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Abstract. The present paper is studying a class of inertial BAM neural
networks with general activations and delays. With the help of the non-
reduced order method and designing some useful Lyapunov functions,
criterions ensuring the exponential stability of the investigated network
system are proposed, the obtained conditions are essentially new and
complement previously stability results. Moreover, a simulated example
is also presented in order to support the established fruits.
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1 Introduction

In recent decades, numerous neural networks (NNs) have attracted lots of atten-
tion of researchers in view of their wide applications in many engineering fields.
As an significant kind of NNs, the known bidirectional associative memory
(BAM) NN, firstly introduced by Kosko [1,2], have a wide application prospect
in all kinds of fields, for example, pattern recognition, intelligent information pro-
cessing, optimization problem calculation and complex control, see [3-10]. It be
universally known that the limited signal propagation time and switching time
interval are inevitable in nature, the time delay is ubiquitous and inescapable
in the real world applications. Thus, the kinetic study of delayed NNs has been
extensively noticed and discussed during these years, particularly, dynamical
behaviors including stability [11], periodic oscillation [12,13], synchronization
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problem [14,15], and bifurcation [16,17], and so on, many kinds of delayed BAM
NNs have been widely investigated.

It is worth highlighting that the aforementioned theoretical results are mainly
with regard to neural networks modeling by first order DDEs (namely, delay dif-
ferential equations). Actually, inertial effects are inescapable in many practical
systems, for instance, power electronics, GRNs, NNs, etc., see such as [18-20].
Consequently, it is important and meaningful to research the dynamical behav-
iors of NNs with inertia characteristics. As a result of the existence of inertial
factors, the model stemming from the real word is usually expressed by two order
functional differential equations, which is having nothing in common with the
traditional ones and brings many theoretical and technical obstacles when inves-
tigating their dynamical behaviors. In addition, in many existing literatures,
many researchers applied the reduced-order technique to consider the inertial
NNs, although it is an effective method but there are still some problems, for
example, when by applying appropriate variable transformations, the two order
DEs are equivalent to two sub-systems, and considering BAM neural networks
are binary systems, which unquestionably raises the dimension of the system
and tremendously causes difficulty on theoretical analysis and the computational
complexity of the established outcomes. Consequently, it is badly in need of new
approach to investigate the exponential stability of delayed inertial BAM NNs
with general activations.

On account of the above discussions and some recent references [21-23], the
exponential stability of delayed inertial BAM NNs with activations. By employ-
ing the non-reduced order methods, a up-to-date Lyapunov-Kraiiovskii function
is constructed, efficient criterions are established for the investigated NNs. Dis-
tinct from existing theoretical results with regard to the exponential stability
of delayed inertial neural network where the reduced-order methods is adopted,
the obtained main results improve some of the latest research results.

This followings are the arrangements of this paper. Section2 presents
some preliminaries. In part 3, we concretely research the exponential stability.
Section 4 provides a simulated example. Ultimately, a conclusion is obtained in
Sect. 5.

2 Preliminaries

In this part, we will study the delayed inertial general BAM neural networks
with general activations:

mi (t) = —a;mi(t) — dim;(t) + f:l pjifi(m;(t — o), 2 (t — 750)) + L, (
0 1)
27 (t) = =bizj(t) — hyz(t) + ;1 Qi3 gi(mi(t — dij), zi(t — miz)) + J;
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the initial datas concerning (1) are equipped as

m;(t) =9;(t), s€[-ry,0, rn= max{lSiSriLl%)éan Tjis 1§¢§12,a1}éj§n dij s
Zj (t) = 1/’]‘ (t)a ERS [77ﬂ2’0]a T2 = max{lgigrg,a’l}éjgn Tjis 1§igr2%}éjgnmj}’

(2)
In system (1), the second derivative terms are the so-called inertial terms, m;
and z; stand for the states of the ith neuron and the jth neuron, respectively;
fi(-,-) and g;(-,-) on behalf of the activation functions of the jth and ith unit,
respectively; d; and h; delegate the rate with which the i-th nerve cell and j-th
nerve cell will reset its potential to the resting state in isolation when they are
not related to the system and external input; a;,b; are positive constants, pj;
and ¢;; mean the connection weights of the neuron ¢ and j, and 4,j = 1,2,...,n.

