is caused by the spectral superposition of
its positive-frequency and negative-frequency components. As we can see in [23], mul-
tiplying the received signal by a window function is a simple and effective method to
reduce the spectrum leakage. In [24], by adding Kaiser window to suppress the sidelobe
of complex sinusoid, the estimation bias is reduced. However, there are still signifi-
cant deviations in the windowed data. The time domain frequency estimators based on
autocorrelation are the most accurate [9]. Although the algorithm in [9] is more pre-
cise than other time-domain estimation algorithms, this algorithm has root-mean-square
error (RMSE) saturation under high SNR. Candan obtains the fine frequency estimation
with arbitrary window functions [25]. In [26], Djukanovic derived a method based on
the Candan method [25] and AM method [18], and the negative-frequency component
is shifted via modulation before the fine estimation.

The MSD window is a kind of commonly used window function, which belongs
to cosine windows. The sidelobe decay rate of MSD window is as high as 6(2H — 1)
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dB/octave, when its number of terms H is constant. Thus, a frequency estimation algo-
rithm based on MSD windows in this paper is proposed to accurately estimate the fre-
quency of real sinusoid. The coarse frequency estimate is obtained with MSD windows.
Then the estimation bias is reduced by removal of the negative frequency component
which is done by frequency shift. Finally, the fine frequency estimation is performed by
a high-precision frequency estimation algorithm which uses two DTFT spectrum lines
and the maximum DFT spectrum line. Computer simulations are conducted, and the
results of simulation experiments show that the algorithm we proposed in this paper has
higher accuracy and better frequency estimation performance than AM algorithm [18],
Candan algorithm [25], and Djukanovic algorithm [26].

2 Proposed Algorithm

An accurate real sinusoid frequency estimation algorithm based on MSE windows is
mainly described in this part. In the background of additive white Gaussian noise, the
following signal model is considered

x(n) =AcosQrfon+¢)+z(n) n=0,1,2,...,N -1 (1)

In the above formula A represents the amplitude of the sinusoid, and fj is the frequency, ¢
is the initial phase. z(n) represents zero-mean additive white Gaussian noise with variance
azz. In addition, A > 0 and 0 < fp < 1/2. The SNR can be defined as SNR = 2‘?7—22. The

frequency estimation of the CRLB is [27]

12

V) = G SNR - NIV = 1) @

We know that the spectrum of a real sinusoid contains both positive and negative fre-
quency components, and the estimation bias is caused by spectral superposition of the
positive- and negative-frequency complex components. A known strategy to cut down
frequency deviation is to multiply the real sinusoid by a window function. This is a
simple method to reduce spectrum leakage [23].

We propose an algorithm by removing the negative-frequency component to reduce
the estimation bias. The windowing method shown in Table 1 is used to acquire a rough
frequency estimation for the received signal. Then the negative-frequency component
can be moved to the low-pass band, and the negative-frequency component accounts for
only the DC (direct-current) component of the modulated signal. After the removal of
DC component, in this paper, the high-precision algorithm proposed is used to accurately
estimate the positive-frequency component of complex sinusoid.

Stepl: Coarse frequency estimation

Cosine window has been widely used in many documents [9, 23-25, 28]. Cosine
windows include maximum sidelobe decay (MSD) window. The method proposed in this
paper multiply the signal by MSD windows. The expressions of H-term MSD window
are as follows [29]

H-1

h
w(n) = Z(—l)hahcos(Znﬁn> n=0,1,2,....,.N—1 (3)
h=0
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The number of window coefficients aj, is H, H > 1. The coefficients expression of the
H-term MSD window can be shown as [29]

Cth

2H-2
an =i h=0.1....N~1 4)

Multiplying x(n) by a cosine window, we have
xy(n) =x(n)-wn) n=0,1,...,N —1 (®)]

Then we perform DFT on x,,(n), and search the index number k;,, of the maximum DFT
spectral line.

