
The Best of Both Worlds:
Analytically-Guided Simulation of HPnGs

for Optimal Reachability

Mathis Niehage(B) and Anne Remke

Westfälische Wilhelms-Universität, 48149 Münster, Germany
{mathis.niehage,anne.remke}@uni-muenster.de

Abstract. Efficient reachability analysis, as well as statistical model
checking have been proposed for the evaluation of Hybrid Petri nets with
general transitions (HPnG). Both have different (dis-)advantages. The
performance of statistical simulation suffers in large models and the num-
ber of required simulation runs to achieve a relatively small confidence
interval increases considerably. The approach introduced for analytical
reachability analysis of HPnGs however, becomes infeasible for a large
number of random variables. To overcome these limitations, this paper
applies statistical simulation for optimal reachability defined as until
property in Stochastic Time Logic to a pre-computed symbolic state-
space representation of HPnGs, i.e., the Parametric Location Tree (PLT),
which has previously been used for model checking HPnGs. A case study
on a water tank model shows the feasiblity of the approach and illustrates
its advantages w.r.t. the original simulation and analysis approaches.

Keywords: Statistical simulation · State-space representation ·
Hybrid Petri nets with general transitions

1 Introduction

The dependability of critical infrastructures like water and energy distribution
is of utmost importance to society and industry. Improving their dependability
requires the efficient evaluation of complex models that combine discrete and
continuous behaviour with stochasticity to model the duration of failure and
repair times. Such models are so-called stochastic hybrid models (SHM) and a
large variety of such models exists with different expressivity. Hybrid Petri nets
with general transitions (HPnGs) [17] extend classical Petri nets by introducing
continuous places and transitions, thus allowing to model hybrid behaviour, as
well as general transitions whose firing time is distributed according to a prob-
ability density function. HPnGs have proven to be very useful for evaluating
dependability of critical infrastructures [15,16] and (dis-)charging strategies of
battery storage, e.g., in smart homes and electric vehicles [34,36].
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Nondeterminism is often used to model concurrency or to account for under-
specification in the model. As a modeling feature, nondeterminism is tradition-
ally present in automata models and preserved in most (non-stochastic) hybrid
automata formalisms. In contrast, stochastic Petri net models often resolve non-
determinism through probabilistic choices [6], as the combination of nondeter-
minism and stochastic behaviour poses a serious challenge when evaluating such
models. Existing analytical approaches for the computation of reachability prob-
abilities in SHM heavily rely on discretization and over-approximation. They
either discretize the state-space [1,12] or the support of random variables [18]. All
analytical approaches face the problem of state-space explosion, when increasing
the number of random variables [7,44], the number of continuous variables or
the number of nondeterministic decisions in the model. Simulative approaches
rarely address the optimal resolution of nondeterminism, especially for SHM, as
they suffer from high computational costs when attempting to identify optimal
schedulers due to the need to exhaustively explore the state space.

The contribution of this paper is an analytically-guided simulation
for HPnGs. We pursue a simulation-based approach, which builds on a
pre-computed symbolic state-space representation as PLT [27]. The PLT has
previously been used for model checking HPnGs analytically [25]. Instead, we
efficiently simulate paths through the PLT, using the information stored sym-
bolically in every node of the PLT to speed up simulation. We show that a bijec-
tive function exists, which maps each path in the HPnG to a path in the PLT
(and vice-versa). We further provide algorithms for analytically-guided simula-
tion that allow us to optimize reachability probabilities defined as until property
in Stochastic Time Logic in HPnGs for different scheduler classes, by restricting
the information available to the scheduler. The advantage of the analytically-
guided simulation is illustrated with respect to existing statistical and analytical
methods in a case study.

Related work. For stochastic automata a hierarchy of scheduler classes has been
defined in [9], which concludes that history-dependent prophetic schedulers (c.f.
[21]) form the most powerful scheduler class for this modeling formalism. The
inherent discrete nondeterminism in HPnGs has previously been resolved ana-
lytically in [36] for two scheduler classes, namely (i) history-dependent prophetic
and (ii) discrete-history non-prophetic. Recently, Q-learning has been proposed
to learn optimal memoryless (non-)prophetic schedulers in SHMs [32]. Together
with formal guarantees provided by deductive verification, HPnGs have been
used to analyze performability for provably safe SHM [2].

Statistical model checking has been proposed for different kinds of (hybrid)
stochastic systems. For Hybrid Petri nets, statistical model checking has been
proposed for linear evolutions in [35,38] and for non-linear evolutions in [33,38].
While the Modest Toolset’s [20] modes simulator [4] supports SHM with linear
dynamics as well as lightweight scheduler sampling [30] to approximate optimal
schedulers, it provides the latter only for non-hybrid models [8,10]. Addition-
ally, the Q-learning approach presented in [32] has also been integrated into the
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modes simulator. However, it also suffers from high computational costs for large
numbers of required training runs.

The term guided simulation is also used in rare-event simulation. In impor-
tance sampling, the guidance lies in modifying probability distributions to
enhance the probability of certain events. In [28] a symbolic analysis is com-
bined with simulation for stochastic priced timed automata in UPPAAL SMC.
Importance splitting guides the simulation by stopping and branching simula-
tion runs based on an importance function, e.g. [3,45]. In contrast, our approach
modifies neither the distributions, nor the simulation runs, but is guided through
a symbolic state-space representation.

