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ABSTRACT
We consider the M (t)/M(t)/S queue with catastro-

phes. The bounds of the rate of convergence to the
limit regime and the estimates of the limit probabil-
ities are obtained. We also study the bounds for the

mean of the queue and consider an example.
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1. INTRODUCTION

The simplest queueing models with catastrophes
have been studied some years ago, see the motiva-
tion and first results in [1, 5]. Here we consider the
essentially general situation of nonstationary Marko-
vian queue M (t)/M(t)/S with catastrophes and ob-
tain some interesting bounds and approximations.

Our approach is based on the method introduced
by Gnedenko and Makarov (see [3]) and successively

worked out by one of the authors in [6] and [7].

Let X = X(t), t > 0 be a queue-length process
for M(t)/M(t)/S queue with catastrophes with ar-
rival, service, and catastrophe intensities A(t), u(t)
and £(t), respectively.

Let pij(s,t) = Pr{X(t)=j|X(s) =14} for 4,5 >
0, 0 < s <t be the transition probability functions
of the process X = X(t) and p;(t) = Pr{X(¢t) =i}
for i € Fs, t > 0 be the state probabilities.

The probabilistic dynamics of the process is repre-
sented by the forward Kolmogorov system of differ-

ential equations:

90 = — (A(t) + £(t)) po + u(t)pr + E(2),
D = A(t)pr—1 — (A(t) + ku(t) + £(1)) prt
(k+ 1) p@)prr1, 1<k<S (1.1)
B = Nt)pr—1 — (A(£) + Sp(t) + E(t)) pet+
Sput)prt1,k > S.

We denote by p(t) = (po(t), p1(t),...)", t > 0 the
column vector of state probabilities and by A(t) =
{a;;(t), t > 0} the matrix related to (1.1) where

Xi-1 (t), if j=1—1
ais(t) = A = )
SO ()T E®), i =
0, if otherwise,
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and \;(t) = A(¢), pi(t) = p(t) min (4, 5).
Then we can rewrite the system (1.1) in the form
dp
i A
as a differential equation in the space of sequences [,
where g(t) = (£(t),0,0,...)".
Let Q ={x: x>0, ||x[s =1}
Throughout the whole paper we assume that A(t),
wu(t) and &(t) are locally integrable for ¢t > 0. More-

over, we suppose (only for simplicity) that these func-

t>0,

(t)p + (1), (1.3)

tions are bounded, namely

AE) + p(t) + £(t) < L < o0, (1.4)

for almost all ¢t > 0.
Then

[A@) = Slj}pz lai; (1) <25L,  (1.5)

for almost all ¢t > 0.

In [2] it is shown that the Cauchy problem for linear
differential equations in Banach spaces with bounded
and integrable operator functions has unique solu-
tions for arbitrary initial conditions. This means
that, under our assumptions, the existence and unique-
ness of the solution do not pose any problem. More-
over, the Cauchy problem formed by (1.3) with the

initial condition p(0) has the unique solution

p(t) = U(t)p(0) + / Ut Dg(r)dr,  (L6)

where U (¢, s) is the Cauchy operator of equation (1.3),
see [2].
Moreover, if p(s) € Q then p(t) € Q for any ¢t > s.

2. ERGODICITY

THEOREM 1. Let

/f(t) dt = oo. (2.7)
0

Then X (t) is weakly ergodic in uniform operator
topology. Moreover, the following bound holds

t
— [&(r)dr

[p"(t) =P ()l < 2e © ; (2.8)

for any initial conditions p*(0),p**(0).

Proof. We use the notion of the logarithmic norm
of operator function and the related estimates, see [4]
and [8]. We have the equality

Y(A®), =sup [ au(t) + Y az(t) | = —£().
' J#i
(2.9)

Hence we obtain the following (sharp!) bound:

t
—J&(r)dr

Ut s)<e = , (2.10)

for any 0 < s < ¢, and our claim.

REMARK 1. Weak ergodicity of a Markov chain means
that the state probability distribution (say, p(t)) does
not depend on the initial “condition” p(0) as t — oco.
Hence, in the general case we can consider any p*(t)
as the limit regime of state probability distribution.
However, if all intensities (A(t), u(t) and £(t)) are
1-periodic, then there exists I1-periodic limit regime,
say w(t) = (wo(t), m1(¢), ...
periodic solution (in Q) of the differential equation

(1.3).

VT which is the unique 1-

Consider now the family of truncated processes
Xn(t), n > S on the state space E, = {0,1,...,n}
with the same intensities for £ < n and intensity ma-
trices An(t).