Weuse Af torepresent the DFT frequency resolution. Whenp = +£0.1, the DFT sam-
ples X,,(0.1) and X,,(—0.1) which are +0.1Af away from the maximum DFT spectral
line can be calculated as

N—-1
Xo(p) = Y xulme 27" (©)
n=0

In [30], the estimation formula of the normalized frequency shift § is shown as follows:

S=r-Y®) 7

where Y (§) is expressed as

v =N tanl[ (i) = Xy (=D - sinGi/N) } .
T X (i) — X,y (—D)]) - cos(57) — 2 cos(mi) - | X, (0)]
and r is calculated as
H-1 )
cos(mi) - ap — cos(Ff Iy sin(ri) - Z (—1)h%
r= )
{[— sin(rmi) + lCOS(T[l)] Z (121)23” — sm(m) Z " l)hza)hz} . sin(”ﬁi)

For two term MSD window, we have rpysp = 134.97. We show the iterative process
AN

of obtaining the coarse frequency estimate f({ based on MSD windows in Table 1.
Step 2: Removal of the negative frequency component
Move the frequency of the received signal x(n) as follows

X () = x(n)e/ 0" (10

The results of (11) in a circular shift of the spectrum of x(n) by fy Hz. Because f is
pretty near to the signal’s real frequency fy, the negative frequency component can be
shifted to the low-pass band. However, the most important part of energy located at the
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Table 1. Coarse frequency estimation algorithm.

Algorithm: Coarse frequency estimation with MSD windows

1 Get x,(n)=x(n)-w(n) n=0,1,..,N -1
2 Perform N-point DFT of x, (n)
3 Search the index number k, of the maximum spectral line
B jagbatr
4 Calculate X, (0.1)and X, (<0.1)via X (p) =S x.(me "~ ¥ , p=20.1
n=0

5 Caleulate & with X_(0), X (0.1), X, (~0.1) via (7)
ky+p

Calculate X,(81), X,(51+0.1) .and X, (§1-0.1), via X, (p)= S x,(me " ¥
=0

p= 31 s 3‘1 +0.1
7 Calculate 8 with, X, (51), X, (51+0.1) and X (61—0.1) , via (7)

8 The coarse frequency estimate is f,“ = (k,, + 31+ 5 2)Af

DC component of x;,(n) [25]. Then the negative-frequency component can be removed
from the received signal as

% (1) = xpp(n)e T2 — Ao I2hon a1

where A, represents the amplitude of the negative frequency component of the real
sinusoid, and is expressed as follows

Ap = Xm(n) 12)

where the x;,(n) represents the mean value of x,,(n). And from the derivation of (10),
the final expression of x,(n) is as follows

x(n) = x(n) — Aye I¥on (13)

Step 3: Fine frequency estimation
We perform DFT on the reconstructed received signal x,(n), and then search the
index number k, of the maximum spectral line. When [ = £0.1, we have
= ke
X ()= x:(meW 1==40.1 (14)
n=0
In [20], the estimation formula of the normalized frequency offset § can be shown as
follows

A
5=

A=

tan—" (1X; () = X, (=D)]) - sin(zwi/N)
an - : - , (15)
(1X; () — Xr(=D)]) - cos(F7) — 2cos(mi) - |X-(0)]

A
We show the iterative process of obtaining fine frequency estimate f({ in Table 2.
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Table 2. Fine frequency estimation algorithm.

Algorithm: Fine frequency estimation algorithm
1 Perform N-point DFT of x,(n)

2 Search the maximum spectral line &,

k,+1

3 Calculate X (0.1)and X, (~0.1) via X (1) = S x (n)e |~ ¥ 1=+0.1, [=+0.1
n=0

4 Calculate & with X, (0), X (0.1), X (~0.1) via (15)

2 k,+1

Calculate X, (65) , X (55+0.1), and X, (55—0.1), via X.()= S x (n)e
n=0

s

= 33 s S3i 0.1
6 Calculate &4 with X (53), X,(8>+0.1) and X (55—0.1), via (15)

7 The fine frequency estimate is f,” = (k, + (§3+ éi)Af

3 Simulation Results

For this section, we test and verity the performance of the proposed algorithm, and carry
out simulation analysis in the presence of additive white Gaussian noise. At the same
time, in order to find out the performance difference between the proposed algorithm
and the competitive algorithm, this part of the experiments we compare the proposed
algorithm with the AM algorithm [18], Candan algorithm [25] with Kaiser window,
and the Djukanovic algorithm [26]. The simulation experiments are mainly divided into
three categories: RMSE of frequency estimation versus SNR, RMSE versus the signal
frequency fp and RMSE versus the initial phase ¢.