Analytical approaches have various limitations: A recently proposed dis-
cretization in time and space is for switched diffusions only [29]. Pilch et al. [36]
cannot solve for complex prophetic schedulers. HPnGs form a restricted subclass
of SHMs, which can be used as a high-level formalism of singular automata with
random clocks (c.f. [37]). Nondeterminism has been optimized for the resulting
model class via discrete-history non-prophetic and history-dependent prophetic
schedulers in [40,44]. prohver [18] provides upper (lower) bounds on maximum
(minimum) probabilities only. Delta reachability in ProbReach [42] does not sup-
port nondeterminism. Stochastic SMT solving [13,14] effectively works for non-
deterministic choices over initial values/parameters only, limiting the types of
schedulers that can be considered. All of these techniques hardly scale as the
number of abstract/symbolic states or choice combinations explodes.

Learning for SHMs is considered, e.g., in ProbReach, which applies the cross-
entropy method for resolving nondeterminism [43]. Also [11] enriches an SMT-
based approach with decision trees and AI planning algorithms to handle non-
determinism. Reinforcement learning has also been used on MDPs to improve
performance and safety (e.g. [23]), as well as to deal with unknown stochastic
behavior [5,22], and with linear-time logic specifications (e.g. [5,19,41]).

Outline. The paper is further organized as follows. Section 2 repeats the syn-
tax and semantics of HPnGs. Section 3 explains the computation of the PLT,
Sect. 4 introduces the analytically-guided simulation and Sect. 5 illustrates the
feasibility of our approach. Section 6 concludes the paper.

2 Hybrid Petri Nets with General Transitions

Hybrid Petri nets with general transitions (HPnG) [17] are a high-level formalism
for a restricted class of SHMs. Next to continuous and discrete variables, HPnGs
include arbitrarily distributed random variables. In the following, HPnGs are
defined as in [27,39] including multiple firings of general transitions.

A HPnG consists of places, transitions and arcs which are gathered in a tuple
H = (P, T ,A,M0, Φ) together with the initial marking and a tuple of parameter
functions specifying the components of the HPnG.

The set of places P = Pd �Pc contains the disjoint finite sets of discrete and
continuous places. Continuous places P c

i ∈ Pc contain a continuous marking
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xi ∈ R
+
0 . The parameter function ΦP

b : Pc → R
+ ∪ ∞ assigns each continuous

place a possibly infinite upper boundary. In contrast, discrete places P d
i ∈ Pd

contain a discrete marking mi ∈ N0 and can not be bounded. The initial mark-
ing for all places is given by M0. Transitions change the markings of the places
as follows: The finite set of transitions T consists of immediate T I , determin-
istic T D and general T G transitions which change the discrete marking and
continuous transitions T C which change the continuous marking.

Immediate transitions fire as soon as they are enabled. We refer to [17] for
a detailed discussion of enabling. Deterministic transitions have a deterministic
firing time, specified by the parameter function φT

d : T D → R
+. We assign a

random variable which follows a cumulative absolute continuous probability dis-
tribution function assigned by φT

g to every general transition. Each deterministic
and general transition has an associated clock which runs while the transition
is enabled. Upon firing, the clock value equals the firing time and it is reset.
Continuous transitions T ∈ T C have a constant nominal flow rate assigned by
φT

f : T C → R
+.

Transitions and places are connected via the finite set of arcs A. There are two
types of arcs: (i) arcs defining which transitions modify the marking of certain
places and (ii) arcs enabling transitions based on the marking of the connected
places. Arcs of the first type are discrete Ad and continuous Af arcs. Discrete
places and discrete transitions are connected via discrete arcs and continuous
transitions and continuous places by continuous arcs, respectively. An input place
has an arc towards the transition and the marking of the place decreases when
the transition fires, an arc from the transition to the output place increases the
marking. Each arc is assigned a weight φA

w which weights the change of marking
when firing the transition. If a continuous place reaches one of its boundaries,
rate adaption reduces the actual flow rates of the affected continuous transitions
based on the share φA

s and priority φA
p of the corresponding continuous arcs to

prevent under- or overflow of that place. The second type of arcs are guard arcs
which consist of test At and inhibitor Ah arcs. Guard arcs enable and disable
connected transitions based on the marking of the connected places. Test arcs
enable the transition if the marking is larger or equal to the weight of the guard
arc. Inhibitor arcs are antithetic as the transition is enabled if the marking is
lower than the weight. Note that discrete transitions also require that their input
places match the weight of the connecting arcs in order to be enabled.

Definition 1. The state of a HPnG Γ = (m,x, c,d,g, e) contains all informa-
tion of the variables in the HPnG. The discrete marking of all discrete places is
in the vector m and the continuous marking of all continuous places in the vector
x. The current clock values of the deterministic transitions are in the vector c
and the clock values of the general transitions are in the vector g. The drift of
all continuous places d describes the current change of fluid for each place and
the (boolean) enabling status of all transitions is contained in the vector e.

The set of all states is denoted as S. The drift and enabling status are included
in the definition of a state to simplify later computations, but can be derived
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uniquely from the given HPnG and the marking of the state. The initial state of
the HPnG is defined as Γ0 = (m0,x0,0,d0,0, e0), where m0 and x0 are given
by the initial marking M0, and d0 as well as e0 are derived from it.

Definition 2. (Event). An event Υ (Γi, Γi+1) = (Δτi+1, εi+1) changes state Γi

to state Γi+1. The model element that caused the event is given by εi+1 ∈
Pc ∪ T \ T C ∪ AT and Δτi+1 is the relative time from the previous event such
that

1. a discrete transition fires and the discrete marking changes (εi+1 ∈ T \ T C),
2. a lower or upper boundary is reached by a continuous place (εi+1 ∈ Pc),
3. the fluid of a continuous place changes, such that a guard arc condition is

now fulfilled or stops being fulfilled (εi+1 ∈ AT ).