In order to establish the theoretical results, we impose the Lipschitz condi-
tions on the activation functions.
(H;) There are positive constants «;, 3;,w;,;, such that

|fi1,q1) — fi(p2, @2)| < aj|p1 — p2| + Bjlar — a2,

lg:(p1, q1) — 9i(p2, @2)| < wilgr — g2 + vilgr — q2l,
for any p1,p2,q1,q2 € R, 4,5 =1,2,...,n.

3 Main Results

Theorem 1. Let Hypothesis (Hy) hold. Then system (1) is globally exponen-
tially stable if the coefficients satisfy the following conditions:

and
438, > (L)%, ATK: > (L), (4)

in which

3i = & — ailt; + 5 30 Eilpjil (g + 5y),
j=1

M=

n
Ri =5 2 [&ullGullpssl (e + 85) + 3 -21 (&ilpjilag + €l ICuilpjiley)
i=

1

M=

+35 2 (&ilaislwi + [€2illCill gislwi) — di€iai,
J

£ =i+ — di&d; — ai&ia,
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and

Ji = &2iCai — bj&3; + 3 Xn: &3ilaisl(wi + 1),
3 |§2z||C2z||qm\(Wz +7)+ 3 Z (&%:lpsil B + [€illCrillp;il B5)
+ (£2z|qu|71 + |§2z|\C21||qm\%) h;&2iCais

1
2
L;= /\2z + sz hjgzz 61521422'

Proof. Let m(t) = (my(t), ma(t), - my(6)).2(6) = (21(6), 25(0), -, 2(t)) and
e (8) = (mi (1), m3(0), - i (6), 7 () = (5 (8), 2 (8), -~ 25(t)) be two dif-
ferent solutions of system (1). Denote z;(t) = m;(t) —m; (t), y;(t) = 2;(t) — 25 (1),
then

(0) = —aswl(t) - dirslt) + 32 pysfy st = o)yt = ),

n (5)
Yy (t) = =by;(t) — hyy;(t) + ; i9i(wi(t = 0ij), yi(t — nij)),

where ~
fixj y5) = fi(my, 25) = f3(m3, 25),
and
gi(zi(t), yi (1)) = gi(mi(t), 2:(t)) — g;(m; (t), 2/ (1)).
We deduce from the continuity theory and (3)—(4) that there is a constant € > 0
satisfying
J; <0, JF<0,
and

AJPR; > (£5)%,  ATFKS > (£5)7,

where .
35 = Ehie + &uui — @il + 5 Zl &ilpsil (e + B)),
=

8 = e+ e+ 5 2 [&ullCullpsil (g + B))

Jj=1
n
+% Z (512|PJ1‘O‘J + |£1z||Clepﬂ|O‘J)
=1

+% Z (£2z|ql_]|wz + |§2z||<21||qzj‘wz) digligliv
j=1

£ = Ai; + (3 + 2e61:C1i — di&3; — ai&aiCu,
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= €56 + EaiCoi — bj&3, + 5 2. E3:lij|(wi + i),
=1

n
K§ = Aaie + (e + 3 Z |§2il €2l iz [(wi + i)
n

+% E (§11|pﬂ|ﬁ] + |§11||C11Hpﬂ|ﬁ])

j:
n
+1 21 (&1aij v + €23l |Caillgij1vi) — hjéaiCas,
j:
L5 = Ng; + (3 + 2e€2;Coi — hj&3; — bi&2iCai

Designing Lyapunov function with integral term as follows:

1 n
=3 ZMLI,Z( gz Z iy (r) + Cuawi(r)) 2™
i1

1 - 2 257"
+ 3 ; Aoiys (r)e

Vl(

Z f?zyz + C2zy2( ))2 2er

=

l\')\»—l

Va(r)

+5 Zghmz\ag+|5u||<u||pma]] / 240 (1 (5)) s

z]l T—0j;

Vs (r)

-, Z§1z|PﬂWJ+|§1z||Clz||sz‘5a] / 2542 (3 ()2 ds

171 T—Tji

Vs (r)

1< " .
T3 > 165l gislwi + |§2i”<2i||Qij‘wi]/ ) (1,(s)) ds

ij=1 r—8ij

V4 (r)