The first category: When fy = 0.1917, ¢ = /7, and N = 128, we evaluate the
RMSE of the proposed algorithm versus SNR, varied from —10 to 50 dB, in steps of
2 dB. Figure 1 shows the RMSE of the algorithm we proposed, AM algorithm, Candan
algorithm with Kaiser window (8 = 5), and the Djukanovic algorithm under variable
SNR. The RMSE of the proposed algorithm based on 2-term MSD window is quite near
to that of Djukanovic algorithm. Meanwhile, the proposed algorithm and Djukanovic
algorithm surpass the other algorithms in terms of accuracy and RMSE saturation. The
proposed algorithm is closer to CRLB than Djukanovic algorithm from the local enlarged
view. AM algorithm shows RMSE saturation when SNR is higher than 10 dB. Although
Candan algorithm with Kaiser window (8 = 5) conforms to the CRLB trend in the whole
range of SNR, the RMSE of this algorithm is relatively large, and its curve is not close
to CRLB. Simulation experiments of the proposed algorithm with 3-term MSD window
are conducted and the results are very similar to those when the signal is multiplied by
2-term MSD window. Therefore, only the results of the proposed method with 2-term
MSD window are shown in the figure.

From the above simulation image, it can be seen that when SNR is variable the
performance of the proposed algorithm is better than that of AM algorithm, Candan
algorithm with Kaiser window (8 = 5), and Djukanovic algorithm.
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Fig. 1. RMSE versus SNR at fo = 0.1917,¢ = /7 and N = 128

The second category: When ¢ = m/7 and N = 128, we evaluate the RMSE of
different algorithms versus the sinusoid frequency fy. And fj is variable, taken in interval
(0, 1/2) in 50 points.

Figure 2 shows the RMSE of the algorithm we proposed, AM algorithm, Candan
algorithm with Kaiser window (8 = 5), and the Djukanovic algorithm under variable
sinusoid frequency fy for SNR = 30 dB. We can see that the RMSE of the algorithm we
proposed in this paper based on 2-term MSD window is pretty near to that of Djukanovic
algorithm. Meanwhile, the algorithm proposed in this paper and the Djukanovic algo-
rithm are still closer to CRLB than the other estimators and their curves are relatively flat
at high SNR. But the proposed algorithm is closer to CRLB than Djukanovic algorithm
from the local enlarged view. The error of AM algorithm is large at high SNR. That
is because AM algorithm is a complex sinusoid frequency estimation algorithm, and it
can’t effectively deal with the deviation caused by the superposition of positive- and
negative-frequency components of real sinusoid. Although Candan algorithm reduces
the devation caused by the superposition of positive- and negative-frequency compo-
nents of a real sinusoidal signal, the RMSE of this algorithm is about 2.5 dB higher than
CRLB.

From the above simulation image, it can be seen that when fj is variable the perfor-
mance of the proposed algorithm is better than that of AM algorithm, Candan algorithm
with Kaiser window (8 = 5), and Djukanovic algorithm. And the proposed algorithm
is not sensitive to sinusoid frequency.
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Fig. 2. RMSE versus fy with N = 128, ¢ = /7 and SNR = 30 dB

The third category: when fy = 0.1917, N = 128, and SNR = 10dB and 50 dB are
considered, we evaluate the RMSE of different algorithm versus initial phase ¢. And ¢
is varied from O to 27t. The RMSE curves are calculated for 50 ¢ values.

Figure 3 shows the RMSE of the proposed algorithm, AM algorithm, Candan algo-
rithm with Kaiser window (8 = 5), and the Djukanovic algorithm under variable initial
phase ¢ for SNR = 10dB. We can see that Candan algorithm with Kaiser window
(B = 5) has the largest RMSE in the four algorithms, although the algorithm reduces
the error caused by the superposition of positive and negative frequency components
of real sinusoidal signal, and the curve is not close to CRLB. The RMSE curve of the
AM algorithm is also higher than CRLB. Because it is a complex sinusoid frequency
estimation algorithm, it cannot effectively deal with the deviation caused by the super-
position of positive frequency and negative frequency components of real sinusoid and
has a large error in estimating the real signal frequency. The proposed algorithm and
Djukanovic algorithm are closer to CRLB than the other two estimators.