The first event type relates to a change of the discrete marking, the second
changes the drift. The third type can have different consequences: If the enabling
status of a continuous transition changes, the drift of at least one place also
changes. If the enabling status of a discrete transition changes, initially only the
enabling vector changes. This potentially influences the next event. We denote
the set of events from a state Γi ∈ S as E(Γi) = {Υ (Γi, Γi+1)} and its subset
containing events with the minimum remaining time as:

Emin(Γi) = {Υ (Γi, Γi+1) ∈ E(Γi) | �{Υ (Γi, Γj) ∈ E(Γi) : Δτj < Δτi+1}. (1)

There may be multiple events with the same remaining time, i.e., |Emin(Γi)| > 1.
Following [36], conflicts of discrete transition firings of the same type are

considered as conflict and the existing order of events from [17] is maintained.
Hence, we are only interested in conflicts between immediate and deterministic
transitions, since the probability of multiple general transitions firings at the
same time equals zero since their distributions are absolute continuous. Note that
events caused by over- or underflow are not considered a conflict as rate adaption
is executed after the firing of the transitions. Conflicts can be resolved, e.g., via
weights [17] or using schedulers [32,36]. Events provide a symbolic partitioning of
the infinite state-space into a finite number of sets. Within each set, the discrete
part of the state and the drift of the continuous variables is constant. One time-
bounded execution of the Zeno-free [24] model is represented by a finite path.

Definition 3. (Finite Path). A finite path with length n ∈ N is an alternating
sequence of states and events

σ = Γ0
(Δτ0,ε0)−−−−−→ · · · (Δτn−1,εn−1)−−−−−−−−−→ Γn,

where for every i ∈ {0, . . . , n − 1} an event Υ (Γi, Γi+1) = (Δτi, εi) ∈ Emin(Γi)
exists. The set of all finite paths with arbitrary lengths n ∈ N starting from the
initial state Γ0 is denoted as PathsH(Γ0).
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3 Partitioning the State Space

The parametric location tree (PLT) partitions the infinite state-space of the
HPnG into a finite subset of parametric locations. The presentation of the PLT
is based on [27]. The PLT consists of nodes and transitions, where the nodes
are parametric locations which represent a set of uncountably many states of
the HPnG and the root node includes the initial state. Each edge represents
an event, such that the respective child locations include the entry states after
executing the event and all states until the occurrence of the next event. Multiple
child locations are possible, due to nondeterministic decisions or due to random
variables. The number of parametric locations is finite for Zeno-free models, as
only time-bounded properties are considered.

Definition 4. (Parametric Location [27]). A parametric location is a tuple
Λ = (ID , t, p, Γ,S,o) with identifier Λ.ID . The possible firing times of previ-
ous general transition firings are included in the potential domain of the random
variables Λ.S and the firing order of general transitions is stored as vector Λ.o,
which is unique in a given parametric location. If a conflict is resolved prob-
abilistically, the conflict probability is given by Λ.p which is derived from the
weights of the conflicting transitions. The entry time Λ.t : Λ.S → R

+
0 is a linear

function of the firing times of previous general transition firings and the state
of the HPnG Λ.Γ : Λ.S → S is a linear function describing the model state
at the entry time in dependence of the previous general transition firings. The
valuations of the continuous variables and clocks are, as the entry time, linear
functions of the firing times. The discrete markings, the drift and the enabling
status is constant.

The PLT orders the parametric locations starting from the root node, which
includes the initial state, child nodes are determined via the possible subsequent
events of the parent location.

Definition 5. (Parametric Location Tree (PLT) [27]). The PLT (V,E, Λ0) is a
tree with a finite set of parametric locations V. The finite set of edges E ⊂ V×V
contains an edge ei = (Λj , Λk) ∈ E for each model element that may cause an
event M(Λj) = {ε |∃Δτ ∈ R

+
0 ,∃fj ∈ Λj .S : (Δτ, ε) ∈ Emin(Λj .Γ (fj))}. The root

node of the tree is the initial location Λ0 = (0, 0, 1, Γ0,S∞,o0), where Γ0 is the
initial state, S∞ is the not yet limited domain of all enabled random transitions
in the initial state and o0 is the empty vector.

We extend the definition of child locations from [27] by the set of entry times.

Definition 6. (Child Locations). Given a PLT (V,E, Λ0) with parametric loca-
tion Λ ∈ V, the child locations of Λ are collected in the set Λc(Λ) = {Λi|(Λ,Λi) ∈
E}. The set Θ = {Λi.t|Λi ∈ Λc(Λ)} contains all entry times of the child locations.
The subset ΛT (Λ) ⊆ Λc(Λ) contains all child locations where the event corre-
sponds to the firing of a non-general transition ΛT (Λ) = {Λi ∈ Λc(Λ)||Λ.o| =
|Λi.o|}.
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Conflicts of transitions, as presented in Sect. 2, correspond to conflicts of para-
metric locations in the PLT. Conflicts have been defined in [37] via non-empty
intersections of potential domains. In contrast our definition is based on the
entry times of the child locations and is well-suited for simulation.

Definition 7. (Nondeterministic Conflict in PLT). Given a PLT (V,E, Λ0) and
a parametric location Λ ∈ V with child locations Λc(Λ), for each entry time
te ∈ Θ, the set Λte = {Λi ∈ ΛT (Λ)|Λi.t = te} contains all parametric locations
possibly reached if an event occurs at te. A nondeterministic conflict occurs, if
|Λte | > 1, and the corresponding conflict set of transitions is CT

te (Λ) = {T ∈
T |∃Λi ∈ Λte ,∃Δτ ∈ R

+
0 ,∃s ∈ Λ.S,∃si ∈ Λi.S : Υ (Λ.Γ (s), Λi.Γ (si)) = (Δτ, T )}.