THEOREM 2. Let X(0) = X,(0) =0. Then
SLelt

2n—2

Ip(t) —po(D)] < (2.11)

for anyt >0 and anyn > S.

Proof. We will identify here vectors (z1,...,%,0,0,...)
and (z1,...,2,)" . Consider the forward Kolmogorov

system (1.3) for original process in the following form

d
T = AP +g(1) + (A1) - Au(D) P, (212)
and the respective system
dpn
T = Au(D)pn +8(1) (2.13)
for the truncated process.
We have
t
P(t) = Un(ORO) + [ Unltr)g(r)dr,  (219)

T



p(t) = Un (£) p(0) + / Un(t,7)g(r) dr +

t

/ Un (t,7) (A(T) — An(7)) p(7) d7.  (2.15)
Then

Ip(t) — pa(t)| = / Un (t,7) (A(r) — An(r)) p(r) dr
0

(2.16)
Further we have
IUn (&, 1)l <1, (2.17)
forany n, t >0, T <t.
Then
t
[p(t) —pPn(®)] < / (A7) = An(7)) P(7)]| d.
0
(2.18)
The first rows of matrix (A(t) — A, (¢)) with num-
bers 0,...,n — 1 are zeros. Hence
(A= A,)p(r)=(0,...,0,—Apn, + Supn+1,
APn — (A + Sp+ &) pny1 + Sppna, ... )T (2.19)
and
[(A(7) = An(7)) P(7)]| <
1Ay Y Ipe(T)] <2SLY " pi(r).  (2.20)

k>n k>n

On the other hand, putting u(t) = 3 2"px(¢), we

obtain -
U — 1) + 37 2" Olt) — melt)/2 — (1) i <

k>0

() + Lu(t) < L+ Lu(t), (2.21)

and u(0) = 1 by assumption X(0) = X,(0) = 0.
Then

(2.22)

Now (2.16), (2.18), (2.20) and (2.23) imply (2.11).

REMARK 2. We can obtain the essential bounds
for the limit characteristics (limit 1-periodic sojourn
probabilities, and the limiting mean) of the considered
process. Namely, let intensities (A(t), u(t) and &(t))

1
be 1-periodic and [ &(t)dt > 0. Then there exists 1-
0

y', and
Theorems 1, 2 give us the method of computing of

periodic limit regime m(t) = (mo(t), m1(t),. ..

limit 1-periodic sojourn probabilities Ji(t) (this is prob-
ability that the length of the queue at the moment t
does not exceed k) by the following way.

Let € be an arbitrary positive number.
1. Put p*(0) = w(0) (unknown!), and p**(0) = eo.
Then we have in (2.8)

t
- = [&(r)dr
(@) =P ()] <2 © (2.24)
ferya
Choose integer m such that 6e © < ¢ for any
t > m.
2. Find n > S such that % <eg

3. Solve the Cauchy problem for the truncated
Kolmogorov system (2.13) by any numerical approach
(for, instance, using MAPLE) with initial condition
eo on the interval [m; m+1] (with error £/3), then this
solution gives us the limit 1-periodic regime m(t) =
(mo(t), m1(t), ...

4. Finally, the limiting behaviour of the sojourn
probabilities Ji (t) = Pr{X(t) < k} can be computed

as Zf:o m;(t) with the same error e.

)" with the error e.

3. BEHAVIOUR OF THE MEAN

We shall study the following mean values

Ep0)(t) = Epo) {X (1)} = E{X() [p(0) }, (3.25)
and particularly
E,(t)=E{X(t)|X(0)=k}. (3.26)

Consider firstly the following simple bounds.

THEOREM 3. Let (2.7) be satisfied. Then

t t t
7‘/l§<7')d7' _ f(s)ds
e Ep<o>(0)+/(>\(7)—5u(r))e ! dr <
(0]
[ e a h |
- T)ar — [&(s)ds
Baw(® < ¢ 4 By + [mye 7 daan)

0

for any t > 0 and any p(0).



Proof. We have from (1.1):

dE%?(t) =D ((t) = p(t) — KE()) pi(t).
k>0
i (3.28)
Hence
dEp(;:)(t) <A =€) Epo) (1), (3.29)
and
AEpo) (1)

20 = 5ut) €M) Epo (). (3.30)

Finally (3.29) and (3.30) imply (3.27).

DEFINITION 1. Markov chain X (t) has the limit-
ing mean o(t) if

lim (p(t) — Ex(t)) =0 (3.31)

t—oo

for any k.

DEFINITION 2. The double mean of X(t) is de-
fined by

t
E= lim 1/ Ek(u) du, (3.32)
0

t—oo t

provided that the limit exists and does not depend on

k.