-, Z@Aqmm\szznchuqzm] / 2472) (4 (5)) s

7,]1 T="Nij

Va(r)
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Compute the derivatives of (8), we deduce

dVl(T’ —9¢ |: Z)\lz 7‘)8257‘—{- Z(&ll +<11$z(7’))232f5ri|

+ Z Aizi(r)ai(r)e”” + Z(Eu (r) + Crazi(r)) (vl (r) + Crazi(r))e®”

i=1 i=1

:25{ Z A1z T)ez‘” + = Z(ﬁu ) + C1zxz(r))262”:|

+ Z()‘li + ¢Ewi(r)zi(r)e*” + Z(ﬁli(lz‘)(zé(r))%z”
=1 i=1

+ Zglz 517,-% + Clzxz(r)) zer |: - aix{i('r) - dlxl(r)

+ iji(aﬂl‘j(r — o)l + Bily;(r — Tji)D}

j=1

eer {Z i+ CE 4 26€1:C1i — di€d; — ai€1iCri) i (r)ah(r)
i=1

3

+ Z(Ahs + e — di€1iCai) (i (r))?
i=1

+ Z(ﬁhﬁ + €11 — aifd;) (@(r)?

+ Z D@ ilai ()] + [evallCuillzs () pgil (e (r = o50)| + Bsly; (r

-7 |

9)
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By the elementary inequalities, we have that
n
Z (E&li ()] + 1€nillCulli () Ipgil (|2 (t = o) | + Byly; (r = 750)])
n
Z ilpjills (r) (el (r — o50) + Bjly; (r — 754)1)

+ Z &xallCuillpjilles (r)[(alz; (r — oj0) | + Bjly; (r — 750)])

ij 1
1
5 Z 51@|pﬂ|aj (r)* + (i (r — Uji))ﬂ
1,7=1
1 & ,
+3 > &ilpsil B[ (1) + (y; (r = 752))7]
1 we (10)
+3 D 1&ullCuillpjilag[(@i(r)? + (2 (r — 050))?]
ij=1
1 n
t3 D 1&uallGuillpjil B5 (i (1) + (g5 (r — 752))7]
ij=1
1 & , 1 &
=3 > ilpjil(ay + 8;) (@i(r)* + 5 > uillGullpsil (s + B3) (i(r)?
ij—=1 ij=1
1 n
+3 > [Eilpiiley + €ullCuilIpjiles] (s (r — 050)?
ij=1
1 n
+3 > 1EIpiil B + 16l Guillpsa| 8] (w5 (r — 74)) >
ij=1
Putting (9) and (10) together, we have
d‘gr(T) <" [;()\u + Chi + 26€1iC1i — il — aibriCus)ai(r)ai(r)
+Y (e + (e — diduiu + % D lllGullpsil (i + 87)) (i(r))?
=1 j=1
+ ; (&lie + &1iCri — aills + % ; &ilpyil(as + B;)) (i(1)* (11)

1 n
t3 > Eilpjilay + 1€l ICulIpjileg) (2 (r — 040))?

i,j=1

+ 3 SIS, + el 105 — )

3,j=1
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Analogously, we have

d‘gfr) <e*" {;()\22‘ + Chi + 26€0iCai — hy€3; — bi€aiCai)yi(r)y) (1)

+ ) (Naie + Ghie — hy&aiGai + % D laillCaillai | (wi + 7)) (yi(r))?
j=1

i=1
+ Z (&3i6 + &2iCai — b&3i + % Z &3:1qi5 | (wi + 7)) (wi (1)) (12)
i=1 j=1

1 n
+3 > [Eilgislws + 1€2:11Casl | gis wi] (i (r — 855))

4,j=1

1 n
43 3 Ehlashi + elGallashil (e - )]

3,j=1

Through a simple manipulation, one yields

dvs(r) 1 <& .
50) <13 IEhdparlas + leudl Cuallpslos e (a5 ()’
i,j=1
IS -
~3 > Eilpsiles + 1€l ullpjilas]e® (2, (r — 0;0))*
W (13)
1 er
+5 D ERilpsilBs + [€0ilICuil psal B (y; (1))
ij=1
IS -
T2 > ERilpsil 85 + [€0llCullpsil 851 (ys (r — 734))?,
ij=1
and
ava(r) 1 & o
A0 LS gk + leanlanllasln]e™ (a(r)?
i,j=1
IS -
5 D il + €aillGaillgignle™ (wilr — 6,))?
nI=t (14)