Note that potentially multiple conflict sets exist for one parent location. In addi-
tion to [27], we add a definition of paths through the PLT and their properties.

Definition 8. (Path through PLT). A path through a PLT (V,E, Λ0) is an
alternating sequence of tuples (Λi, fi) ∈ V × (R+

0 )|Λi.o| for i ∈ {0, . . . , n} and
model elements εj ∈ Pc ∪ T \ T C ∪ AT causing an event, for j ∈ {0, . . . , n − 1}.
The vector fi ∈ Λi.S contains the firing times of previous general transition
firings according to the order stored in Λi.o. A path is then defined as:

π = (Λ0, f0)
ε0−→ . . .

εn−1−−−→ (Λn, fn), (2)

where for every j ∈ {0, . . . , n−1}, we require that εj ∈ M(Λj) leads to Λj+1.The
set of all paths with arbitrary length n ∈ N starting from the initial location Λ0

and the empty firing vector f0 is denoted as PathsPLT (Λ0). π(i) refers to (Λi, fi)
in path π.

The correspondence between paths through the PLT and paths in the HPnG is
discussed in the following theorem.

Theorem 1. A bijective function m : PathsH(Γ0) → PathsPLT (Λ0) exists for
Γ0 = Λ0.Γ . The following function then maps a path σ ∈ PathsH(Γ0) in the
HPnG to the corresponding path π ∈ PathsPLT (Λ0) in the PLT:

m(Γ0
(Δτ0,ε0)−−−−−→ · · · (Δτn−1,εn−1)−−−−−−−−−→ Γn) = (Λ0, f0)

ε0−→ . . .
εn−1−−−→ (Λn, fn). (3)

Proof. For each σ ∈ PathsH(Γ0), a unique corresponding path π ∈
PathsPLT (Λ0) is iteratively constructed starting from Γ0 = Λ0.Γ , which induces
an initial location Λ0 following Definition 5. Note that initially f0 is an empty
vector.

For i ∈ {0, . . . , n − 1} and Γi = Λi.Γ (fi), each event Υ (Γi, Γi+1) = (Δτi, εi)
between states Γi and Γi+1 corresponds to an edge from location Λi that is caused
by model element εi ∈ M(Λi) and leads to the child location Λi+1 ∈ Λc(Λ). If
εi ∈ T G, the firing time of the general transition εi equals fεi = Γi.gεi + Δτi

which must be included in fi+1 = [fi, fεi ]. If the event is not caused by a general
transition firing, fi+1 = fi holds. Hence, m is a function.
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For every path π = (Λ0, f0)
ε0−→ . . .

εn−1−−−→ (Λn, fn) ∈ PathsPLT (Λ0), there
is a path σ ∈ PathsH(Γ0) which maps to π = m(σ). σ contains the states
of the HPnG Γi = Λi(fi) for i ∈ {0, . . . , n}. The edges of the path consist
of Δτj = Λj+1.t(fj+1) − Λj .t(fj) for j ∈ {0, . . . , n − 1} and the copied model
element εj . Hence, m is surjective.

Given two arbitrary but fixed paths σ1, σ2 ∈ PathsH(Γ0) with σ1 
= σ2 and
respective length n1, n2 ∈ N, there exists an index i ∈ N with i ≤ min{n1, n2}
for which the states of the paths differ, i.e., Γ σ1

i 
= Γ σ2
i . Then, for π1 = m(σ1)

and π2 = m(σ2), the tuples (Λπ1
i , fπ1

i ) 
= (Λπ2
i , fπ2

i ) at index i also differ in the
PLT path due to the linearity of Λi.t and Λi.Γ . Hence, m is injective. �

Theorem 2. Given a path through the PLT π which ends in state (Λi, fi) with
n ∈ N conflict sets CT

t1 (Λi), . . . , CT
tn(Λi). The parametric location Λ of the fol-

lowing state in the path (Λ, fi) is, regardless of the conflict resolution, always
from exactly one conflict set CT

ti (Λi), i ∈ {1, . . . , n}.

Proof. Each conflict set has a different entry time function and the probabil-
ity that they evaluate to the same value, given a fixed fi, equals 0, as general
transitions fire according to absolute continuous probability distribution. �

The above theorem ensures, that at any time of a simulation run, as will be
explained in Sect. 4, at most one conflict set needs to be resolved.

4 Simulation

Statistical Model Checking executes several simulation runs and checks the valid-
ity of a property until a predefined accuracy for the probability estimate of the
property is reached. During one run, starting from a given initial state, the suc-
cessor state is computed iteratively by identifying the corresponding next event.
All possible future events are identified by computing their remaining execu-
tion times and the next event has the minimum time. Simulation needs to keep
track of the global time and the values of all discrete and continuous variables,
since they are required for the computation of the next state and event. This
process repeats until the predefined time-bound is reached. While discrete-event
simulation usually jumps from one explicit state in the model to the next, our
analytically-guided simulation works with symbolic states and simulates through
the PLT (cf. Definition 8). This considerably simplifies the computation of the
next event and its successor state as presented in the following.