When SNR = 50dB and other conditions remain unchanged, Fig. 4 shows the
RMSE of the algorithm we proposed and other three algorithms versus initial phase ¢.
We can see that the RMSE curve of AM method changes periodically, but it still has
a large RMSE. The RMSE curve of Candan algorithm with Kaiser window (8 = 5)
is relatively flat, but it is about 2 dB higher than the CRLB, and the estimation bias is
also large. However, even under the condition of higher SNR, the RMSE curves of the
proposed algorithm and Djukanovic algorithm are very flat and close to CRLB.
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From the above two simulation images, it can be seen that when initial phase ¢ is
variable, the performance of the algorithm we proposed is better than AM algorithm,
Candan algorithm with Kaiser window (8 = 5), and its performance is similar to that
of the Djukanovic algorithm. And the proposed algorithm is not susceptible to initial
phase.

Table 3 shows the computational complexity of different algorithms. It can be seen
that the proposed algorithm has the same complexity as the other three algorithms.
However, according to the simulation results of Fig. 1 and Fig. 2 show that the algorithm
proposed in this paper has better frequency estimation performance and higher accuracy.

Table 3. Computational complexity of different methods

Method Computational complexity
AM [18] O(N logy N)
Candan [25] O(Nlogy N)
Djukanovié [26] O(Nlogy N)
Proposed O(Nlogy N)

4 Conclusion

Owing to the spectrum superposition of positive- and negative-frequency components,
in the process of real sinusoid frequency estimation, the estimation result will produce
estimation error. In order to deal with this problem, a high-precision estimation algorithm
based on MSD windows is proposed. Through coarse estimation with MSD window,
removal of the negative frequency component with frequency shift and fine estimation,
an accurate frequency estimate can be obtained. Computer simulations are conducted,
and from the results we can see that the RMSE of the proposed algorithm is closer to
CRLB than AM algorithm, Candan algorithm and Djukanovic algorithm. The proposed
algorithm and the other three algorithms have the same computational complexity. And
the proposed algorithm is not susceptible to the sinusoid frequency and the initial phase.
The proposed algorithm can reduce the estimation bias due to the frequency spectrum
superposition of real sinusoid and can be used in practical applications.

References

1. Rife, D.C., Boorstyn, R.R.: Single-tone parameter estimation from discrete-time observations.
IEEE Trans. Inform. Theory 55(9), 591-598 (1974)

2. Fu, H,, Kam, P.Y.: MAP/ML estimation of the frequency and phase of a single sinusoid in
noise. IEEE Trans. Signal Process. 55(3), 834-845 (2007)

3. Dutra, A.J.S., de Oliveira, J.F.L.: High-precision frequency estimation of real sinusoids with
reduced computational complexity using a model-based matched-spectrum approach. Digit.
Signal Process. 34(1), 67-73 (2014)



50

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Z. Liu et al.

Lui, K.W., So, H.C.: Modified Pisarenko harmonic decomposition for single-tone frequency
estimation. IEEE Trans. Signal Process. 56(7), 3351-3356 (2008)

Tu, Y.Q., Shen, Y.L.: Phase correction autocorrelation-based frequency estimation method
for sinusoidal signal. Signal Process. 130, 183-189 (2017)

Cao, Y., Wei, G.: An exact analysis of modified covariance frequency estimation algorithm
based on correlation of single-tone. Signal Process. 92(11), 2785-2790 (2012)
Elasmi-Ksibi, R., Besbes, H.: Frequency estimation of real-valued single-tone in colored
noise using multiple autocorrelation lags. Signal Process. 90(7), 2303-2307 (2010)

Lui, K.ZWK., So, H.C.: Two-stage autocorrelation approach for accurate single sinusoidal
frequency estimation. Signal Process. 88(7), 1852—-1857 (2008)