THEOREM 4. Let arrival, service, and catastrophe
1

rates A(t), u(t), £(t) be I-periodic. Let [&(t)dt > 0.
0

Then X(t) has the 1-periodic limiting mean ¢(t) and

double mean E.

Proof. Firstly note that there exists 6 > 1 such
that

/(f(t) — (6 —=1)A(t)) dt > 0. (3.33)

Consider the matrix
D = diag (1,5,6°,...), (3.34)

and the space of sequences B such that

oo
Ixlls = &[] < oo,

i=0

and the forward Kolmogorov system (1.3) as an equa-
tion in the space B. Now we can estimate the loga-
rithmic norm ~ (A(t)) in B:

7 (A) = sup (5:(t) — (Ni(t) + pa(t) +£(1) +

i>0

§ i) = — (€(t) — (6 = 1) A1) . (3.35)

Then

t
— [ (€()~(E=DA(r) dr
Ut s)lls <e : (3.36)

for any 0 < s < 't.

Hence

Ip"(t) — P ()5 < (337)
t
— JE@=(-DA@) dr .
e 0 [p™(0) =P (0)][5,
for any acceptable initial conditions p*(0), p**(0).
On the other hand, assumptions of Theorem imply
the bound

lim sup Ip@®)s < lim sup (IU@®)p(0)lIs+

/ Ut e drlls | < (3.38)

t—oo

t t
= J (€)= (6-1)A(u)) d
limsup/E(T)e J(et U =m < 00,
0

for any p(0).
Put

W = sup 5% < . (3.39)

Then we obtain

lim sup Ep(0)(t) = limsup Z kpi(t) <
t—o0 t—oo

k=0

W limsup ||p(¢)|ls < WM,  (3.40)
t—oo

for any acceptable p(0).
Put now p*(0) = w(0), ¢(t) = > km(t), and
k=0
p**(0) = p(0) = eo. Then we have in (3.38):

[w(®) —p@)ls <e ©

t
= [(&(m)=(8=1)A(7)) dT
> kmi(0) <

k=0
t
— [(E(N)~(-1A(r) dr
Me 0 . (3.41)

Finally, we obtain

t
— [ (€(r)=(6—1)A(7)) dr
lp(t) — Eo(t)] < WMe © . (342)
The right-hand side of (3.42) tends to zero as t —
0o in accordance with (3.33). One can see that |p(t)—
Ei(t)] — 0 as t — oo for any k. Hence, ¢(t) is 1-
periodic limiting mean for X (¢). The existence of

double mean follows from periodicity of ¢(¢).



COROLLARY 1. Let the assumptions of Theorem 4
be fulfilled. Then the bound of the rate of convergence
to the limiting mean (3.42) holds.

Consider now the problem of approximation of the
limit mean characteristics of X(t). Put ||x[ig =
Y neo klxi|, and denote by En o(t) the respective mean

for truncated process.

COROLLARY 2. Let the assumptions of Theorem /
be fulfilled. Then the following bound of the error of

truncation holds:

6nSLert

[Bo(t) = Bno(t) <

(3.43)

for anyt >0 and anyn > S.

Proof. We have now
|Eo(t) — Eno(t)] = [IP(t) —

and instead of (2.16)-(2.23) we obtain the following

estimate (see also the reasoning of Theorem 2 [8])

Pn(t)||1E

1Un (¢, 7) (A(T) = An(m) B(7) |l < 3SLY_ kpi(t) =

k>n
L
3SLY. o) < OE S o)
k>n k>n

and (3.43).

REMARK 3. We can compute now the limiting 1-
periodic mean and double mean by the way of the pre-

vious Section.

4. EXAMPLE

Let X (t) be a queue-length process for M (t)/M (t)/100

queue with catastrophes, and let A(¢t) = 3 + sin 27,
u(t) = 1+cos2wt, £(t) = 2+sin4nt be the respective
birth, death, and catastrophe intensities.

Then S = 100, L = 9. Put § = 1.2. Then in
accordance with Theorem 4 there exist 1-periodic
limiting characteristics of the Markov chain (limit-
ing regime w(t) = (mo(t),m1(t),...)", the respec-
tive mean ¢(t) =
probabilities Ji(t) = 25:0 jm;i(t)) and double mean
E. Now we obtain: M < 3 in (3.39), W < 2.1 in
(3.39). For m = 6 and n = 108 we have |E —1.036] <

1073, In figures 1 - 3 the limit 1-periodic character-

> ;>0Jmj(t), the respective sojourn

istics of queue-length process (the mean ¢(t) and the

(3.44)

sojourn probabilities Ji(t) for k = 0,10) with error

1072 are drawn.
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