4.1 Simulating Through the PLT

In the following we simulate through the PLT, starting in its root location.
The simulation run is then determined by two things: (i) the firing times of the
general transitions, and (ii) the conflict resolution in case of a nondeterminis-
tic conflict. The firing times of the general transitions are sampled from their
corresponding probability density functions, as soon as the respective general
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Algorithm 1 getNextState(simulation state L)
1: minEventTime = tmax

2: for Λi : Λc(L.Λ) do
3: if (Δτ, ε) = Υ (L.Λ.Γ, Λi.Γ ) ∈ R

+
0 × T G then # general firing leads to Λi

4: if L.s[ε].empty() then # check if sample in sim. state
5: sample = sampleValue(ε) # sample required
6: L.s[ε] = sample # save sample in sim. state
7: else
8: sample = L.s[ε] # sampled in previous location
9: end if

10: entryTime = Λi.t([L.f , sample])
11: else # no general firing
12: entryTime = Λi.t(L.f)
13: end if
14: if entryTime ¡ minEventTime then
15: minEventTime = entryTime # Λi new prospect for next event
16: chosenChild = Λi

17: conflictSet.clear() # clear prior found conflict set
18: else if entryTime == minEventTime then
19: conflictSet.add(chosenChild,Λi) # Λi and chosenChild in conflict
20: end if
21: end for
22: if !conflictSet.empty() then # nondeterministic conflict
23: chosenChild = resolveConflict(conflictSet) # one child is chosen
24: end if
25: if (Δτ, ε) = Υ (L.Λ.Γ, L.Λi.Γ ) ∈ R

+
0 × T G then # general firing event

26: L.f = [L.f , L.s[ε]] # add sample to firings
27: removeSample(L.s[ε]) # remove sample from unexpired samples
28: end if
29: L.Λ = chosenChild # move to child location
30: return L

transitions becomes enabled. Thus, a different sample could have resulted in a
different firing order and hence, a different path. For the simulation through the
PLT we define a simulation state, which tracks the current parametric location
Λ and the samples of the random variables. During a simulation run, samples
for the general transitions are generated which are sorted in two variables. Vec-
tor f contains the (relative) expired sampling times in order Λ.o. These can be
used for the computation of the current simulation time and the valuations of
continuous variables. Map s contains the samples which did not expire yet, but
is not a list of future events. Instead these are given by the child locations.

Definition 9. (Simulation State). The simulation state consists of the tuple
L = (Λ, f , s), with the current parametric location Λ, the vector f ∈ Λ.S with all
expired samples in their firing order Λ.o. All yet unexpired samples si of general
transitions Ti ∈ T G are in a map s with s[Ti] = si for i ∈ {0, . . . , |T G| − 1}.
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Algorithm 2 simulateOneRun(simulation state L, property Ψ)
1: propertyState = undecided
2: while (L.entryT ime ≤ tmax ) and (propertyState == undecided) do
3: L′ = getNextState(L)
4: propertyState = checkProperty(L, L′, Ψ)
5: L = L′

6: end while
7: return propertyState

The initial simulation state is defined by the root location, an empty vector f
and without unexpired samples in s. Algorithm 1 sketches how the next event and
the next simulation state are determined given a simulation state L = (Λ, f , s).
For each child location Λi ∈ Λc(Λ), the entry time is computed by using the
linear function Λ.t of the previous fired general transitions L.f . In case the event
between Λ and child location Λi is a general transition firing (line 3), the entry
time also depends on the sample of the firing general transition. A sample for
a general transition Ti ∈ T G is generated according to its distribution φT

g (Ti)
when it is enabled for the first time since the simulation start or the last firing.
That is the case, if no sample in s exists (line 4). The entry times of other events,
i.e., no general transition firing, only depend on already fired transitions and thus
require the past firings (line 12). The child with the smallest entry time is chosen
(lines 14–16) and if entry times are equal, a nondeterministic conflict occurs. In
case of a nondeterministic conflict, a conflict set is built while iterating through
all child locations (line 19) which is then resolved (line 23). Different types
of conflict resolutions are discussed in Sect. 4.3. In case of a general transition
firing, the firing vector and the unused samples must be updated (lines 25–28)
additionally to the parametric location in the simulation state L (line 29). The
computation of the entry time requires |f | multiplications and |f |+1 additions (in
case of a general transition firing event +1 each) per child location. All possible
events are already pre-computed and their time of occurrence is given as the
entry time function Λ.t of respective Λ. More computations are not required, as
the state of the HPnG is already contained in the parametric locations. Hence,
the model variables and its derivatives are only required for model checking
during the simulation which facilitates the simulation.

4.2 Statistical Model Checking

Stochastic Time Logic (STL) is used to express properties regarding the state of
the model at a given time point t. We follow the definition from [39] for HPnGs.

Definition 10. (STL formula [39]). A STL formula ϕ:: = P�	θ(Ψ) with bound
θ ∈ [0, 1], comparison operator ��∈ {<,>,≤,≥} and property

Ψ :: = tt|AP |¬Ψ |Ψ ∧ Ψ |Ψ U [t1,t2]Ψ
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denotes whether the probability that property Ψ fulfills �� θ. The property con-
sists of true (tt) and atomic properties (AP ), which can be negated and combined
with and or until. A discrete atomic property di ∼ a compares a discrete marking
di with a constant a ∈ N via ∼∈ {=, <,>,≤,≥}. A continuous atomic property
xi ∼ b compares a continuous marking xi with a constant b ∈ R.

For the definition of the probability space for HPnGs and the satisfaction
relation for STL, we refer to [39]. We are specifically interested in property
Ψ = ¬Φ1U [0,tmax ]Φ2, where Φ1 and Φ2 are potentially nested STL properties,
however without the until operator. The property Ψ then translates to reaching
a state that fulfills Φ2 within time [0, tmax ] along a path of states which avoid
Φ1. For a detailed description of the STL semantic, we refer to [39].