1 o r
+5 D 16ailass i + 162l 1Casllgss [ vile* (wi(r)®
ij=1

n

1 ET
2 > [Eilgis v + 182l 1Gail lgi vl (ws (r — mig))*.

4,j=1
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) and (8) produces

With the help of (11)—(
a;€1:C1:) i (r) 2y (r)

dv o
e? { Z (A + (P + 2e61iCui — dikl; —
1=1
1 n
Z { ue + Chie — digiiCua + 5 ) [l [Cullpsil (s + 85)
i—1 j=1

Z flz|pﬂ‘0‘] + |£17«H€1Z||pﬂ|a])
n

#53 (Elaslor + el los) | as(r)?

z:: §lz€ + &1:C1i — azglz by Zglz|pﬂ aj +ﬂ]))(x1( ))2}

— hjfgi — bjéaiCai)yi(r)yi(r)

n 1 n
2i€ + Coie — hj&2iCai + 5 Z |€2:([C2il] i [ (wi + i)

{ )\21' + (35 + 2e€2:Cas
{/\

1 n n
&1ilpyil By + |€xal | Ipsal B5) + 3 Z Z (ﬁgi\qzﬂ%

+

=1

N

n
i=1j=1

N | —

-+

j=1
+ \&i\ICmI\qzjlw)] (i(1))
3 (et e~ b+ 3 Y- bl +20) 6h(0)°

+ L yz
2er - ~E / S E) 2
—e {Z‘j (xi(r)—i— +Z I3 ) (@i(r))
+Z$5(y£(r)+2js IESMCE 4; ))*}

<0, for all

I

r € [0, 00).
r € [0, 00),

Therefore,
V(r) <V(0), for all

we can deduce from (8) that
() < Mem

|zi(r)] < Me
)| exponentially

where M is a constant, the above inequality means that |z;(r)|, |y

converge to 0. The proof of Theorem 1 is ended
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4 Numerical Simulations

Example 1. Consider the inertial delayed general BAM NNs with a general
binary activation function:

my (t) = —a;mi(t) — dym;(t) + Y pjifj(m;(t —0.4),2z;(t —0.4)) + I,
(16)

2
Jj=1
2
Z;/(t) = —ij;-(t) — hij(t) + ;qijgi(mi(t — 0.4)7 Zi(t — 04)) + Jj,

where

fi(u,v) = gi(u,v) = 0.8u| +0.2|v|, 4,j=1,2,
where [ 421, gy = 3157 b1 = 415, b2 = 39, P11 = q11 = 146, P12 = q12 =
71.28, P21 = Q21 = 72.1, P22 = Q22 = 19, Il = Jl = 15, IQ = J2 = 12, dl = 10,
dy =9, h1 = 5.2, ho = 7.1. By a simple calculation, we have o; = w; = 0.8,
Bi =7 =02, & = &2 = (i = G2 = 1, Aix = 11.36, A2 = 10.15, Ay = 8.2,
)\22 = 8.5, and

J1 =143, 8 = —0.56, 8 = —3.18, Ry = —1.666,£; = —1.85, Ly = —1,
and
Ji=—178,To = —0.9,K; = —2.57,Ky = —3.664, L1 = —0.15, Ly = —1.5.
It is easy to see that
J1 <0, 43,8, = 18.1896 > 3.4225 = £2,

J2 <0, 4328, ~3.7318 > 1= £3,

and
J1 <0, 47K = 18.2984 > 0.0225 = E%,

Jo <0, 4JoKy =13.1904 > 2.25 = L3.

that the system (16) is exponentially stable. The performed numerical simula-
tions by Matlab to strongly verify this fact, see Figs. 1-2.

Remark 1. In recent years, many nice theoretical results concerning the dynam-
ics of BAM NNs have been reported, see, e.g., [6,9,24-26], nevertheless, the mod-
els studied in the aforementioned references do not include the inertial effect,
and therefore the established results effectively complement and extend exist-
ing ones. On the other hand, by choosing proper variable transformation and
reduced-order approach, the authors in [27-30] studied the dynamical behaviors
of inertial BAM NN, clearly, the non reduced-order methods employed in this
paper enrich the analysis method for studying inertial BAM NNs.
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5 Conclusion

In this manuscript, without help of using the usual reduced order approach, we
investigated the exponential stability issue for a general delayed inertial BAM
NNs, new conditions are obtained by designing a novel Lyapunov function and
inequality methods. Finally, a simulation example is also performed to support
the established main interesting results. What is worth noting is that the pro-
posed non-reduced order approach in this manuscript can be extended to inertial
complex-valued NNs, we will study this problem in the foreseeable future.
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