Cao, Y., Wei, G.: A closed-form expanded autocorrelation method for frequency estimation
of a sinusoid. Signal Process 92(4), 885-892 (2012)

Rife, D.C., Vincent, G.A.: Use of the discrete Fourier transform in the measurement of
frequencies and levels of tones. Bell Syst. Tech. J. 49(2), 197-228 (1970)

Liang, X., Liu, A.: A new and accurate estimator with analytical expression for frequency
estimation. [IEEE Commun. Lett. 20(1), 105-108 (2016)

Djukanovié, S., Popovié, T.: Precise sinusoid frequency estimation based on parabolic inter-
polation. In: 2016 24th Telecommunications Forum (TELFOR), Belgrade, Serbia, pp. 1-4
(2016)

Quinn, B.G.: Estimation of frequency, amplitude, and phase from the DFT of a time series.
IEEE Trans. Signal Process. 45, 814-817 (1997)

Yang, C., Wei, G.: A noniterative frequency estimator with rational combination of three
spectrum lines. IEEE Trans. Signal Process. 59(10), 5065-5070 (2011)

Jacobsen, E., Kootsookos, P.: Fast, accurate frequency estimators. IEEE Signal Process. Mag.
24, 123-125 (2007)

Candan, C.: A method for fine resolution frequency estimation from three DFT samples. IEEE
Signal Process. Lett. 18(6), 351-354 (2011)

Liao, J.-R., Chen, C.-M.: Phase correction of discrete Fourier transform coefficients to reduce
frequency estimation bias of single tone complex sinusoid. Signal Process. 94, 108-117 (2014)
Aboutanios, E., Mulgrew, B.: Iterative frequency estimation by interpolation on Fourier
coefficients. IEEE Trans. Signal Process. 53(4), 1237-1242 (2005)

Candan, C.: Analysis and further improvement of fine resolution frequency estimation method
from three DFT samples. IEEE Signal Process. Lett. 20(9), 913-916 (2013)

Fan, L., Qi, G.Q.: Frequency estimator of sinusoid based on interpolation of three DFT spectral
lines. Signal Process. 144, 52-60 (2018)

Serbes, A.: Fast and efficient sinusoidal frequency estimation by using the DFT coefficients.
IEEE Trans. Commun. 67(3), 2333-2342 (2019)

Andria, G., Savino, M.: Windows and interpolation algorithms to improve electrical
measurement accuracy. IEEE Trans. Instrum. Meas. 38(4), 856-863 (1989)

Rife, D.C., Boorstyn, R.R.: Multiple tone parameter estimation from discrete-time observa-
tions. Bell Syst. Tech. J. 55(9), 1389-1410 (1976)

Chen, S., Li, D.: Accurate frequency estimation of real sinusoid signal. In: 2010 2nd
International Conference on Signal Processing Systems, vol. 3, pp. v3370-v3372 (2010)
Candan, C.: Fine resolution frequency estimation from three DFT samples: case of windowed
data. Signal Process. 114, 245-250 (2015)

Djukanovié, S.: An accurate method for frequency estimation of a real sinusoid. IEEE Signal
Process. Lett. 23(7), 915-918 (2016)

Qi, G.Q.: Detection and Estimation: Principles and Applications. Publishing House of
Electronics Industry (2011)



Accurate Frequency Estimator of Real Sinusoid 51

28. Liu,J.,Fan,L.,Li,R., He, W., Liu, N., Liu, Z.: An accurate frequency estimation algorithm by

29.

30.

using DFT and cosine windows. In: Gao, H., Fan, P., Wun, J., Xiaoping, X., Yu, J., Wang, Y.
(eds.) ChinaCom 2020. LNICSSITE, vol. 352, pp. 688—697. Springer, Cham (2021). https://
doi.org/10.1007/978-3-030-67720-6_47

Belega, D., Petri, D.: Frequency estimation by two- or three-point interpolated Fourier
algorithms based on cosine windows. Signal Process. 117, 115-125 (2015)

Fan, L., Qi, G.Q.: Frequency estimator of sinusoid by interpolated DFT method based on
maximum sidelobe decay windows. Signal Process. 186, 108—125 (2021)


https://doi.org/10.1007/978-3-030-67720-6_47