Every simulation starts at the predefined initial state, and traverses through
the PLT as illustrated in Algorithm 2. According to line 2, each simulation run
is executed until the validity of property Ψ can be decided or the time-bound
of the property is reached. During every execution of the while loop, the next
simulation state L′ = (Λ′, f ′, s′) is obtained in line 3 given simulation state
L = (Λ, f , s). Note that the state stored in L′ corresponds to the state at the
event occurrence time, i.e., the entry time of the parametric location Λ′.t(f ′), as
returned by Algorithm 1. The time spent between simulation states L and L′

is denoted residence time and defined as Δτ = Λ.t(f) − min{Λ′.t(f ′), tmax}, i.e.,
the difference between the entry time of the current simulation state Λ.t(f) and
the minimum of the entry time Λ′.t(f ′) of L′ and the time-bound tmax .

The valuations of discrete variables are constant within a parametric loca-
tion, hence checking the validity of a discrete atomic property between two sim-
ulation states is straight forward. In case of a continuous atomic property, the
respective continuous variable x must further be tracked between two consecu-
tive simulations states. The value between the states L and L′ evolves according
to x0(t) = Λ.Γ.x0(f)+Λ.Γ.dx0 ·t for t ∈ {0, . . . , Δτ}. Hence, checking the validity
of a continuous atomic property (line 4) requires information on the current state
and the location residence time. The validity of nested STL formulas without
Until can then be checked by evaluating the corresponding boolean expressions.
The bijection shown in Theorem 1, ensures that the validity of atomic properties
is maintained in the analytically-guided simulation.

The probability that property Ψ holds is estimated via multiple simulation
runs. The result of each run is a Bernoulli-distributed random variable. Hence,
the validity of Ψ corresponds to a sample of a b ∈ {0, 1}. For n ∈ N simulation
runs, a sequence of independent values b1, . . . , bn is computed and the arithmetic
mean p̂ = 1

n

∑n
i=1 bi is an estimate of the actual probability.

Instead of the arithmetic mean, confidence intervals with p̂ ∈ [a, b] can be
considered for a, b ∈ [0, 1]. Repeating the simulation several times, 100 ∗ δ% of
the computed confidence intervals cover the real probability for a desired level
of confidence δ ∈ [0, 1]. The simulation can be executed, such that for a desired
interval width b − a = w with w ∈ (0, 1] and confidence level δ, the number of
simulation runs is adapted. We refer to [39] for a detailed explanation.
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4.3 Nondeterminism

Schedulers solve nondeterministic conflicts. Different scheduler classes are dis-
cussed in [9] and have been adapted for HPnGs and singular automata with
random clocks. This paper presents a unified definition of four different sched-
uler classes in HPnGs. Different scheduler classes are obtained depending on the
information available to the scheduler.

Definition 11. (Scheduler). A scheduler is a measurable function s : Ω →
Dist(T ) which maps states ω ∈ Ω to a discrete probability distribution over the
set of all transitions in conflict CT (ω) with support(s(ω)) ⊆ CT (ω). Let LH be
the set of all simulation states of a HPnG H. The projection on parts of the
simulation state r is denoted as LH|r, e.g., LH|Λ = {Λ | (Λ, f , s) ∈ LH}. The
type of scheduler then depends on the choice of Ω, as follows:

Ω =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

LH history-dependent prophetic,
LH|Λ discrete-history non-prophetic,
S memoryless non-prophetic,
S × LH|s memoryless prophetic.

If the scheduler is memoryless non-prophetic, it only requires knowledge on the
state-space of the HPnG S. History-dependent schedulers require knowledge
on the set of simulation states LH. For Ω = LH, this corresponds to history-
dependent prophetic schedulers. If the information available to the scheduler is
restricted to the parametric location, i.e., the domain is Ω = LH|Λ, the sched-
uler is discrete-history non-prophetic. If the unused samples s remain part of Ω,
the scheduler also has information on the future and is hence prophetic. The
learned schedulers which maximize or minimize probabilities in [32] are memo-
ryless prophetic and non-prophetic with knowledge on the current state of the
model Γ ∈ S and LH|s if prophetic. Q-Learning is used for optimization and
requires a finite state-space, which is obtained by discretization with proven con-
vergence to optimal probabilities [32]. While this approach could be extended to
history-dependent schedulers in a classical simulation approach, this would lead
to a much larger discretized state-space for Q-learning, and hence potentially to
longer training times. Instead, we include Q-learning in the analytically-guided
simulation as presented in Sect. 4.1. This allows to flexibly learn schedulers from
the classes presented in Definition 11. For history-dependent schedulers, the dis-
cretized state-space remains small, as the parametric location identifier and the
firings already include the whole history. The parametric location identifier suf-
fices for discrete-history schedulers.
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Memoryless schedulers require more computations as the valuations of the
continuous variables are not evaluated during the simulation. The general tran-
sitions firings f must not be given to the scheduler, as they include information
on the history. Hence, at every nondeterministic conflict the valuations of the
continuous variables have to be computed while the markings of the discrete
variables can be taken from the parametric location. The necessity of computing
the valuations of the continuous variables occurs at nondeterministic conflicts
and then reduces the advantage of the analytically-guided simulation.

5 Case Study

The analytically-guided simulation is implemented in hpnmg1 [26] building on the
PLT construction. Samples are generated with a C++ Mersenne Twister pseudo-
random generator [31]. Our experiments have been executed single-threaded
on a machine with an AMD Ryzen 7 PRO 5850U CPU and 32 GB of RAM
(Fig. 1).

min

max
goal
activate

control

4Lh−1

6Lh−1 4Lh−1

Fig. 1. A water tank with two controllable valves [44].

We reuse the water tank Fig. 1 in [40] to be able to compare our results
with existing analytical and statistical results [32]. Initially, the tank of 20m
height is filled 4m. When the tank reaches 16m, a draining valve can be cho-
sen nondeterministically. One valve reduces the water level by 6m h−1 for 2 h,
the other one by 4m h−1 for 1 h. Every valve is blocked after usage for a uni-
formly distributed time between 0 and 6 hours. A visual representation of the
underlying HPnG model is shown in [32, Fig. 3] and the corresponding hybrid
automaton model is shown in [40, Fig. 5] (see Appendix A for convenience). We
maximize the probability that the tank reaches a height h of 18m before tmax :
Ψ = tt U [0,tmax ]h ≥ 18 for different values of tmax ∈ {7, . . . , 11}.

1 https://zivgitlab.uni-muenster.de/ag-sks/tools/hpnmg/-/tree/simulation.

https://zivgitlab.uni-muenster.de/ag-sks/tools/hpnmg/-/tree/simulation
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Table 1. Comparison of results for different scheduling classes for the tank case study.

tmax 7 8 9 10 11

Discrete-history
non-prophetic

HPnG [44] pmax 0 0.5347 0.6264 0.6444 0.7375

Runtime 0.01 s 32.74 s 55.64 s 62.23 s 141.45 s

Analytically-
guided simulation

Midpoint 0 0.5278 0.6219 0.6447 0.7372

PLT constr. 0.001 s 0.002 s 0.005 s 0.012 s 0.031 s

Train. time 0.001 s 0.005 s 0.004 s 0.004 s 0.005 s

Sim. time 0.004 s 0.076 s 0.074 s 0.072 s 0.065 s

Memoryless non-
prophetic

modes ML [32] Midpoint 0 0.53 0.62 0.64 0.74

Train. time 1.00 s 1.1 s 1.10 s 1.30 s 1.40 s

Sim. time 0.20 s 2.70 s 3.10 s 3.30 s 3.00 s

Analytically-
guided simulation

midpoint 0 0.5386 0.6278 0.6397 0.7386

PLT constr. 0.001 s 0.002 s 0.005 s 0.012 s 0.031 s

Train. time 0.001 s 0.005 s 0.007 s 0.006 s 0.007 s

Sim. time 0.005 s 0.086 s 0.084 s 0.083 s 0.070 s

Memoryless
prophetic

Modes ML [32] Midpoint 0 0.60 0.64 0.65 0.74

Train. time 3.00 s 3.40 s 4.10 s 3.90 s 4.00 s

Sim. time 0.20 s 2.60 s 2.90 s 2.80 s 2.60 s

Analytically-
guided simulation

Midpoint 0 0.6060 0.6471 0.6493 0.7439

PLT constr. 0.001 s 0.002 s 0.005 s 0.012 s 0.031 s

Train. time 0.002 s 0.035 s 0.037 s 0.041 s 0.045 s

Sim. time 0.004 s 0.080 s 0.077 s 0.078 s 0.068 s

History-dep.
prophetic

Flowpipe [44] pmax 0 0.6041 0.6488 0.6514 0.7798

Runtime 0.25 s 2.17 s 11.68 s 71.53 s 3277.94 s

Analytically-
guided simulation

Midpoint 0 0.6039 0.6467 0.6533 0.7710

PLT constr. 0.001 s 0.002 s 0.005 s 0.012 s 0.031 s

Train. time 0.121 s 1.625 s 1.592 s 1.456 s 1.846 s

Sim. time 0.005 s 0.099 s 0.071 s 0.071 s 0.058 s

We compare previously published results from different tools, which com-
pute optimized probabilities for different scheduler classes. We adapt our used
scheduler class to match the corresponding tool. Both analytical approaches,
HPnG and Flowpipe, are exact up to a statistically estimated error of at most
10−3 which stems from the multidimensional integration. modes ML and our
approach compute confidence intervals, here with δ = 0.99 and w = 0.02. The
number of training runs and the training parameters are adapted from [32].
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Table 1 presents the results of our analytically-guided simulation with differ-
ent scheduler classes and results computed by the above mentioned tools. For
modes ML and the analytical-guided simulation, the midpoint of the computed
confidence interval is given together with the training time of a scheduler and
the simulation time required to obtain a confidence interval with width w. To
ensure a fair comparison, the run time of the analytically-guided simulation
always indicates the time to generate the PLT. However, note that it would
suffice to generate the PLT once for each tmax .

HPnG computes optimal probabilities for discrete-history non-prophetic
schedulers. Our results match as the confidence intervals include the respec-
tive pmax . modes ML learns memoryless (non-)prophetic schedulers and in both
cases, the results match, as the confidence intervals overlap. With the Flow-
pipe approach, discrete-history non-prophetic and history-dependent prophetic
schedulers are considered. To keep the table clear, the former are not shown, but
match the results of HPnG [44] with run times similar to the prophetic scheduler.
To match the history-dependent prophetic scheduler in the Flowpipe, 1 million
training runs were required. Note that in [32] 1 million training runs required
68 s, while it only requires 1.846 s in the analytically-guided simulation.

Our approach clearly outperforms both, the analytical approaches and modes
ML in all cases. modes ML was executed on a different machine (i5-6600T,
16 GB memory), however the impact on performance should be negligible, as
modes ML is single-threaded. While the run times of the analytical approaches
increase considerably with tmax , simulation scales better. Training and simula-
tion times only increase marginally with the time-bound. The time to build the
PLT scales worse than the simulation and training time, but remains small in
this model.

6 Conclusion

We presented analytically-guided simulation which has the ability to signifi-
cantly reduce the computation effort when learning optimal schedulers based
on simulating paths in the symbolic state-space representation of a PLT. By
leveraging analytical knowledge to guide the simulation process, our approach
outperforms existing analytical and statistical approaches for computing reach-
ability probabilities optimized for different scheduler classes. As a consequence
of Theorem 1 analytically-guided simulation explores the same state-space as
discrete-event simulation over paths of a HPnG. Future work will apply the con-
cept to more expressive model classes, e.g., rectangular automata with random
clocks [7]. Further, we will integrate algorithms for rare-event probabilities.
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A Visual Representation of the Tank Model

Fig. 2. Tank system modeled as HPnG as in [32]. The continuous place P c
tank models

the fluid level of the tank. The two valves are modeled by the continuous transitions
TC
valve 1 and TC

valve 2, which are enabled while a token is in P d
1 on respectively P d

2 on. The
nondeterministic choice is modeled by the conflict of the immediate transitions T I

start 1

and T I
start 2 if a token is in P d

choice.
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Fig. 3. Tank system modeled as singular automaton with random clocks [40]. The
fluid level of the tank is modeled by the variable x. The nondeterministic choice is
highlighted. The active time for the two valves is given by the clocks c1 and c2. Addi-
tionally the random blocking times for the valves are modeled by the random clocks
r1 and r2.
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37. Pilch, C., Krause, M., Remke, A., Ábrahám, E.: A transformation of Hybrid Petri
nets with stochastic firings into a subclass of stochastic hybrid automata. In: NASA
Formal Methods, LNCS, vol. 12229, pp. 381–400. Springer International Publish-
ing, Cham (2020). https://doi.org/10.1007/978-3-030-55754-6 23

38. Pilch, C., Niehage, M., Remke, A.: HPnGs go non-linear: statistical dependability
evaluation of battery-powered systems. In: 2018 IEEE 26th International Sympo-
sium on Modeling, Analysis, and Simulation of Computer and Telecommunication
Systems (MASCOTS), pp. 157–169. IEEE, Milwaukee, WI (2018). https://doi.
org/10.1109/MASCOTS.2018.00024

https://doi.org/10.1007/978-3-030-55754-6_22
https://doi.org/10.1007/978-3-030-55754-6_22
https://doi.org/10.1145/3449353
https://doi.org/10.1007/978-3-319-47677-3_11
https://doi.org/10.1007/978-3-319-47677-3_11
https://doi.org/10.1109/TAC.2020.2975028
https://doi.org/10.1109/TAC.2020.2975028
https://doi.org/10.1007/978-3-319-15201-1_23
https://doi.org/10.1007/978-3-319-15201-1_23
https://doi.org/10.1145/272991.272995
https://doi.org/10.1145/3487212.3487339
https://doi.org/10.1145/3388831.3388842
https://doi.org/10.1007/978-3-031-15839-1_17
https://doi.org/10.1007/978-3-031-15839-1_17
https://doi.org/10.1145/3150928.3150956
https://doi.org/10.1145/3365365.3382198
https://doi.org/10.1007/978-3-030-55754-6_23
https://doi.org/10.1109/MASCOTS.2018.00024
https://doi.org/10.1109/MASCOTS.2018.00024


The Best of Both Worlds: Analytically-Guided Simulation 81

39. Pilch, C., Remke, A.: Statistical model checking for Hybrid Petri nets with multiple
general transitions. In: 2017 47th Annual IEEE/IFIP International Conference on
Dependable Systems and Networks (DSN), pp. 475–486. IEEE, Denver, CO, USA
(2017). https://doi.org/10.1109/DSN.2017.41

40. Pilch, C., Schupp, S., Remke, A.: Optimizing reachability probabilities for a
restricted class of stochastic hybrid automata via Flowpipe-construction. In: Quan-
titative Evaluation of Systems, LNCS, vol. 12846, pp. 435–456. Springer Interna-
tional Publishing, Cham (2021). https://doi.org/10.1007/978-3-030-85172-9 23

41. Sadigh, D., Kim, E.S., Coogan, S., Sastry, S.S., Seshia, S.A.: A learning based
approach to control synthesis of Markov decision processes for linear temporal
logic specifications. In: 53rd IEEE Conference on Decision and Control, pp. 1091–
1096. IEEE, Los Angeles, CA, USA (2014). https://doi.org/10.1109/CDC.2014.
7039527

42. Shmarov, F., Zuliani, P.: ProbReach: verified probabilistic delta-reachability for
stochastic hybrid systems. In: Proceedings of the 18th International Conference on
Hybrid Systems: Computation and Control, pp. 134–139. ACM, Seattle Washing-
ton (Apr 2015). https://doi.org/10.1145/2728606.2728625

43. Shmarov, F., Zuliani, P.: Probabilistic hybrid systems verification via SMT and
Monte Carlo techniques. In: Hardware and Software: Verification and Testing,
LNCS, vol. 10028, pp. 152–168. Springer International Publishing, Cham (2016).
https://doi.org/10.1007/978-3-319-49052-6 10

44. da Silva, C., Schupp, S., Remke, A.: Optimizing reachability probabilities for a
restricted class of stochastic hybrid automata via flowpipe-construction. ACM
Trans. Model. Comput. Simul. (2023). https://doi.org/10.1145/3607197

45. Zimmermann, A., Maciel, P.: Importance function derivation for RESTART sim-
ulations of Petri nets. In: 9th International Workshop on Rare Event Simulation
(2012)

https://doi.org/10.1109/DSN.2017.41
https://doi.org/10.1007/978-3-030-85172-9_23
https://doi.org/10.1109/CDC.2014.7039527
https://doi.org/10.1109/CDC.2014.7039527
https://doi.org/10.1145/2728606.2728625
https://doi.org/10.1007/978-3-319-49052-6_10
https://doi.org/10.1145/3607197

